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Background: Counterexample-Guided Abstraction Refinement (CEGAR) is a prominent technique to generate Cartesian
abstractions for guiding search in cost-optimal planning. The core idea is to start from the trivial abstraction—an abstract
state representing all concrete states—and iteratively refine it in a loop by splitting one abstract state into two. Each iteration
of the loop searches an optimal abstract plan and replicates it into the concrete state space until finding a flaw—and splitting
such abstract state—or returning a plan for the task if no flaw is found. Previous work finds only a single flaw in progression,
by executing the abstract plan from the initial state and stopping when execution cannot be continued.

Objectives: A theoretical framework for identifying different flaws of abstract plans, analysing their properties and using
them to refine abstractions in different ways leading to higher-quality heuristics.

Methods: We show that alternative types of flaw can be defined. Specifically, we search flaws in regression from the
goals—resulting in higher heuristic values—and identify sequence flaws along the whole abstract plan by searching them in a
Cartesian relaxation of the task after the first flaw, which greatly increases the flexibility of refinements in CEGAR.
Results: Our experiments show that across existing benchmarks numerous sequence flaws exist in most abstract plans.
We observe that the selected flaw has a high impact on the heuristic, and we propose several strategies that generate more
informed abstractions. Overall, this greatly improves the performance of the baseline that only used the first progression flaw.
Conclusions: Guiding the CEGAR process by analysing multiple flaws of an abstract plan trace and selecting the best
refinement can improve its performance as a tool to generate admissible heuristics in planning. Thus, using our new types of
flaw and flaw selection strategies, we get stronger heuristics than the state-of-the-art planners based on Cartesian abstractions.
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1 Introduction

Automated Planning is an area of Artificial Intelligence focused on, given a description of the world, determine
what is the best course of action to achieve a given goal (Ghallab et al. 2004). Specifically, in classical planning,
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Fig. 1. Running example. In the initial state a truck is at R and there are two packages at L, which must be delivered to R.

we aim to find a sequence of actions of minimum cost that can be applied in the current state to reach a goal
state (Backstrom and Nebel 1995; Fikes and Nilsson 1971). A common way is to perform heuristic search in the
state space of the planning task (Bonet and Geffner 2001), using the A* algorithm (Hart et al. 1968). A* leverages
an admissible heuristic function that lower bounds the goal distance from each state to the goal in order to guide
the search. Thus, having informative heuristics is an essential component of many modern planning systems.

Abstractions are commonly employed in optimal planning to generate admissible heuristics, as they offer great
flexibility to define well-informed heuristics for the planning task at hand (Edelkamp 2001; Helmert, Haslum,
Hoffmann, and Nissim 2014; Sievers and Helmert 2021). The general idea is to map states of the planning task
into an abstract state space that over-approximates the state space of the original problem where optimal goal
distances can be computed in polynomial time. Such distances can then be used as lower-bound estimates of
the goal distance from each state to the goal. This offers great flexibility, and there are numerous methods to
automatically obtain abstractions given the definition of a planning task. However, such flexibility raises the
question of how to efficiently compute the right abstraction for a given planning task. A very promising method is
Counterexample-Guided Abstraction Refinement (CEGAR), originally introduced as a method for model checking
(Clarke, Grumberg, Jha, et al. 2003). In the context of planning, CEGAR has successfully been used for different
types of abstractions, such as Cartesian abstractions (Seipp and Helmert 2013, 2018), Pattern Databases (Culberson
and Schaeffer 1998; Edelkamp 2001; Rovner et al. 2019) and domain abstractions (Hernadvélgyi and Holte 2000;
Kreft et al. 2023). CEGAR starts from the trivial abstraction, where all states of the task are considered equivalent
to each other. And then it iteratively refines the abstraction by choosing an optimal abstract plan, and executing
it in the original state space to determine whether it is a valid plan. If the plan is valid, then it is guaranteed
to be an optimal plan for the original problem, so the task is solved. Otherwise, the abstraction is refined, by
identifying a flaw (some step in the plan that could not be performed), and refining the abstraction to distinguish
states in which such a step is possible from those where it is not.

In this paper, we consider in detail the refinement step in the CEGAR algorithm for Cartesian abstractions,
and how different choices influence the abstraction that is generated as well as the quality of the resulting
heuristic. While the notion of flaw from prior work (Seipp and Helmert 2018)—which we call progression flaw—
corresponded to the first step in the plan that cannot be executed in the original state space, we argue that
there may be many other reasons why the abstract plan is not valid. We illustrate this by using our running
example, shown in Figure 1, a Transport problem with two locations L and R, one truck ¢ initially at R and two
packages p and q at L that must be delivered to R. Consider now an abstraction where the position of the truck
has been fully abstracted away (which can be thought of as if the truck was simultaneously at both locations),
and whenever package g has been delivered, the abstraction does not distinguish whether the package p is at the
goal R or in the truck (so, we can consider that it is simultaneously in ¢ and at R). Then, the sequence of operators
(pickup(q, L), pickup(p, L), drop(g, R)), corresponds to an optimal abstract plan. Figure 2 shows the plan with a
graphical depiction of the traversed abstract states. Clearly, this is not a valid plan for the original problem for
multiple reasons. Using progression flaws, as considered by prior work, we would find that pickup(q, L) is not
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pickup(p, L)

Fig. 2. An abstract plan trace for our running example, showing the selected actions and the abstract states that the plan
traverses. In the abstraction, the position of the truck has been abstracted away. This is represented in the figure by the
same truck being at the same time in L and R. Similarly, in the goal abstract state, the abstraction ignores whether package
p isin the truck or at R.

applicable in the initial state due to ¢ not being at L. So, to address this they would refine the abstraction by
splitting the first abstract state into two abstract states that distinguish the position of the truck. This is indeed a
reasonable choice that improves the abstraction, but, is it the best choice to get the most informative heuristic?

In this paper, we generalize the notion of flaw of an abstract plan trace, and introduce several new types of
flaw that lead to different abstraction refinements, each with different strengths.

The first type that we introduce is regression flaws, where the abstract plan is not executed forwards but
backwards from the goals. In the example of Figure 2, the regression flaw is that pickup(p, L) does not achieve
the goal of the problem, as the package p would end in the truck and not be delivered. This leads to a different
abstraction refinement, distinguishing whether p is at R or in the truck in parts of the abstraction. Thus, using
regression flaws results in different abstractions, and we will show that it often leads to more informed heuristics.

The second type of flaw we introduce are sequence flaws, with the objective of characterising issues in the
middle of the abstract plan, as opposed to progression and regression flaws, which are exclusively focused on the
prefix and the suffix of the plan, respectively. In our running example, g cannot be dropped in R because ¢ is not at
that location after it picked up the package. So, consecutive pickup-drop operators in different locations without
a drive operator between them always corresponds to a flaw, independently of the initial state and the goals.

Considering different types of flaw enables us to study the question of what types of flaw are most suitable
for guiding the CEGAR process. We introduce a number of selection strategies, and empirically analyse their
performance, showing that carefully choosing what flaw to use greatly pays off to obtain better heuristics and,
ultimately, find optimal solutions to more planning tasks.

This article is an extension of our work on regression flaws (Pozo, Torralba, et al. 2024b) and sequence flaws
(Pozo, Torralba, et al. 2024a). Here, we provide an overview of the different types of flaws we consider, and frame
them into a common framework that captures their common characteristics. Also, we significantly extend our
analysis on how refining the abstraction based on different flaws affects the resulting heuristic. To that end, we
introduce several new strategies to select which flaw to use (or even refining based on multiple flaws), based on
different factors such as their goal distance, predefined variable orderings, methods assigning weight to the facts
used in the split, and others. Finally, a comprehensive empirical evaluation of all strategies shows that no single
strategy is the best in all domains, and that this often depends on the exact setting considered (e.g., using a single
abstraction, multiple abstractions, and the state-of-the-art configuration of the Scorpion planner (Seipp 2023)).

The paper is structured as follows. Section 2 introduces the background. Section 3 gives a general definition of
flaw as a framework to specify new types of flaw. Section 4 defines regression flaws and analyses their properties.
Section 5 explains sequence flaws. Section 6 introduces flaw selection strategies to choose what flaw should be
used to refine the abstraction. Section 7 extensively evaluates the behaviour of all types of flaws and strategies.
Finally, Section 8 describes the related work and Section 9 summarises the main findings of this work.
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2 Background

In this section we explain essential concepts to understand the rest of the paper: SAS* Planning, abstraction
heuristics, Cartesian abstractions and the CEGAR algorithm.

2.1 SAS* Planning

We consider tasks in SAS™ representation (Bickstrom and Nebel 1995), where states are described in terms of
a tuple of variables V = (v1, 05, . ..,v,) with domain D = (D,, D,,, ..., D,,), such that each v € V has a finite
domain D, and each D, € D is a set of values. A fact is a variable assignment v +— d, where d € D,.

DEFINITION 1 (STATES). Given a tuple of variables V with domain D, a partial state p = {v; — dj,02 —
dy, ..., 0y /> dy} is a set of facts over some variables vars(p) = {v1,0z,...,0,} C V.

A (concrete) state s = (d1, dy, . .., dy) is a tuple of values where d; € D,, for alld; € s and each value v; represents
a factv; & d;. A state s can also be interpreted as a partial state defined for all variablesv € V.

We write p[v] for the value assigned to the variable v € vars(p) in the partial state p. Two partial states p and
¢ are consistent if p[o] =c[v] for all v € vars(p) Nvars(c). [p] is the set of concrete states consistent with p.

DEFINITION 2 (SAS* Task). A SAS" task Il is a tuple (V, 0,1, G) where V = (v1,0s,...,0,) is a tuple of finite-
domain variables, I is the initial state, G is a partial state that describes the goals, and O is a set of operators. An
operator o € O has preconditions pre(o) and effects eff (0), both of which are partial states, and a non-negative cost,
cost(o) € Ry.

An operator o is applicable in progression in a state s if s is consistent with pre(o0). The result of applying o in
s is another state s’ = progr(s, 0) where progr(s,0)[v] = eff (0)[v] if v € vars(eff(0)) and progr(s,o0)[v] = s[v]
otherwise. We write s — s’ as a shorthand for s’ = progr(s, 0). The post-conditions of an operator o in progression,
post (o), are defined for v € vars(pre(o)) U vars(eff (o)) and post(o)[v] = eff(0)[v] for v € vars(eff (o)) and
post(o)[v] = pre(o) [v] otherwise.

Regression starts from a partial state p and derives from which states we can reach some state in [p] by
applying an operator (Alcazar, Borrajo, et al. 2013; Rintanen 2008). An operator o is applicable in regression
in p if and only if p is consistent with post(0). The predecessor partial state p’ = regr(p,o) is defined for
(vars(p) \vars(eff (0)))Uvars(pre(o)) and regr(p, o) [v] = pre(o)[v] for v € vars(pre(o)) and regr(p, o) [v] = p[v]
otherwise. We write p & p’ as a shorthand for p” = regr(p, o).

ExampLE 1 (RUNNING EXAMPLE). Figure 1 shows a typical transport problem with one truck that must deliver
packages to destination locations. The SAS* task for this problem isI1 =V, O, I, G) where
oV = <Z)p,l)q, Z)t>, with Dvp = {pL,pR,pT}, @vq = {qL, qR; qT} and Z)Ut = {l’L, IR}.
o The operators are:
drive(L,R), drive(R, L),
O =1 pickup(p, L), pickup(p, R), pickup(q, L), pickup(q,R), ¢,
drop(p, L), drop(p, R), drop(q, L), drop(q, R)
where v, and vy have been replaced by p and q respectively in the operators for the sake of readability. The
preconditions and effects with generic parameters | and m for locations and x for a package are:
— pre(drive(l,m)) = {v; ¥ 11}, eff (drive(l,m)) = {v; — tm};
- pre(pickup(x, 1)) = {ox > x1,0¢ > 11}, eff (pickup(x, 1)) = {vx — xr};
- pre(drop(x,1)) = {vx & xr,0: > 11}, eff (drop(x, 1)) = {vx — x;}.
e cost(o) =1 forallo € O.
o] = <pL, qL, tR>, G= {Up = PR, Vg > qR}
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(PR,9LtR)
(PL,qR,tR)

Fig. 3. State space of the task of our running example (Figure 1). Operators labels are omitted for the sake of clarity.

(PR,qT tR)

(pT,97,tL) (pr,q71,tr) | ||[(PR,9R-tR) |®||(PR,qR tL)

(pT,qR tR)

Thus, in our running example the application in progression of 0 = pickup(vp, L) in the state s = (pz, qr, t7) is
progr(s,0) = {pr, qL, L), and the regression of o in the state s’ = (pr, qr, t1.) is regr(s’,0) = {pr, qr, 1)

DEFINITION 3 (STATE SPACE). The state space of a SAS™ task I1 = (V,0,1,G) is a transition system, © =
(S,0,T,1,SG), where S is the set of states, O is the set of operators of 11, I is the initial state of 11, Sg=[G] is the set of

goal states, and T={(s,0,s") | si>s’} is the set of transitions. The size of a state space |S| is the number of states in S.

Figure 3 shows the state space of our running example. In this figure, the initial state is shown at the left,
marked by a small right arrow at its left side. This state space has two goal states (since the position of the
truck is irrelevant to the goals), marked by a double circle. Transitions are simplified in the figure for the sake
of readability, but each bidirectional arrow represents two transitions with a different operator. For example,
the operator of the transition starting at the initial state is drive(R, L) and the operator of the transition in the
opposite direction is drive(L, R).

DEFINITION 4 (TRACES, CosTs, PLaNS). Let © = (S,0,T,I,Sg) be the state space of a SAS* taskI1 = (V, 0,1, G).
1 2 n . .
Atrace t=s" 2 0 & 0 25 s", wheres' €S forallie{0,1,...,n} and 0’ €O forallie{1,2,...,n}, isa

sequence of states linked by transitions, where s’ is the state in the i'" position of the trace and o' is the operator that
connects s'~! tos', in such a way that it defines a path from the first state s° to the last one s". We use superscripts
(e.g., s') to denote the i*" element of a sequence and subscripts (e.g., 0,) for identifiers. Similarly, a backward trace

n n-1 1 ) )
T =p" RN pt .5 p°, where p' are partial states for alli € {0,1,...,n} ando' €O foralli€ {1,2,...,n},
is a sequence of partial states linked by transitions in regression. A sub-trace t[i, j] is a chunk of the full trace t

. . 2 3 1 . .
starting at s' and ending at /. For instance, T[1,3]=s'~>s2~>s> and 7' [0, 1] = p* &—p°. Also, [i] =s' and t"[i] = p".

o? on

. . Dl
Aplan 7 in @ fors is a sequence of operators (0',0%,...,0"), where r=s—s'— ... —s" reaches a goal state

1 2 n
s™ € Sg. The cost of 7t is the summed up cost of its operators. A plan forIl is a plan forI. A tracet = 05510 L en

is a plan trace for Il if s® =I and s™ € Sg. A plan is optimal if its cost is minimal among all plans.

The goal distance from a state s to the closest goal state, h*(s), is the cost of an optimal plan for s, or co if no plan
exists.

An optimal plan (with cost 6) for our running example task would be (drive(t, L), pickup(p, t, L), pickup(q, t, L),
drive(t,R), drop(p, t,R), drop(q, t,R)). A common approach to find optimal plans is to use an optimal search
algorithm like A* with an admissible heuristic (Hart et al. 1968).
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DEeFINITION 5 (HEURISTIC). A heuristic for a SAS* task I1 = (V, O, I, G) with a state space ® = (S,0, T, 1,Sg) is
an estimate of the distance to the closest goal state defined as a function h : S — Ry U {co}. A heuristic h is called:

o Perfect if h(s) = h*(s) for all states s € S.

e Goal-aware if h(s) = 0 for all states s € Sg.

o Consistent if h(s") < h(s) + cost(o) for all states s, s" such that {s,0,s’) € T. Consistent heuristics do not
reopen nodes in A*.

o Admissible if h(s) < h*(s) for all states s € S. Heuristics that are both consistent and goal-aware, are also
admissible.

2.2 Abstractions

DEFINITION 6 (ABSTRACTION). An abstraction « for a transition system © = (S, 0, T, I, Sg) is a surjective function
a:S — S% where S% is a finite set of abstract states.

Similarly to partial states, we denote by [s*] the set of concrete states consistent with an abstract state s?, that
is, the set of states that the function & maps to s%, [s*] = {s | s € S, a(s) = s*}. Each abstract state s* € S* is
identified with the set of concrete states consistent with it. We say that a concrete state s is mapped to an abstract
state s* if s is consistent with s%.

DEFINITION 7 (ABSTRACT STATE SPACE). The abstract state space ©% = (5%, 0, T%, I, Sg) of an abstraction o for
o
a concrete state space © = (S,0, T, 1, Sg) is a homomorphism of ©, i.e., if a transition s — t exists in the concrete set

of transitions T, then a transition a(s) 2 a(t) exists in the abstract set of transitions T®. Also, S* is the set of all
abstract states mapped by a, I* = a(I), and S& = {a(s) | s € Sg}.

In this paper, we only consider induced abstractions, whose state space is a strict homomorphism of the
transition system, i.e., T* = {a(s) SN a(t) | s Ste T}. That is, each abstract state s* is consistent with a set of
concrete states [[s*], and a transition g; >a ; exists in the abstraction if o is applicable in any of the concrete
states consistent with a;, and reaches another concrete state consistent with a;. Figure 4 represents an abstraction
over the state space represented in Figure 3, where concrete states are grouped into abstract states (represented
by coloured bubbles). This abstraction ignores the position of the truck in all states and, only in as, whether v, is
in the truck or R is also ignored. Because the position of the truck is not taken into account, no drive operator is
needed to reach another abstract state in the abstraction, so all drive operators are self-loops. Another interesting
observation is that the abstract initial state includes another concrete state, and that the abstract goal state
includes non-goal concrete states in addition to the goal states. To better understand the homomorphism, we
can focus on transitions between two abstract states, like ay and a;: a¢ reaches a; with the operator pickup(p, L)
because the state (py, qr, t;) reaches a state consistent with a;. The same happens in the opposite direction for
the operator drop(p, L).

We aim to get abstract state spaces several orders of magnitude smaller than the state space they represent, so
the distance of each abstract state to the closest abstract goal state can be optimally computed. Each abstraction
induces a heuristic function where h*(s) is h*(a(s)). The homomorphism property of abstractions makes this
heuristic consistent and goal-aware, and thus admissible (Helmert, Haslum, and Hoffmann 2008).

2.3 Cartesian Abstractions

DEFINITION 8 (CARTESIAN ABSTRACTION). A Cartesian abstraction a : S — S%, for a taskI1 = (V,0,1,G) is a
type of abstraction where the set of states [s*] is Cartesian for all abstract states s* € S* (Seipp and Helmert 2018).
A set of states is Cartesian if it is of the form A; X Ay X -+ - X A,, where A; € D,, forallv; € V.
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‘ ‘ .‘<—> (Pr,qrRtR)| ((PR.qR:tL)
‘ ‘ (PL,qR,tR) ‘H (pT,9R>tR)

Fig. 4. Example of an abstraction for our running example. Operators labels are omitted for the sake of clarity.

{rr} {rr} {rr} {rr,pT}
pickup(q, L) x pickup(p, L) x drop(q, R) X
{ar} {ar} {ar} {ar}
X X X X
{tr,tr} {tr,tr} {tr,tr} {tr,tr}
ao ae a4 as

Fig. 5. Abstract plan over the abstraction of Figure 4 with flaws beyond the first flaw in progression and regression.

DEFINITION 9 (CARTESIAN REPRESENTATION). A Cartesian representation for a task I1 = (V, O, I, G) is a tuple of
sets (A1, Ay, ..., Apn), where A; C Dy, for all variablesv; € V.

A Cartesian representation a represents the Cartesian set [a] = A; X Az X - - - X A,,. We say that a is empty
if [a] = 0, ie., iff a[o] = 0 for any variable v € V. We use the empty set (0) symbol also to represent empty

Cartesian representations.
We use the notation s* for the Cartesian representation of an abstract Cartesian state s* € S* and [s*] for the

Cartesian set of states consistent with s.

The Cartesian representation allows us to store Cartesian sets with a linear space complexity in the number of
facts even if they contain exponentially many states. However, in the figures we use a Cartesian sets notation for
the sake of clarity. Given a Cartesian representation a = (A, A, ..., A,), we denote by a[v;] the set of values
that v; can take in g, i.e., a[v;] = A; € D,,. As an example, Figure 5 shows a plan for the Cartesian abstraction of
Figure 4, where, for example, ay[v,] = {pL} aolvg] ={qr} and ag[v;] = {t1, tr}. Also, for any (partial) state p, we
can build a Cartesian representation C(p) such that [C(p)] = [p], by making C(p)[v] = {p[v]} if v € vars(p)

and C(p)[v] = D, otherwise.
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The intersection of two Cartesian representations ¢; and c; is another Cartesian representation ¢’ = ¢;Nc,, where
¢’[v] = c1[v] Nez[o] for all v € V. The intersection of two Cartesian sets is Cartesian, and [c;] N [e2] = [e1 Nez].!
Similarly, we define the subset (C) and strict subset (C) operations of non-empty Cartesian representations c;
and ¢y as¢; C ¢y iff ¢1[v] C cz[v] forallo € V, ¢y C ¢y iff ¢ C ¢y and ¢;[0] C ¢y[v] for some v € V. Also, ¢; C ¢y
iff [e1] € [ez] and ¢; C ¢y iff [e1] < [e2]-

An operator o is applicable in a Cartesian representation c if ¢ N C(pre(0)) # 0, and the result of applying o
in ¢ is another Cartesian representation progr(c, o) where progr(c,o0)[v] = {post(o)[v]} if v € vars(post(0)) and
progr(c,0)[v] =c[v] otherwise. In the resulting Cartesian representation, the variables of effects and precondi-
tions of 0 have a single value. Note that this corresponds to all states reachable by applying o in any state in [¢]:
[progr(c,0)] ={s’ | s € [c] As—>s'}. An operator o is applicable in regression in ¢ if ¢ N C(post(0)) # 0, and the re-
sult of applying o in regression in ¢ is another Cartesian representation regr(c, o) where regr(c, o) [v] ={pre(o)[v]}
for v € vars(pre(0)), regr(c,o0)[v] = D, for v € vars(eff (o)) \ vars(pre(o)), and regr(c,0) [v] = c[v] otherwise.

Cartesian abstractions are very flexible because they allow abstracting each variable with a different granularity
at each abstract state. Indeed, they generalise domain abstractions (Hernadvélgyi and Holte 2000; Kreft et al.
2023), where the value of a variable is abstracted in all states or in none of them, which, at the same time,
generalise Pattern Databases (PDBs) (Culberson and Schaeffer 1998; Edelkamp 2001), a heuristic that is based on
the combination of abstractions where each variable can be fully abstracted or not abstracted at all (also called
projections). Merge-and-shrink abstractions (Helmert, Haslum, and Hoffmann 2007; Helmert, Haslum, Hoffmann,
and Nissim 2014; Torralba and Sievers 2019) is the other type of abstractions used for Classical Planning and
generalise Cartesian abstractions, but Cartesian abstractions have achieved better results recently (Seipp 2018,
2023).

Consider our running example but with 100 additional locations not involved in the initial position of p, q or ¢
and not mentioned in the goals. Figure 6a shows a PDB with a projection that abstracts all variables except one for
this task, which are the atomic projections from which the merge-and-shrink procedure starts. Figure 6b shows a
domain abstraction where the domain of v, is fully abstracted and the domains of v, and v, are reduced to three
values that differentiate L and R (each irrelevant location can be mapped to any of these values resulting in the
same abstraction) and being in the truck. Finally, Figure 6c shows a Cartesian abstraction for this task. A PDB can
only fully abstract variables or not abstract them at all, so they cannot ignore only the locations not interesting
for this task. Domain abstractions can abstract some values of each variable along the full abstraction, so for this
task they can ignore the locations not necessary to solve the task at the same level as Cartesian abstractions.
However, domain abstractions cannot abstract a variable with different granularity for each abstract state, so the
best domain abstractions completely ignore drive operators if the position of the truck is fully ignored (Figure 6b)
or result in the complete transition system of our running example shown in Figure 3 on page 5, if the domain of
vy is reduced to two values that differentiate L from R, with each irrelevant location mapped to any of them, with
ten more states than the Cartesian abstraction of Figure 6¢, and two goal abstract states instead of only one.

2.4 Counterexample-Guided Abstraction Refinement

The only technique to build Cartesian abstractions with any granularity to the best of our knowledge is CEGAR
(Counterexample-Guided Abstraction Refinement) (Seipp and Helmert 2013, 2018), shown in Algorithm 1. It starts
with the trivial abstraction, which consists of a single abstract state a where a[v] = D, for all v € V. Then, the
abstraction is iteratively refined until solving the problem either by finding an optimal plan (line 7), or proving
the task unsolvable (an abstract plan cannot be found, line 4). It can also be stopped by a termination condition
(typically a time or memory limit), resulting in a Cartesian abstraction that induces a heuristic (lines 1 and 9).

Note that operations such as the union or complement are not defined over Cartesian representations, as the union of two Cartesian sets or
the complement of a Cartesian set are not always Cartesian sets.
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(a) PDB with three projections.
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(b) Domain abstraction where v, is fully ab-

stracted and the domain of v, and v is reduced
to locations L and R, with irrelevant locations
mapped to any of them.

pickup(p, L) {pr} drive(L, R) {pr} {pr}
X X X
{aL a1, .-, q100} {av, a1, .-, q100} {ar}
X X
drop(p, L) {t,t1,...,ti00} drive(R, L) {tr} {tL,tr,t1,... ti00}
as as ay
drop(q, L) pickup(q, L) pickup(q, R) drop(q, R)
{pr} drive(L, R) {pr} | drop(p, ) {rr}
X X x
{ar} {ar} {er,a1,..., q100}
X X X
{tr t1,... tioo} drive(R, L) {tr} pickup(p, R) {tr tr,t1,. .., t100}
a7 ae az

(c) Cartesian abstraction.

Fig. 6. PDB, domain abstraction and Cartesian abstraction for our running example with 100 additional irrelevant locations.

DEFINITION 10 (ABSTRACT TRACES AND ABSTRACT PLAN TRACES). An abstract trace for an abstraction a with

an abstract transition system ©% = (§%,0, T, 1%, Sg) isatracet® =a® 2 ... 2> a" in ©%. It is an abstract plan
trace if a® = I* and a" € S&- It is an optimal abstract plan trace if the abstract plan (0',0%...,0") is optimal.
Similarly to traces, an abstract sub-trace t*[i, j| is a chunk of the full abstract trace t* starting at a' and ending

at a’. For instance, 7%[1,3] =a' 2 a2 % @3, Also, 1@ [i] denotes the abstract state a'.
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Algorithm 1: CEGAR main algorithm (adapted from Seipp and Helmert (2018))
Data: Task IT = (V, O, I, G), initial abstraction ®* = (§%, O, T%, I%, Sg)
Result: unsolvable, concrete plan, final abstraction
1 while not TerminationCondition() do
2 7% « FindOptimalTrace(©%)
3 if * = “no trace” then
4 ‘ return task is unsolvable
5 ¢ « FindFlaw(II, t%)
6 if ¢ = “no flaw” then
7
8
9

‘ return plan extracted from t*
0% « Refine(0%, ¢)
return 6

Algorithm 2: FindFlaw (adapted from Seipp and Helmert (2018))

Data: Task IT = (V, O, I, G), abstract plan trace %

Result: Progression Flaw (abstract state, concrete state, Cartesian representation) or “no flaw”
15«1
2 be—1I%

5 foralla > b € 7% do
if o is not applicable in s then
‘ return (a, s, a N C(pre(0)))
s « progr(s,0)
if s’ ¢ [b] then
‘ return (a,s,a N C(regr(b,0)))
9 s s
10 if s ¢ [G] then
1 ‘ return (b,s,b N C(G))
12 return “no flaw”

e N S G e

1 n
The loop shown in Algorithm 1 finds an optimal abstract plan trace 7* = a° 2, ... 55 a" in the abstraction

1 k
and tries to execute it in the concrete state space resulting in a trace 7 = s AN , where s® = I and

k € {1,...,n} such that o is the last operator from % that is applicable in s*~'. Note that 7 is unique because it
starts in a well-defined state (I) and operators are deterministic in Classical Planning tasks.

Algorithm 2 executes each operator of the abstract plan trace over the concrete state space starting in I. This
execution is stopped when an operator is not applicable or the target concrete state is not mapped to the successor
abstract state. These are two of the conditions that serve to identify a flaw, as described in Definition 11. A third
one happens when the full trace is executed but the final concrete state is not a goal state. We call them explicitly
“progression flaws”. Previous work defines a flaw as a tuple of a concrete state and a Cartesian set, while we
identify them as a tuple of an abstract state, a concrete state and a Cartesian representation, because the flaw is
actually a property of the abstract plan trace in a specific point of that trace.

0

Journal of Artificial Intelligence Research, Vol. 86, Article 49. Publication date: August 2026.



New Flaw Search Strategies in CEGAR for Cartesian Abstractions in Optimal Classical Planning « 49:11

Algorithm 3: Refine (adapted from Seipp and Helmert (2018))
Data: Abstraction ©* = (5% O, T?, 1%, Sg), flaw ¢ = (a,s, c)
Rgsult: Reﬁr}ed abstra(‘;tion o /

1 8% = % T « T% 1%  [%5%  S&

(d, e) <« ChooseSplit(a, s, c)

S — (8% \ {a}) U {d, e}

T RewireTransitions(T"‘/, a,d,e)

ifa e Sg/ then

| S& (& \ {a})

for child € {d, e} do

8 if I € [child] then

T SR TR )

N

o | | I < child
0 | if child N C(Sg) # 0 then
u | | S¥ « S% U{child}

12 return ©% = (S"‘/, 0, T“’,I“,,Sg/)

1 n
o o .
0 — ... — a" be an abstract plan trace of an abstraction a for

ol ok
a transition system © = (S,0,T,1,Sg). Let t = s = ... —> s* be a trace in ©, where s° = I and k is a value lower

or equal than n such that k = n or o**! is inapplicable in s* and such that s* € [a'] for all 0 < i < k. A progression
flaw in 7% is a tuple (ak, sk, c) of an abstract state a* in 1%, a concrete state s*, and a Cartesian representation ¢ C ak
for which one of the following cases apply:

k

DEFINITION 11 (PROGRESSION FLAW). Let 1% = a

(1)k < n and o**' is inapplicable in s*. ¢ is the Cartesian representation subset of a* in which o**1 is applicable,

i.e., the intersection between a and the Cartesian representation of the preconditions of o**'. Formally, ¢ =
ak n C(pre(oF*t)).

(2)k < n and progr(s*, o*1) is not mapped to a**'. c is the Cartesian representation subset of a* that reaches
ak*1 after applying o**1, i.e., the intersection between a* and the Cartesian representation of regr(a**?, o**1).
Formally, ¢ = a* N C(regr(ac*, ok*1)).

(3)k = n and s" is not a goal state. c is the intersection between a" and the Cartesian representation of the goal
partial state, i.e., ¢ = an C(G).

Semantically, a progression flaw is a tuple of an abstract state a’, a counterexample concrete state s’ where the
abstract plan trace 7* does not work as intended, and a Cartesian representation (subset of a*) ¢ in which the flaw
does not exist (o'*! is applicable, 0'*! only reaches states mapped to a’*!, or a’ only contains goal states).

- pickup(g.L) pickup(p,L) drop(¢.R) . .
For example, in Figure 5 on page 7 ¢ = gy as ag as. Trying to execute this

trace in the state space (Figure 3 on page 5) shows that the first operator pickup(gq, L) is not applicable because
vy — R instead of L, so the concrete plan trace in this case is simply I.

If this execution succeeds and s* € Sg, then it is an optimal plan for the task (Algorithm 1, line 7). If some flaw
(a, s, ¢) is found, it is repaired by Algorithm 3, which first chooses a split of the flaw (line 2).

DEFINITION 12 (PROGRESSION FLAW SPLIT). A split of a progression flaw (a, s, c), where a is an abstract state
of a Cartesian abstraction «, s is a concrete state, and c is a Cartesian representation such that c C a, is a pair of
Cartesian representations d and e such thatd C a,e C a,s € d,c C e, [d] U [e] = [a], andd Ne = 0. We call a the
parent state and d and e the children states.
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Discarded because

S0

. Split ag by aolvp] = {pr}

| T solve] € {tr}
{pr.pr} {pr} : : {pr} {pe, pr}
X X ! drop(p,R) ! X f
{ar,ar} {az,ar} : ' e={{qL,qr} e=q{ar,qr}
X X I 1 X X
(e, tn} (e, tr} : : {tz,tr} {tr}
: :
1 1

(a) Operator is not applicable.

a = ag

1

1

! {pr.pT}

drive(R, L) v X

' e={ {ar,qr}

1 X

' {tr}
S0 S1 :

1

Split ag by aolvq] = {qr,qr}

{rr,pr} {rr}
X drive(R, L) X
{av,ar, a7} {ar,ar}

X X
{tr} {tr}

(b) Deviation.

1 1 a = agp
1 1
{pL.PRr.PT} ' ! {rr} {pL,pRr,PT}
X 1 1 X X
—{| {qr,qr, ar} : ' er=1¢{qr,qr, a1} ex= {ar}
X 1 1 X X
{tz.ta} : | {tr,tr} {tL,tr}
ao : S0 :
1 1

Split ag by aglvp] ={pr} Split ag by aolvg] ={qr}

(c) The final state is not a goal state.

Fig. 7. Example of each type of flaw for different abstractions in the running example. The left side of the figures is the
abstract plan (the abstraction may have more states, like in the second one) and the centre part is the execution of the plan
on the state space. The child abstract state e after each split is on the right side.

Given the nature of Cartesian representations, splits can only separate values from one variable at a time. We call
this variable the split variable vs. Thus, d[v] = e[v] = a[v] for all variablesv € V \ {uvs}, d[vs] Ne[vs] =0, and
alos] = d[os] U e[os].

Note that multiple splits may exist for a split variable v, since there are values of a[v] included in neither c[os]
nor {s[us]}. Also note that this definition of split only considers a split of a if it separates the counterexample
s in a new abstract state (d) different from the new abstract state for c (e), so a split is never applied in a split
variable where s[vs] € c[os]. A split selection strategy is a criterion to choose a split among all possible splits
for a flaw in an abstract state a (Seipp and Helmert 2013, 2018). We discuss the strategies to split values for
a split variable in Section 4.3 and the split selection strategies used in this paper in Sections 6.2 and 7. Thus,
Algorithm 3 splits the abstract state of the plan trace where the flaw has been found into two abstract states d
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Flaw ({ao, So, ¢)) Refinement process

1
1
{rL,pT} :
X 1
{ar,qr,qr} ' {pL,XpT}
X 1
{tr} ! s —> {qu}
ao 80 X {tr}
. : 3 Refine d
Splitag by ao[vg] = {gr,qr} | —> —>
1 PN
C
{pLleT} : {PL;(;DT}
8 : {QR7QT}
c=1¢ {qr,ar} ' g
X 1 p
1 0 {tr}
{tr} ' -

e

Fig. 8. Refinement of the flaw shown in Figure 7b (loops omitted for the sake of clarity).

and e with s € [d]] and ¢ C e, in such a way that the condition of the flaw cannot happen again. Note, however,
that the same condition for a flaw may remain in e when splits in different split variables exist, e.g., if multiple
preconditions of an operator are not satisfied before the split. However, after this refinement it is possible that
the state e is not involved in an abstract optimal plan any more, and so it is usually more efficient to repair it in
later iterations of the loop if it is ever found again. Then, transitions are rewired in such a way that incoming
transitions of the abstract state can be directed to d, e or both, outgoing transitions can be originated in d, e or
both, and self-looping transitions can remain as self-looping transitions or be directed between d and e. Finally,
the new abstract initial state is set as d if the parent state was I* because then s = I and s € [d] and d and e are
added to the set of abstract goal states if the Cartesian set that they represent contains a concrete goal state.

The three conditions for progression flaws are represented in Figure 7 for different example abstract plan
traces. In Figure 7a, it is clear that the operator is not applicable because the package p is not in the truck, so c is
in this case the subset of ay where v, — pr and v; + tg (the preconditions of drop(p, R)), but we identify a single
split because sy [v;] € c[v;], and so splitting by v; would put fg in the child e and then s would not be consistent
with the child d, which is not compatible with the definition of a progression flaw split. In Figure 7b, the operator
is applicable but it reaches a concrete state not mapped to a; because qr. € {qr, qr}, so c is the subset of ay where
0q P> qR or vy > g for this flaw. In Figure 7c, the abstract trace contains no operators, so it is executable in the
concrete state space, but goals are not satisfied in the initial state, so c is the subset of ay where the goals are
fulfilled. Note that this flaw is always found in the trivial abstraction (the initial abstract state that contains all
values for all variables) if goals are not satisfied in the initial state, but it may also exist in other abstractions if
abstract goal states contain non-goal states, as shown in Figure 4.

The refinement process for the flaw of Figure 7b is illustrated in Figure 8. In this example, there is only one
possible split, ¢ = {qr, q7}. I ¢ [c], as otherwise it would not be a flaw. The refinement splits a, in two states
d and e, in such a way that I € [d] and ¢ C e. Note that d has become the new initial state of the abstraction.
In this case, ¢ = e, but the values of the split variable neither present in sy nor in ¢ (0 in this example), can be
assigned to any of the two states, so e is a superset of ¢ when some of these values are assigned to e. However,
the original implementation always puts them in d with the aim of getting larger heuristic values (Seipp and
Helmert 2018). ¢ is also a superset of e when multiple conditions for a flaw exist in different variables, since a
split can be done only in one of them.

Journal of Artificial Intelligence Research, Vol. 86, Article 49. Publication date: August 2026.



49:14 « Pozo, Torralba & Linares Lopez

3 Flaws of Abstract Plans in a Cartesian Abstraction

This work focuses on identifying alternative definitions of flaws in Cartesian abstractions in order to improve
the quality of the refinements applied in the CEGAR loop. That is, we keep the main structure of the CEGAR
algorithm (Algorithm 1 on page 10), but change the subprocedure FindFlaw replacing Algorithm 2 (page 10) with
other alternatives. Our new subprocedures may return multiple flaws, in which case the ChooseSplit method will
have further possibilities to choose from, as discussed in Section 6.

First, we show the properties needed for a flaw to preserve completeness and soundness of Algorithm 1.

THEOREM 1. LetII1=(V, O, I, G) be a planning task with transition system ©, a a Cartesian abstraction for © that
induces the abstract transition system ©% = (8%, O, T%, I*, Sg), and t* an abstract plan trace found in ©%. Algorithm 1
with no termination condition and unlimited time and memory is sound and complete if whenever the subprocedure
FindFlaw returns “no flaw” for t* then (0%, ..., 0") is a plan for © and otherwise returns any flaw {a, c1, c,), where
a € S% is an abstract state, and ¢y and c, are Cartesian representations s.t.¢; #0,c; #0,c1 Ca, c; Ca,c; Ney =0.

Proor. Algorithm 1 is complete if it always returns an answer. Without termination condition, the loop of
line 1 can only terminate with a return statement, so we prove that any of them is always reached. If no abstract
plan can be found, Algorithm 1 returns that no plan exists at line 4. If FindFlaw returns a flaw (a, ¢, cz), as ¢;
and c; are disjoint and not empty, a can be split into two Cartesian representations d and e such that d N e = 0,
d C a,and e C a by splitting from a[vs] the values ¢; [v5] or ¢z [vs] for some variable vs € V s.t. ¢1[v5] C a[vs]
or cz[vs] C aluvs] respectively, keeping the strict homomorphism property of the abstraction, and the execution
continues with no issue. Such a variable v, exists because ¢; and c; are strict subsets of a. Eventually, if no flaw is
found, Algorithm 1 returns a solution at line 7.

Algorithm 1 is sound if whenever it returns an answer, it is correct. If no solution exists, an abstract plan trace
cannot be found, which is guaranteed by the strict homomorphism property of the abstract transition system, so
Algorithm 1 returns that no plan exists at line 4. Otherwise, a trace is found in the abstraction because it is a
homomorphism of ©. A plan is returned only when FindFlaw returns “no flaw”, so soundness is guaranteed in
line 7 if FindFlaw only returns “no flaw” when (0!, ..., 0") is an optimal plan for ©, and any plan extracted from
the sequence of the operators of an abstract plan trace returned by FindOptimalTrace is optimal because it is
optimal in a homomorphism of ©. Finally, as all splits keep the strict homomorphism property of the Cartesian
abstraction, these arguments are valid for all iterations of the loop. O

Note that these conditions for ¢; and c; still allow returning a flaw even when the abstract plan is a plan for
the task. However, that only defers the convergence of the algorithm, doing more refinements than necessary,
but returning always an admissible heuristic induced by a Cartesian abstraction. We provide now a very general
notion of flaw that generalises the previous definition but adds some requirements to the minimal properties of

1 2 n
Theorem 1 to identify flaws in abstract states involved in the abstract plan trace 7% = @ 5a' S S5a" and
return a flaw only if no concrete state s’ mapped to a’ exists for some i € {0, 1,.. ., n}, reducing the number of

unnecessary refinements. To that end, we consider the notion of reification (Fan and Holte 2015) to identify when
the abstract trace has a corresponding trace in the state space of the planning task.

DEFINITION 13 (REIFICATION OF AN ABSTRACT TRACE). Let ©® = (S,0,T,1,Sg) be a transition system, a a
0? o

1
Cartesian abstraction for © with abstract transition system ©%, and t* =a*5a' % . 254" an abstract trace found

09 19

in®%. Atracet=s 31—)5 2 L ine reifies 1% ifs' € [a'] foralli€{0,1,...,n}. traces(t%) is the set of all
traces in © that reify t%. tracesi,;(t%) is the subset of traces(t*) starting in s =I and tracesgoq)(t%) is the subset of
traces(t%) ending in somes™ € Sg. Also, Sﬁ;’g (%) ={s" | t[n] =s", 7 € tracesin;; (t%)} is the set of states ending a trace
in tracesini; (%), and S;Z:f(r"‘) ={s"| r[0] =s% r € tracesgoq (%)} is the set of states starting a trace in tracesgoq (7%).
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We say that T is:
o Init-reifiable if traces,i; (%) # 0, so there exists a trace that reifies it starting at s"=1I
o Goal-reifiable if tracesgoq (%) # 0, so there exists a trace that reifies it ending at s" € Sg.
e Mappable if tracesin;;(t%) N tracesgoa (%) # 0, so there exists a trace that reifies it starting at " =T and
ending at s" € Sg.

Note that, if 7* is mappable, (0',...,0" isa plan for the task. However, the opposite is not always true, as
(0l,...,0™) could be a plan for the task that passes through states not mapped into the abstract states in 7.

DEFINITION 14 (ABSTRACT FLAW). LetI1 be a planning task with transition system ©=(S, O, T, I, Sg), & a Cartesian

abstraction for © that induces the transition system 0%, T”‘:a°0—1>a10—2>. . .im” an abstract plan trace in ©%, and
i={0,1,...,n} an index in 7°. (ai,_c), (c_) is an abstract flaw of t* if ¢ and ¢ are Cartesian representations s.t.:
(AF.1) C # 0

(AF.2) T #0

(AF.3) ¢ c &

(AF4) T cd

(AE5) TNT =0
(AF.6) S ([0, 1]) < [€]
(AE7) $3(z%[i,n]) € [].

In words, © and ¢ are non-empty disjoint subsets of a’ such that [C] contains all final states of init-reifiable traces
in 7*[0,i] and [[ﬂ contains all states goal-reifiable by the sub-trace t*[i, n].

This definition is slightly generic, as any disjoint subsets of a’ that represent supersets of Sf.;lz(‘['a [0,i]) and

Sj;f:f(r“ [i,n]) can be used to define a flaw. Nevertheless, Definition 14 offers a minimal definition, common to
all our notions of flaw. This is sufficient to show that (1) it guarantees the correctness of the overall CEGAR
algorithm, since every trace that does not correspond to a valid plan has at least a flaw that can be used to refine
the abstraction by splitting an abstract state; and (2) ensures that if the abstract plan is mappable there is no flaw
and the CEGAR algorithm terminates without further refining the abstraction.

Typically, it is also desirable that ¢ and @ only contain states consistent with a’ that are in Sigf:f(ra [0,i]) and

send (7% i, n]) either in the concrete state space or in some relaxation of it, since they are the states where the flaw

Tinit

does not exist. Throughout the paper, we consider more restrictive definitions of flaw that satisfy this definition.

THEOREM 2. Let © be a transition system, a a Cartesian abstraction for ® with abstract transition system ©%, and
1 2 n
t%=a"25q'%s . 250" an abstract plan trace found in ©%. t* is mappable iff there is no abstract flaw in t%.

Proor. On the one hand, if 7% is not mappable, some abstract flaw can be found. Since 7% is not mappable, it

follows that traces;,;; (1) N tracesgoq(7%) = 0. Therefore, Sﬁi’,’z(r“ [0,i]) N S;;‘:;t(z'“ [i,n]) =0 forallie{0,1,...,n}

(Definition 13). Also, S (%[0, i]) and S (t*[i, n]) are always Cartesian for all i € {0, 1, ..., n}. This directly

Tinit Tgoal

follows because the progression and reggression of a Cartesian set with respect to a SAS™ operator, and the
intersection of two Cartesian sets are also Cartesian (Seipp and Helmert 2018). So, by induction, Sﬁﬁ‘i(r“ [0,0]) =
{I} and Sﬁzg (%[0, i+1]) is the result of applying progression and intersecting with [a']. Similarly, Sﬁz‘;’f (%[n,n]) =
[G] is Cartesian, and Sﬁgﬂ’f(r“ [i,n]) is the result of applying regression on Sﬁ;f:f(ra [i + 1,n]) and intersecting
with [a'].

Now, we prove by induction in the step i of 7* that either S;‘Zi(f" [0,i]) # 0 or a flaw can be found at step
j<iforalie{0,1,...,n}.
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For the base case, i = 0 and Sﬁ;’j(r [0,0]) = {I}.

For the inductive case, i = {1,2,...,n}, it suffices to show that if Sre;"g(r"‘ [0,i]) = 0, then we can find a flaw
in a previous step. By the induction hypothesis, either we can find a flaw in some step j < i — 1 < i (in which
case the proof is trivial), or Sﬁln"f(f"‘[ i — 1]) # 0. Then, we can differentiate two different cases for j =i — 1,

depending on whether S““”(T"‘ [0, j]) is empty.
e (Non-empty case) If S5 (%[0, j])#0, the tuple (a’, d, e), where [d] =S¢ (%[0, i]) and [e] = S (t*[i, n]),

Tgoal Tinit Tgoal

is a flaw because Se”d(r [0,1]) and S§*"(z%[i,n]) are non-empty Cartesian sets and subsets of [a'] so
(AF.1)-(AF.4) are satisfied; d N e =0 because ¢ is not mappable (AF.5); and (AF.6)-(AF.7) are trivial.
e (Empty case) If S5 (z%[0, j]) = 0, then we consider whether [a/] =S5¢ (7% [0, j]).

Tgoal Tinit

- If [a’] = Se"d(r“ [0,j]) then Send (720, i]) # 0. This holds due to homomorphism property of the abstrac-

Tinit Tinit

tion, as the transition @/ 5 @i, which is part of the trace, implies the existence of some transition s/ s
s.t. s’ € [a’], s € [a'], so s! GSend(T [0, i]).
- If [a’] # S (r*[0, j]), then the tuple (@', d, e), where [d] = S&"(z%[0,i]) and [e] = {s} s.t. s is any

state s € [a'] \ Se”d “[0,1]), is a flaw because a single state is Cartesian, so this satisfies (AF.1)-(AF.4);
dNe=0(AF.5); and (AF.6)—(AF.7) are trivial.

For i =n, if no flaw can be found in a previous step, the case is the same as (Non-empty case), where the tuple
(a", d, e), where [d]] = Sﬁ;i(ro‘[o n]) and [e] =S7" (2% [n,n]) = [G] is a flaw.

On the other hand, if 7% is mappable then we prove by contradiction that it is impossible to satisfy prop-
erties (AF. 1)—(AF.7) for all i € {0,1,...,n}. Assume there is a flaw (¢, ¢, ) in a step i. Then, to satisfy

(AF.6) 5 (7%[0,i]) C [€], and to satisfy (AF.7) in i, S¥¥*(z%[i,n]) C []. To satisfy (AF.5) at the same

Tinit Tgoal

time, Se”d(r [0, l]) N S“‘”‘(f"‘[l n]) = 0, but then traces;n;;(t%) N tracesgoq(t%) = 0, reaching a contradiction. O

Tgoal

This new definition of flaw also requires a generalisation of the definition of a split.

DEFINITION 15 (ABSTRACT SPLIT). A split of an abstract flaw (a, ¢, T) is a pair of Cartesian representations d
and e such thatd C a,e C a, ¢ Cd, ¢ Ce, [d] U [e] = [a], andd N e = 0. We call a the parent state and d and e
the children states.

As for progression flaw splits (Definition 12), given the nature of Cartesian representations, splits can only separate
values from one variable at a time. We call this variable the split variable vs. Thus, d[v] = e[v] = a[v] for all
variablesv € V \ {uvs}, d[vs] Nelvs] = 0, and alvs] = d[vs] U e[vs].

Note that there exists at least one split for each flaw, since ¢ and ‘¢ are non-intersecting Cartesian representa-
tions, which implies the existence of some v, for which @ [vs] N €los] # 0. We show now that the traditional
definition of flaw is also compatible with Definition 14 but more restricted.

THEOREM 3. Let 7% = a°—1—>a1 o ... 2a" be an abstract plan trace found in an abstraction a with the induced
transition system ©% for a transition system ©. If (', s', ¢) is a progression flaw in 7%, then (a', @ =C(s'), T=c) is
an abstract flaw. However, not all abstract flaws (a', ¢, ©) in % correspond to progression flaws in 7%.

Proor. On the one hand, we show that (ai,—c>=C(si), (c_=c) satisfies Definition 14. First, we prove that it

1 2 k
satisfies (AF.1), (AF.3), and (AF.6). Let T=s 0—>s 2. Sskbea plan trace in ® such that s° =T and 0 < k < n
s.t. k = n or o**! is inapplicable in s* and s.t. s* € [a'] forall 0 < i < k. Then Se"d(r [0,k]) = {s*}, so (AF.6) is

satisfied. (AF.1), and (AF.3) are satisfied by C(s*) because s* is mapped to a¥, since Se”d(z'"‘[o k]) = {s*}.
Next, we prove that it satisfies (AF.2), (AF.4), (AF.5) and (AF.7). We distinguish the three cases from the definition
of progression flaw (Definition 11):
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(1)k < n and o*! is not applicable in a state s* € [a*]. Then, ¢ = a* N C(pre(o**!)). (AF.2) and (AF.4) are
satisfied because o**! must be applicable in some state consistent with a* to induce the transition in ©% by the
definition of induced abstraction. (AF.5) is satisfied because otherwise 0**! would be applicable in s*. (AF.7) is

satisfied because 0¥*! is not applicable in any state s ¢ [c] and so they cannot be part of S;;‘U’Lt(ra [k, n]).

(2) k < nand o**! is applicable but progr(s*, o**!) is not mapped to a“*'. Then, ¢ = a*NC(regr(a**!, 0¥*1)). (AF.2)
and (AF.4) are satisfied because 0o%*! must reach some state consistent with a**! to induce the transition in ©%
by the definition of induced abstraction. (AF.5) is satisfied because otherwise progr(s*, o¥*1) € [a**!]. (AE.7)

is satisfied because progr(s, o¥*1) ¢ a**! from any state s ¢ [c] and so they cannot be part of S;;Z;t(ra [k, n]).

(3) k =nbut s" is not a goal state. Then, ¢ = a"NC(G). (AF.2) and (AF.4) are satisfied because some state s € SgN[a"]
exists by the definition of abstraction, as a” would not be an abstract goal state otherwise. (AF.5) is satisfied
because s" would be a goal state otherwise. (AF.7) is satisfied because [c] is the set of goal states in [a"].

On the other hand, we prove by counterexample that not all abstract flaws are progression flaws: in the
pickup(q.L)  pickup(p,L)

abstract plan of Figure 5 on page 7 an abstract flaw exists in a4 because Sg’,’z(ao ag as) =0
drop(q.R) .

and {(pr, qr, 1) ¢ Sj;‘:;’ ay —— as), and so {aq, {{pr}, {q7}. {tr}). {pr}. {g7}, {tr})) is an abstract flaw, but

it is not a progression flaw because only a progression flaw exists, the one in a. ]

THEOREM 4. LetII = (V, 0,1, G) be a planning task with transition system ©, a a Cartesian abstraction for ® with
abstract transition system ©%, 1% an abstract plan trace in ©%. t* is mappable iff there is no progression flaw in t%.

ProOOF. On the one hand, assume 7% = aoﬂl—ml 2, ... 2 a" has no progression flawand r = s
is a reification of 7%. If no precondition flaw exists, all operators o’ can be executed in s'! for all i € {1,2,...,n}.
If no deviation flaw exists, then s’ € [a'] for all i € {0, 1,...,n}. If no goal flaw exists, s" € [G]. Therefore, 7% is a
plan for the task and s’ € [a] for all i € {0,1,...,n}, and therefore 7* is mappable.

On the other hand, no progression flaw can be found in 7 if it is mappable because all progression flaws are
abstract flaws and Theorem 2 proves that no abstract flaw exists in mappable abstract plan traces. O

0 1

o! 0? o,
—S§ T —>...—S

Definition 14 provides a broad definition of flaw that lays the foundations for new more specific definitions
that satisfy its properties. In the following two sections we explore some novel more restricted definitions of flaw,
along the CEGAR modifications necessary to find them, that result in very different heuristics, as we show in
Section 7.

4 Regression Flaws

The CEGAR algorithm has proven highly effective in the state-of-the-art planner Scorpion (Seipp 2023), and it
converges to an optimal plan when used over a single abstraction of the original problem. However, we noticed
that it is very biased into incrementing the heuristic value around the initial state, since refinements happen in
the first flaw of the abstract plan. Also, previous work showed that, when flaws are searched over all the optimal
abstract plans instead of using only one plan, refining the flaws of the plans where flaws are closer to goals
usually achieves a better heuristic (Speck and Seipp 2022). In this section, we consider how to find flaws using
regression from the goal, so that they are less focused on the initial state and closer to the abstract goal states.

4.1 Definition and Properties of Regression Flaws

Given an abstract plan, we define a regression flaw as an explanation of why a given suffix of the plan is not a
solution for the planning task at hand. The definition is similar to that of progression flaws (Seipp and Helmert
2018). However, as the goal is not a fully specified state, regression should be done on partial states, in an attempt
to cover all possible ways of reaching the goal with such an abstract plan.
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1
DEFINITION 16 (REGRESSION FLaw). Let I1 be a planning task, a a Cartesian abstraction of T1, and 7% = a° SN

n on-1 k+1
al 0—> ... 25 a" an abstract plan trace. Let p" = G andt" = p <—p” P <0—p a backward trace in ©

where 0 < k < n such that k = 0 or o* is inapplicable in regression in p* and such thatp Na #0 forallk <i<n.
A regression flaw of % is a tuple (a*, ¢, p*) of a Cartesian state a*, a Cartesian representation c such that c C a*
and ¢ # 0, and a partial state p* for which one of the following cases apply:

(1)k > 0 and o* is inapplicable in regression in p* (p* is not consistent with post(0¥)). Then, ¢ = a¥ N C(post(o*))
is the subset of a that is applicable in regression.

(2)k > 0 and o* is applicable in regression in p* but [p*~1] N [a*~1] = 0, i.e., no state in the predecessor is mapped
to ak=1. In this case, ¢ = ak N C(progr(a*~, o).

(3)k =n butl ¢ [p°], and then c = C(I).

Now, we show that, similar to progression flaws, regression flaws are also a more restricted definition of abstract
flaws in the sense that all regression flaws correspond to an abstract flaw, but the opposite is not necessary true.
Therefore, regression flaws keep the CEGAR algorithm complete and sound because any mappable plan has no
regression flaw, as shown in Theorem 2.

THEOREM 5. Let % = a°—>a1—> . 250" be an abstract plan trace found in an abstractlon a wzth the induced
transition system ©% for a transition system ©. If (', c, p 'Y is a regression flaw in 7%, then (a', ¢ =c¢, ¢ = C(p YNa')
is an abstract flaw. However, not all abstract flaws (a',C, ) in 7 correspond to regression ﬂaws int¥

ProOF. On the one hand, we show that (a’, ¢, C(p’) N a’) satisfies Definition 14 on page 15.
n-1 ok+1 k

First, we prove that it satisfies (AF.2), (AF.4), and (AF.7). Let p” = G and 7" = p" <—p [P —pFa
backward trace in © where 0 < k < n such that k = 0 or oF is inapplicable in regression in p* and such that
p'na # 0forallk <i<n. Then, S;ﬁ‘j:f(r“[i, n]) =[z], where z=C(p’) Na’ C a', for all k < i < n, so (AF.7) is
satisfied. (AF.2), and (AF.4) are held because ¢ =z C a’, forall k < i < n and z is not empty.

Now we consider the three cases from Definition 16:

(1) k > 0 and o is inapplicable in regression in p¥, and ¢ = a¥ N C(post(0*)). Then, (AF.1) is satisfied because 0¥
must be applicable in regression in some state in a* to induce the transition in ©* by the definition of induced
abstraction. (AF.3) directly follows from the properties of intersection. (AF.5) is satisfied because otherwise o*
would be applicable in regression in p¥. (AF.6) is satisfied because o* is not applicable in regression in any
state s ¢ [c] and so they cannot be part of S (%[0, k]).

(2)k > 0 and o* is applicable in regression but regr(p¥, o¥) is not consistent with a*~!, and then ¢ = a* N
C(progr(ak=1,0%)). Then, (AF.1) and (AF.3) are satisfied because o applied in regression in a* must reach
some state in a*~! to induce the transition in ©% by the definition of induced abstraction. (AF.5) is satisfied
because otherwise 0¥ applied in regression in a* would reach some state s € [p*] N a* (no deviation flaw).
(AF.6) is satisfied because o* applied in regression in a* does not reach any state s ¢ [c] and so they cannot
be part of Sﬁi’zg(r"’ [0,k]).

(3)k=0butI ¢ [p°], and c = C(I). Then (AF.1) and (AF.3) are satisfied because ¢ = C(I) and I € [a°]. (AF.5) is
satisfied because otherwise I € p° (no flaw). (AF.6) is satisfied because S‘"‘d(r [o]) = {1} = [¢]-

On the other hand, not all abstract flaws are regression flaws. For example, in the abstract plan of Figure 5 on

e pickup(q.L)  pickup(p.L)  drop(q.R)
page 7 an abstract flaw exists in ay because S““:t( as ay as) =0 and (pr,qr. tr) ¢

S;’y’z(ao) and so {ao, ({pr}, {qr}. {tr}), {pr}. {qr}, {tr})) is an abstract flaw, but it is not a regression flaw because

the only one is in as because the package p is at R after applying the drop(q, R) operator in regression. ]
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Algorithm 4: FindRegressionFlaw

Data: Task II = (V, O, I, G), abstract plan trace 7
Result: Regression Flaw (abstract state, Cartesian representation, partial state)
1p—G

2 forall b > a € reverse(t* ) do
3 if o is not applicable in regression in p then
4 ‘ return {a, a N C(post(0)), p)

s | o regr(p.o)

6 if [p'] Nb # 0 then

7 ‘ return (a, a N C(progr(b,0)), p)

8 | pep

9 if pNI#Ithen

10 ‘ return (b, C(I), p)

11 return “no flaw”

al ao a2

Fig. 9. Example of a Cartesian abstraction for a task with two binary variables, I = (0,0), G = {v; + 1}, and a single operator
o1 with pre(o;) = {v; > 0} and eff (01) = {vy > 1}.

Algorithm 4 shows how to find regression flaws by generating the sequence of partial states in regression along
the plan, checking the conditions of Definition 16. An important property for the correctness of the approach
is whether returning “no flaw” means the abstract plan is valid for the original task. In progression flaws, this
property is guaranteed, as any plan trace 7* without progression flaws is always mappable and therefore it is a
plan for the original task (see Theorem 4). However, partial states generated during regression may correspond
to different abstract states. Therefore, for deviation flaws we check whether the intersection is empty instead of
requiring the partial state to be included in the abstract state. This implies that abstract plans with no regression
flaw could be not mappable.

THEOREM 6. There are abstract plan traces without regression flaws that are not mappable.

Proor. In the Cartesian abstraction of Figure 9, the abstract plan trace 7% = g, 2%, a; is not mappable because
the state s; = progr(1, 01) is mapped to a; instead of the expected a,. But, 7% has no regression flaws because the
goal partial state {v; > 1} has a non-empty intersection with a; and the operator o; can be applied in the goal
partial state {v, — 1} reaching the state {v; > 0}, which has a non-empty intersection with both, I* and I. O

Nevertheless, regression flaws do keep the most important property, which is that any abstract plan without a
flaw corresponds to a plan for the original task.

THEOREM 7. LetI1 = (V, O, 1, G) be a planning task, and a a Cartesian abstraction forI1. If an abstract plan trace

2

0 o” . .
1 — ... — a" has no regression flaws, then the sequence of operators {0', 0%, ...,0") is a plan forII.

o
=g >a
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n-1

Proor. If there is no regression flaw, then the backward trace " = p” < pl . (i PP is well-defined,
i.e., o is consistent with post(o’) and p'~! = regr(p’,o’) for all i € {1,2,...,n}. We show by induction that there
exist s%,...,s" such that s = I, s' € [p'] for alli € {0, 1,...,n}, and progr(s’, 0'*1) = s'*1,

The base case, I € [p°], holds due to the absence of flaws of case 3.

For the inductive case, if s' € [p'] and p’ = regr(p'*!, 0'*!), then by the definition of regression there must
exist s"*! € [p'*!] such that progr(s’,0'*1) = s™*1.

Finally, s* € [p"] = Sg, so the whole sequence is a plan for II. O

4.2 Relation to Progression Flaws

After showing the correctness of CEGAR with regression flaws, we consider whether they imply a significant
change compared to CEGAR with forward flaws. First, we consider the relationship between both types of flaws.

THEOREM 8. LetII = (V, 0,1, G) be a planning task, and a a Cartesian abstraction for IL. If an abstract plan trace
has a regression flaw, then it has a progression flaw, but the opposite is not necessarily true.
2 n
Proor. (=) Assume the opposite. Let 7% = a 25 a' S ... %5 a7 be an abstract plan trace such that 7%
has a regression flaw, but it is valid in progression (i.e., does not have a progression flaw). Then, there is a plan

0
1 2 n . .
tracer = s —»s' 25 .. Zs s st a(s?)=a' foralli€ {0,1,...,n} and s® =I. We show by induction that, given a

on ok+1 . .
backward trace 7" =p" «— p"~ ! ... ——p¥ ke{0,1,...,n},s' € [p'] forallie {k,k+1,...,n}.
Base case (i = n): s" € [G] = [p"].

Recursive case: s” € [a'] foralli € {0, 1,..., n} because there is no progression flaw. So, if s’ € [p'] = s’ € [p' N a’]
and s"" 1 e [p'' na'"1], so p'"? N a'~! # 0 because at least one state (s'~!) is consistent with a’~! and p'~ 1.
Iep’andp' Na' # O foralli€ {0,1,...,n} because there are no progression flaws, so regression flaws are

not possible and the theorem is proved by contradiction.
(¢=) Figure 9 shows an abstract plan with a progression flaw but no regression flaw. This is possible because
regression flaws do not require reification of an abstract plan trace but only that the trace is a plan for the task. O

The initial motivation for using regression flaws is that, intuitively, doing regression over the abstract plan
will find flaws on abstract states closer to the goal. This is expected to be beneficial, as a refinement of an abstract
state can never increase the goal distance of abstract states closer to the goal. So refining states closer to the goal
has greater chances of propagating the increment of goal distance to other abstract states. Indeed, Speck and
Seipp (2022) experimentally showed that strategies refining states closer to the goal result in better heuristics.
However, regression flaws are not guaranteed to exist closer to the goal.

0 i+1 and a

01 o . . . Oi+1
ProposSITION 1. Let % =a’ — ... — a” be an abstract trace with a progression flaw at step a® — a

. j oJ j— . . .
regression flaw at step a’ «— a’~!. Cases wherei > j exist.

Proor. Let I be a task with binary variables V=(v1, vs, v3, v4), [=(0, 0, 0, 0), G={v,—>1, 31, v4+>1}, O={01, 02}
with pre(o1) ={vz > 0}, eff (01) ={vz — 1,04 > 1}, pre(0z) ={vz > 0,03 > 0}, and eff (02) ={v, — 1,03 — 1}
Figure 10 shows the abstract states along an optimal abstract plan. The forward flaw is found at step 2 because
0, is not applicable in s;. The regression flaw is found at step 1 because o, is not applicable in regressionin p;. 0O

Note that this happens when concrete states reached in progression are not inside partial states reached in

regression, like s; in Figure 10. In this example, both refinements are applied over a;, but it could easily be
extended so that the progression flaw is found on some a; and the regression flaw is found on some a; with i > j.
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Po p1 = {v2 — 0,v3 — 0,v4 — 1} pa = {va = 1,v3 — 1,04 — 1}
flaw
o1 02
5 o1 09
S1 flaw
step 1 step 2
ao = <{Ovl}v{0}v{051}7{0}> al = <{071}7{071}7{0}7{1}> az = <{0}7{1}7{1}7{07 1}>

Fig. 10. States of an abstract optimal plan (other states of the abstraction and self-loops omitted) for the example of
Proposition 1. Rectangles are abstract states, circles are partial states and dots are concrete states. The portions of partial
states outside their mapped abstract state may be part of any other abstract state. If the operator o; were applicable in
regression, I would be inside py.

/
ay as
1 \
:
—> aop ag —> ary
K
St
as a4

Fig. 11. Graphical representation of the goal distance propagation when as is refined into as and as. The states with increased
goal distance are thicker and blue while the states with increased distance to the initial state are thicker and green.

Despite this theoretical result, in practice regression flaws are often closer to the goals than progression flaws,
around 99% of the times in a single abstraction according to our experiments. This value decreases when using
multiple abstractions, but regression flaws are still closer to the goals than progression flaws more often anyway.

Another difference is that progression flaws focus on plan prefixes, splitting an abstract state on which there
is some reachable state. In contrast, regression flaws are found on abstract states where the heuristic value is
correct for some state, to discriminate the ones where this is not the case with the current abstract plan trace.

Generally, regression flaws lead to improving heuristic values in more states, as each refinement may increase
the goal distance of all abstract states whose optimal abstract plan passed through the refined state. This also
happens with refinements from progression flaws, but regression flaws tend to be closer to the abstract goal state,
potentially increasing the goal distance from a higher number of states on average. Figure 11 shows this intuition
graphically. Furthermore, it is well known that improving low heuristic values is often more useful during search
than improving heuristic values that are already high (Holte, Felner, et al. 2006). The reason is that this results in
fewer states with a very low value. This explains why refining the abstraction using regression flaws tends to
result in better abstraction heuristics than using progression flaws, as we will show in the experiments.

On the other hand, progression flaws increase the distance from the initial abstract state for a larger number of
states, so the resulting abstractions better estimate the g value of concrete states. Note that progression flaws are
also better at finding concrete plans because they refine the abstract states relative to the concrete states found
from the initial state, so they focus on revealing the optimal path to the goal from the initial state.
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Split by wanted value (ao[vp] = {pL}) ‘ ’ Split by unwanted value (ag[vp] = {pr})

{pL,pr,PT} {pr} pickup(p, L)|[ {pr,pr} {pL,pr} drop(p, R) {pr}
X X X X X
— {ar,qr,qr} c= {ar} {ar.ar, ar} —{ {qr,qr, qr} {qr,qr, qr}
X X X X X
{tr,tr} {tr,tr} drop(p, L) {te.tr} {tr,tr} |pickup(p,R)|| {tr.tr}
) e d e d

Fig. 12. Refinement of the trivial abstraction after a regression flaw. The regression flaw identifies that the goal disagrees
with I and chooses to refine based on v = v;,. The value pr for v, can be assigned to either side, but “unwanted” is preferable.

4.3 Splitting Strategy

A split of an abstract flaw (a, ¢, ) is a pair of Cartesian representations d and e (Definition 15 on page 16). For
regression flaws we pick a variable vs € vars(p) such that p[os] ¢ c[ovs], but p[vs] € d[ovs]. The choice of vs can
be based on the same strategies defined for forward flaws (Speck and Seipp 2022). For regression flaws, the split
is done in such a way that p[v] € d[v] and c[vs] C e[uvs], so d is consistent with p and e is consistent with c. All
other values of a[v] can be assigned either to d or e. The original algorithm assigns them to d but for regression
flaws it makes more sense to assign them to e.

Figure 12 illustrates this, by showing two possible splits. The original CEGAR algorithm splits the wanted values
(the values in c[v]) into e from the other values of a[v]. This achieves the desirable behaviour for progression
flaws, i.e., to have as many values as far from the goals as possible. In regression flaws we reverse this, by splitting
away the unwanted value of the partial state (p[v]) into d. This is more desirable because that way all states
taking the remaining values ({pr} in our example) will get a larger heuristic value. Note that this corresponds
in both cases to split the value in ‘¢ of the equivalent abstract flaw. The difference is more clear in the trivial
abstraction, where splitting the wanted values splits only the initial state fact, which provides low improvements
to the heuristic. Note also that splitting the wanted value results in connecting children states by one of the first
operators of the final plan, while splitting by the unwanted value connects them by the last operator of the final
plan, what makes more sense when refining backwards.

5 Sequence Flaws

After revealing the benefits of regression flaws, in this section we explore a type of flaw that allows to find flaws
in any part of the abstract plan, by finding multiple flaws either in progression or regression.

Consider our running example of a truck that must deliver two packages and the abstraction shown in Figure 4
on page 7, where the position of the truck is abstracted in all states and p may be in both pg or pr, only for the
goal abstract state. Now let us observe the abstract plan of Figure 13. This plan has a progression flaw in aq
because the package ¢ cannot be picked up if the truck is at another location. This plan has also a regression flaw
in as because p would be at R instead of T after applying the first drop operator in regression, since this is its
location in the goals. But, intuitively, we can detect other problems in this abstract plan. For example, between a
pickup operator in a truck and a drop operator from the same truck at another location, a drive operator from the
first location to the last one is always needed, and indeed this is true independently of the initial state or the
goals. According to this logic, in this abstract plan we can detect the following sequence flaws (in addition to the
first progression and regression flaws):

e In progression:
— The last drop operator cannot be applied because ¢ +— ¢, after picking up the package at L.
— The state reached after applying all operators does not meet the goals because p +— pr instead of p — pr.
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Additional Progression Flaws ——> Vg > tﬁ #tr Vp = PT # PR

{pr,p7}

pickup(q, L) pickup(p, L) drop(q, R) X

{ar}

X
{tr,tr}

ag ae aq as
vy >t £ tr <——— Additional Regression Flaws

Fig. 13. Additional sequence flaws found in the optimal abstract plan of Figure 5.

o In regression:
— After applying all operators in regression, the final state is not I because ¢ — t, instead of t — tg.

Note that the first progression and regression flaws do not find important issues of the abstract plan. Sequence
flaws can capture these issues that would not be detected until repairing all the first-flaws detected before them.

In previous work, flaws are found by executing the abstract plan in the concrete state space, generating a
2 k n n-1 k+1
sequence s’ 2o Sk ke {0,1,...,n} (or partial states p" <O—p”’1 PR :——pk,k €{0,1,...,n}

in regression). Instead, we consider a relaxation of such approach, that results in a sequence of Cartesian
representations. To this end, we define progr'(c,0) and regr'(c,0) as the application of an operator o on a
Cartesian representation c in progression, and regression respectively even when o is not applicable. progr'(c, 0)
sets the post values of o in the successor state, i.e., progr'(c,0)[v] = post(o)[v] for all variables v € vars(post(0))
and progr'(c, 0)[v] = c[v] for all variables v € V' \ vars(post(0)). regr'(c, o) is the same as regr(c, 0) but applied
even when c is not consistent with post(o), since regr'(c,0)[v] = pre(o)[v] for all variables in vars(pre(o)),
regr'(c,0)[v] = D, for all variables v € vars(post(0)) \ vars(pre(o)) and regr'(c,0)[v] = c[ov] for all variables
v € V\ (vars(post(0)) U vars(pre(0))).

5.1 Progression Sequence Flaws

To define progression sequence flaws, we first introduce which conditions must be fulfilled by the relaxed
execution of abstract plans.

DEeFINITION 17 (RELAXED PLAN EXEcUTION). LetII = (V, O, I, G) be a planning task with transition system ©, a
1 2 n
a Cartesian abstraction for ® with the induced transition system ©%, and t* = a®5a'Ss 256" an abstract plan

trace found in ©%. A relaxed plan executionr = r°,rl, ..., r" for t% is a sequence of Cartesian representations r' s.t.:
(A)I e [r],

(B) if o' is applicable in r', progr(r',0'!) N a'*! C ri*l,

(C)if o'*! is not applicable in r', progr'(r', 0'*') N a'*! C ri*1, and

D)rinad + 0.

Fach Cartesian representation r’ in a relaxed plan execution represents the states related to the corresponding
abstract state a’ of the abstract plan that could be reached by applying the prefix plan. The execution is relaxed,
meaning that at any step in the plan, more states can be added into r’ depending on the relaxation chosen. For
example, this allows to execute a plan while ignoring some of the variables altogether to detect flaws on the
remaining variables. These conditions keep the execution coherent with the application of the operators in the
plan. Specifically, (A) and (B) ensure that if the abstract plan trace is executable and mappable in the concrete
state space, then no flaw exists. Condition (C) aims to preserve some coherence in the execution even when an
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operator is not applicable. Specifically, variables not affected by the operator must keep their values, and the
resulting state must satisfy the post-conditions of the operator. The intuition is that the remaining part of the
execution will check if the suffix of the plan could work if we were able to fix the prefix of the plan in such a way
that the operator was applicable. If that is not the case, we consider that the suffix has a flaw. Lastly, condition
(D) ensures that any flaw we find at any step can be used to refine the corresponding abstract state a’.

DEFINITION 18 (PROGRESSION SEQUENCE FLaw). LetI1 = (V, O, I, G) be a planning task with transition system ©,
1 2 n
a a Cartesian abstraction for © that induces the abstract transition system ©%, 7% = a®5a'S 256" an abstract
plan trace found in ©%, andr = r°,r!,...,r" a relaxed plan execution for t*. A progression sequence flaw in 7% is a
tuple {a',r', c) consisting of an abstract state a', a counterexample Cartesian representation r', and a non-empty
Cartesian representation c for which one of the following cases apply:
(1) 0™*! is not applicable in r',resulting in the flaw {a',r’, a’ N C(pre(o'*)));
(2) 0™ is applicable in r', but its successor does not intersect to a'*!, progr(r’,0'*') N a"*! = 0, andc = a' N
regr(a*l, o'*1), resulting in the flaw {a’, r', c);

(3)i =n, and r* N C(G) = 0, producing the flaw (a", r", a" N C(G)).

Note that, to determine if there is a flaw at step i, only the prefix of the execution rOrl ..., rlis relevant, as

the relaxed plan execution can always be continued, e.g., by setting rl=alforall j € {i+1,i+2,...,n}. Now,
we analyse their relation to the general definition of flaw and the reification of plan traces and plans.

ol 0% on
THEOREM 9. Let 7% = a®—a'— ... —a" be an abstract plan trace found in an abstraction a with the induced
transition system ©% for a transition system ©, and r = r°,r',...,r" a relaxed plan execution for t*. If {a’, 7', c)

is a progression sequence flaw in 7%, then {(a', ¢ =r'Na‘, ¢ =c) is an abstract flaw. However, not all abstract flaws
(@', 7, ©) in 1 correspond to progression sequence flaws in t%.

PRrOOF. On the one hand, we show that the flaw (a’, r’, c¢) corresponds to an abstract flaw (a’, @ =r'na’, T=c)

that satisfies Definition 14 on page 15.

The flaw (a’, @ =r' N d’, ¢ = c) satisfies (AF.1), (AF.3) and (AF.6) by the properties of Definition 17.
We show that it satisfies (AF.2), (AF.4), (AF.5) and (AF.7) for each case of Definition 18:

(1) 0™*! is not applicable in a relaxed Cartesian representation r’, ' N a’ # 0, reached by applying (o', 0% ...,0")
inI, and ¢ = @’ N C(pre(o'*™1)). (AF.2) and (AF.4) are satisfied because o’*! must be applicable in some state
consistent with @’ to induce the transition in ®* by the definition of induced abstraction. (AF.5) is satisfied
because otherwise o'*! would be applicable in r’. (AF.7) is satisfied because o’*! is not applicable in any state
s ¢ [c] and so they cannot be part of S;;f;t(ra (i, n]).

(2) o'*! is applicable in r but progr(r’, o'*')Na'*! = 0. Then, ¢ = a’Nregr(a'*!, 0'*1). (AF.2) and (AF.4) are satisfied
because 0'*! must reach some state consistent with a’*! when it is applied in a’ to induce the transition in @%
by the definition of induced abstraction. (AF.5) is satisfied because otherwise progr(r,0'™!) N a'*! # 0. (AF.7)
is satisfied because progr(s,0'*!) ¢ a'*! from any state s ¢ [c] and so they cannot be part of Sj;f:lt(r"’ [i,n]).

(3) The sequence can be executed but r* N C(G) = 0. Then, ¢ = a" N C(G). (AF.2) and (AF.4) are satisfied because
some state s € Sg N [@"]] must exist by the definition of abstraction, since a” would not be an abstract goal
state otherwise. (AF.5) is satisfied because r” would be a goal state otherwise. (AF.7) is satisfied because c is
the Cartesian representation of all goal states consistent with a”.

On the other hand, we prove by counterexample that not all abstract flaws are progression sequence flaws:

ick L
in the abstract plan of Figure 13 on page 23 an abstract flaw exists in a4 because S;_’:lff (aowaﬁ) =0 and
start ¢ Pickup(qL) drop(¢.R) . .
(L. g1 tr) & S75 (as as as),and so (as, ({pr}. {qr}. {t}), ({pr}. {qr}. {tr})) is aflaw, but it
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is not a progression sequence flaw because t; €r![v;] after applying pickup(gq, L) in r°, so progr(r!, pickup(p,L)) =
(pr. qr. tr) € [ad]. O

THEOREM 10. LetIT =(V, O, I, G) be a planning task with transition system ©, a a Cartesian abstraction for ©

. L. ol 0? on )
that induces the abstract transition system ©%, 1* = a®—a'— ... —a" an abstract plan trace found in ®%, and
r=r%7rl, ..., r" arelaxed plan execution for t*. Then, t® is mappable iff there is no progression sequence flaw in t%.

Proor. On the one hand, assume 7% has no progression sequence flaw. Then, we show by induction that 7%

1 2 n
is mappable. If 7% is mappable, r = s* — s' 25 ... 2 " is a reification of 7 where s = I, s" € [G], and
s' € [a'] forall i € {0,1,...,n}. For the base case, r° is the Cartesian representation such that [r°] = {I}. For

the inductive case, since there is no flaw of cases (1) and (2), o’ is applicable in =1, resulting in some r’ = C(s’)

foralli € {0,1,...,n}. Finally, as there is no flaw of case (3), r* N C(G) # 0, so s" is a goal state. Thus, 7% is
mappable in a trace 7 where s’ = [r] for all i € {0, 1,...,n}.

On the other hand, no progression sequence flaw can be found in 7¢ if it is mappable because all progression
sequence flaws are abstract flaws and Theorem 2 on page 15 proves that no abstract flaw exists in mappable
abstract plan traces. ]

PROPOSITION 2. Let 7% be an abstract plan trace in a Cartesian abstraction o for a planning task II and x the
sequence of operators of *. = may be a plan forII even if * has progression sequence flaws of case (2).

Proor. The example of Figure 9 on page 19 applies. The abstract plan trace 7% = gy N az has a progression
sequence flaw of case (2) in 01 but 7 = (01) is a plan, though the final state is mapped to a; instead of a,. ]

Even though our definition allows Cartesian representations arbitrarily big along the relaxed plan execution,
doing so results in finding fewer flaws. In the extreme case, if riis completely relaxed for all i € {0,1,...,n},all
operators would be applicable in each r’ and no flaws could be found. For instance, in Figure 13 on page 23, r?
could be the Cartesian representation ({pr, pr, pr}, {41, qr. 97}, {tL, tr}). But doing this no flaw would be found
in drop(g, R) due to t — tg is in r?, while if we make r? = ({pr}, {qr}, {tL}), drop(g, R) is inapplicable due to
t > tp after applying pickup(p, L).

ProrosITION 3. Let 11 = (V, O, I, G) be a planning task with transition system ©, a a Cartesian abstraction for ©

1 2 n
that induces the abstract transition system @%, t* = 5at S Satan abstract plan trace found in ©%, andr =

O, rl ..., r" arelaxed plan execution for t*. Let z' be a Cartesian representation such thatz'Na® # 0, progr(r'=1,0")N
a' C 7', and [7'] C [r']. Then, there exists another relaxed plan execution z = r%,rl, ..., ri=1, 21, 2% | 2" such
that [2'] € [r’] forallj € {i,i+1,...,n} and any progression sequence flaw of r is a progression sequence flaw of z.

Proor. Any flaw found at step i on ri, is a flaw for z* as well:

(1) If o'*! is not applicable in r/, then there is some precondition v; — x of 0'*! such that x ¢ r'[v]. As [z'] c [r'],
then x ¢ z'[v], and the flaw is also found in z*.

(2) If progr(ri, o'*1) N a'*! = 0, then there exist some v such that a’*![v] N progr(ri, 0'*') = 0. As [2'] c [r'], then
progr(z',0"*1) [0] C progr(r,0*1)[v], and so progr(z’, o'*!)[v] N a’*! = 0, so a flaw is found for z as well.

(3)Ifi =nand r' N C(G) = 0, then z' N C(G) = 0.

For the rest of the execution, note that applying z/ = r/ for all j € {i + 1,i + 2,...,n} results in no additional
flaws. However, it is worth noting that other continuations where [z/] c [r/] may result in other flaws. O
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Algorithm 5: Find Progression Sequence Flaws
Data: Task II = (V, O, I, G), abstract plan traced 7*
Parameters: r = 1,i = 0 // r and i, with default values
Result: Progression sequence flaws for ¢

1 flaws < 0
2 whilei < ndo

3 | if not applicable(r,o™*!) then

4 ‘ flaws «— flaws U {{(a’, r, a’ N C(pre(o'*1)))}

5 r«— progr! (r,0™*1) 1/ Apply 0i*! even if it is not applicable
6 if r N a'*! = 0 then

7 flaws «— flaws U {(a’,r', a' N regr(a'*!, 0™*1))}

// Undeviate the Cartesian representation

8 forall v € V do

9 if r[o] N @1 [v] = 0 then

10 | rlo] « a™*'[o]

11 i—i+1

12 if r NG =0 then
13 ‘ flaws «— flaws U {(a", r",a" N C(G))}
14 return flaws

5.2 Progression Sequence Flaws Collection

Algorithm 5 shows the proposed procedure to collect progression sequence flaws of an abstract plan. Contrary to
the standard procedure that executes the abstract plan on the concrete state space, we consider the execution over
Cartesian representations. Initially, the abstraction contains a single state, and therefore the first flaw found by
Algorithm 5 will be the same flaw reported by the standard procedure. However, after a flaw has been previously
found, Algorithm 5 continues looking for other flaws over a Cartesian space throughout the abstract plan.

The algorithm is always called with the default parameters except for special strategies discussed in Section 6.6,
so it starts at I. We apply operators even when they are not applicable, and when flaws of the second case occur,
we “undeviate” the resulting Cartesian representation by resetting r**![v] to all values compliant with the abstract
state a’*!. By doing this, when a flaw with respect to v has been found, we allow v to take any value consistent
with the next abstract state to only detect subsequent flaws that would exist after fixing that flaw. Note that a
second flaw involving the same variable v may be found when a different flaw exists in the same variable, e.g., if
somewhere in the remaining abstract plan two operators are applied with contradicting preconditions over v.

ProrosITION 4. LetII =(V, 0,1, G) be a planning task with transition system ©, « a Cartesian abstraction for ©

1 2 n
that induces the abstract transition system ©%, % = a*5a'Ss . S5am an abstract plan trace found in ©%, and
r=r%rl, ..., r" arelaxed plan execution for t*. All flaws returned by Algorithm 5 are progression sequence flaws.

Proor. Flaws are accumulated in lines 4, 7 and 13. In line 4, when o'*! is not applicable the flaw {(a’, 7', a’ N
C(pre(0*1))) is added, as flaw (1) in Definition 18 does. In line 7, the flaw {a’, ', ' N C(regr(a'*!, 0'*!))) is added
if r N a™*! = 0, exactly as flaw (2) does. In line 13, the flaw (a”, ", a" N C(G)) is added if r* N C(G) = 0, exactly

as flaw (3) does. O

Algorithm 5 does not find all progression sequence flaws. As Proposition 3 shows, this would require always
keeping each r’ as small as possible. Yet, there are two points in Algorithm 5 where r keeps values that could be
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removed in an attempt of finding only flaws that are relevant. In line 5, we could replace r by r N a'*!. However, this
simply insists on keeping the relaxed plan execution fully aligned with the abstract plan trace, which could lead to
finding flaws in cases where the plan is valid through other abstract states (as Proposition 2 shows). Also, in line 9,
assigning a single value from a'*![v] instead of all of them would suffice to keep property (D) of Definition 17.
However, at that point, the algorithm has already found a flaw with respect to v so, by continuing the relaxed
plan execution with all values in a’*!, we seek to only find another flaw if the execution fails for all those values.

5.3 Regression Sequence Flaws

A backward relaxed plan execution can be defined analogously to Definition 17 but replacing I by G and
progression semantics by regression semantics.

DEFINITION 19 (BACKWARD RELAXED PLAN EXECUTION). LetIT = (V, O, 1, G) be a planning task with transition
1 2 n
system ©, a a Cartesian abstraction for ® with the induced transition system %, and t* = et San

an abstract plan trace found in ©*. A backward relaxed plan execution r™ = r", r""1, ..., r° for t* is a sequence of
Cartesian representations r' such that:

(A)G € [r*],

(B) if o' is applicable in regression in r', regr(r’,0’) N a'~1 C ri-1,

(C)if o' is not applicable in regression in r', regr'(r',0’) N a’~! C r'~1, and

D)rind +0.

DEFINITION 20 (REGRESSION SEQUENCE FLaw). LetIT = (V, O, 1, G) be a planning task with transition system ©,
o! 1 02

on
@ = g% —ql— .. —a" an abstract

a a Cartesian abstraction for © that induces the abstract transition system 0%, T
plan trace found in ©%, and r™ = r",r"1,...,r" a backward relaxed plan execution for t%. A regression sequence
flaw in 1% is a tuple (a’, c,r") consisting of an abstract state a' and a non-empty Cartesian representation c, and a
counterexample Cartesian representation r’ for which one of the following cases apply:

(1) o' is not applicable in regression in r',resulting in the flaw {a', a’ N C(post(0?)), r');

(2) 0" is applicable in regression in r', but its successor does not intersect to a'~ 1, i.e. regr(r’,0’) N a’~! = 0, and

c=dan progr(ri_l, o), resulting in the flaw (d, e, rl);
(3)i =0, and I ¢ [r°], producing the flaw (a°, C(I), r°).

1 2 n
THEOREM 11. Let * = a®25a'%> ... 254" be an abstract plan trace found in an abstraction a with the induced
transition system % for a transition system ©, and r” = r",r"1,...,r° a backward relaxed plan execution for t%. If

(d',c,r') is a regression sequence flaw in t%, then (a', ¢ =c, ¢ =r'Na') is an abstract flaw. However, not all abstract
flaws (a',C, ©) in 7% correspond to regression sequence flaws in 7%,

PROOF. On the one hand, we show that the flaw (a’, ¢, ') corresponds to an abstract flaw (a’, ¢ =c, ¢ =r'na’)

that satisfies Definition 14 on page 15.

The flaw (a’, @ = ¢, © = r! N a') satisfies (AF.2), (AF.4) and (AF.7) by the properties of Definition 19.
We show that it satisfies (AF.1), (AF.3), (AF.5) and (AF.6) for each case of Definition 20:

(1) o' is not applicable in regression in a relaxed Cartesian representation r’, 7 N a’ # 0, reached by applying
(o™, 0"71,...,0") in regression in G, and ¢ = a’ N C(post(0’)). Then, (AF.1) and (AF.3) are satisfied because o’
must be applicable in regression in some state in a’ to induce the transition in ©% by the definition of induced
abstraction. (AF.5) is satisfied because otherwise o’ would be applicable in regression in r’. (AF.6) is satisfied
because o’ is not applicable in regression in any state s ¢ [c] and so they cannot be part of Sﬁzg(ra [0,1]).

(2) o' is applicable in regression in r’ but regr(r’,0') N a’~! = 0. Then, (AF.1) and (AF.3) are satisfied because
o' must reach some state in a’~! when it is applied in regression in a’ to induce the transition in ©% by the
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Algorithm 6: Find Regression Sequence Flaws
Data: Task II = (V, O, I, G), abstract plan trace 7
Parameters: r = G,i = n // r and i, with default values
Result: Regression sequence flaws for 7%

1 flaws < 0

2 while i > 0 do

3 if not backward-applicable(r, o') then

4 ‘ flaws «— flaws U {{a’, a’ N C(post(0)),r')}

5 r regr! (r, Oi) // Apply o backwards even if it is not applicable in regression

6 if rNa'~! = 0 then

7 flaws «— flaws U {(a’, a’ N progr(a’~t,0%), r')}
// Undeviate the Cartesian representation

8 forall v € V do

9 if r[o] N a""'[v] = 0 then

10 | rlo] « a'[o]

11 i—i-1

12 if I ¢ r then
13 | flaws — flaws U {(a®,C(I),r)}
14 return flaws

definition of induced abstraction. (AF.5) is satisfied because otherwise o’ would reach in regression some state
s € [r'] (no deviation flaw). (AF.6) is satisfied because o’ does not reach in regression any state s ¢ [c] and so
they cannot be part of Sg’;ﬁ(f“ [0,i]).

(3) The sequence can be executed but I ¢ [r°], and ¢ = C(I). Then, (AF.1) and (AF.3) are satisfied because ¢ = C(I),
which contains one concrete state mapped to a’. (AF.5) is satisfied because otherwise I € r® (no flaw). (AF.6)
is satisfied because Sﬁgg(T“[O]) ={I} =[c].

On the other hand, we prove by counterexample that not all abstract flaws are regression sequence flaws:

. . e pickup(q.L)
in the abstract plan of Figure 13 on page 23 an abstract flaw exists in as because Sﬁ:}lg (ap——a¢) =0 and

start pickup(q,L) drop(q.,R) .
(pL> CIT’ tR) e S (af) ay a5)’ and SO <a6’ <{PL}> {CIT}, {tL}>’ <{pL}’ {qT}’ {tR}>> 1sa ﬂaW, but

Tgoal
no regression sequence flaw exists in this abstract state because t;, € r![v;] after applying the pickup(p, L)

operator in regression from r? = ({pr}, {qr}, {tr}), so regr'(r?, pickup(q,L)) = {pr,qr. tr) € [as]. O

Algorithm 6 is used to collect regression flaws. It is like Algorithm 5 but interchanging I and G and using
regression semantics.

2 n )
In any trace a° Sa S S progression flaws in the state a' are different to regression flaws in the
state a’*! for all i € {0,1,...,n — 1}, so identifying all flaws requires searching in both directions.

6 Flaw Selection Strategies

Sequence flaws allow identifying an arbitrarily large set of flaws for a single abstract plan. The next step is
then to refine the abstraction, i.e., splitting an abstract state according to one of the flaws, so that the same
abstract plan trace is no longer applicable in the refined abstraction. While it would be possible to refine the
abstraction according to multiple flaws, it suffices to choose one of them, refining the abstraction, and finding
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new flaws according to the new abstract plan, because other flaws might become irrelevant after the refinement.
Still, repairing the right flaw at each step becomes paramount. Otherwise, finding many flaws in the abstract
plan is even harmful if the chosen refinement is worse than repairing the first flaw.

These strategies receive as input a set of flaws (computed forwards, backwards or in both directions), and they
return the split to apply to an abstract state. A split of an abstract flaw (a, ¢, ) divides the abstract state a into
d and e according to a split variable vg such that a[vs] = d[vs] U e[vs] and a[v] = d[v] = e[v] forallv € V' \ {vs}
(Definition 15). The strategies introduced in this section select a split by assuming that the values of the split
variable v that are not involved in the flaw are assigned to a particular child. Consequently, their purpose is to
choose a split variable within an abstract state, considering how the values will be distributed among the child
abstract states based on this assumption. Section 4.3 explains the “wanted” splitting strategy (moving them to the
child with the values that fix the flaw) and the “unwanted” splitting strategy (moving them to the child with the
value that produces the flaw). The strategies introduced in this section can work together to choose a split and
break ties. Thus, in the experiments we do not use only one of these criteria to choose a split but several layers
of them (Section 7). For instance, we can use a strategy based in the position of the flaw to choose a split of an
abstract state, then choose the most refined split in such a state, and then break ties by choosing the first split
found.

We have designed many different strategies that can be grouped by the high-level criterion on which they
are based, which are discussed in the following subsections. These criteria are based on previous work (splits
properties and variable orderings) (Seipp and Helmert 2018; Speck and Seipp 2022), new criteria enabled by
sequence flaws (position of the flaw, iterative strategy, refine all flaws), and new criteria based on an evaluation
of the resulting abstraction after the split (metrics of the children states, splits filters based on the children states).
Strategies based on the position of the flaw (Section 6.1) and iterative strategies (Section 6.6) first choose an
abstract state with a flaw (what we also call a flawed state) so that the best split is computed only in this state, but
the rest of strategies depend on the splits, so splits in all abstract states of the plan must be computed. To save
the expensive computations of splits, we cache the best split for each abstract state. Unfortunately, the cached
values are often invalidated, each time a connected abstract state is refined, so the computation impact of splits
remains high.

6.1 Strategies Based on the Position of the Flaw

The relative position of the flawed state in the abstract plan trace is a relevant criterion to choose flaws, based on
the previous findings that suggest that refining closer to the goal produces better heuristics. Also, this allows us
to compare the differences between the last progression sequence flaw and the first regression flaw, as well as the
differences between the flaw closest to the goal in bidirectional strategies and the first regression flaw.

These strategies only choose an abstract state with a flaw, so in the experiments we combine them with the
best split selection strategies found by Speck and Seipp (2022): maximising the amount of covered flaws (the
same split may be involved in different flaws), breaking ties in favour of the most refined split, with the first split
found in case of a tie in both criteria.

The identified strategies that follow this criterion are:

Default: Choose the first flaw found in the abstract plan, which coincides with the original definition of
progression and regression flaw. This strategy does not need to compute all flaws, but it stops at the first
one as in the original CEGAR algorithm. In the bidirectional case, the first progression and regression flaw
are selected, and only one of them is chosen by using the split selection strategy.

Last Flaw (last): Choose the last flaw found in the abstract plan. This is especially interesting for progression
flaws, since the closest to the goal flaws are chosen.
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Closest to Goal Flaw (clo): Choose the flaw closest to the goal. This is only relevant in the bidirectional case,
because in the backward case this is equivalent to the default strategy, and in the forward case it is equivalent
to last, while in the bidirectional case any of them may be closer to the goal.

6.2 Strategies Based on Split Properties

These strategies try to refine the best split among all the splits found in the abstract plan trace. To do it, the best
split is computed on each abstract state, and then the best one among all flawed states is chosen and refined.
Therefore, they impose a significant overhead when selecting a split. We have identified the following split
criteria, some of them based on previous work (Speck and Seipp 2022) and others that are new criteria based on
other Classical Planning heuristics, distance to goal and the cost of the operator involved in the flaw:

Random Split (rand): This strategy randomly chooses a split found in all the abstract states with flaws as a
baseline to evaluate the rest of strategies. It was considered by Seipp and Helmert (2018).

First Split (FIFO) : This strategy chooses the first split found. Splits are found from the first abstract state of
the trace for progression and bidirectional flaws and from the last abstract state of the trace for regression
flaws. Inside an abstract state, splits about precondition flaws are found first in the topological order of the
variables based on the causal graph (Helmert 2004, 2006), then deviation flaws are found in the same order
of variables, and finally non-goal/initial state flaws are found.

Most/Least Refined Split (ref and -ref): The most refined split is the strategy that provided the best results
in previous work (Seipp and Helmert 2018), where the least refined split was also considered. They choose
the most/least refined split, i.e., the one with the lowest/highest ratio of values for the variable affected by
the split. That is, given a flaw in an abstract state a, the variable that minimises/maximises the fraction
|a[0]|/|Dy|. The most refined split strategy deeps into states refined in previous steps, which results in
more focused refinements.

Balance Closest to goal and Most Refined Split (|$(1ﬂ‘3) The most refined split and the closest to goal split were
the most useful strategies in previous experiments (Pozo, Torralba, et al. 2024a), and they are complementary,
so this combination is a good candidate to achieve a better heuristic. This strategy tries to combine them to
get the best of both worlds and to mitigate the performance impact of long plans obtained by the most
refined splits. This combination is computed as follows:

lOSS‘clo = remaining values/all values + distance/ max distance
ref

The split with the minimum loss is selected, so small distances to the goal and few remaining values favour
the selection of a split. The maximum goal distance is computed as the goal distance of the initial abstract
state or 1.0 if it is O (in such a case the goal distance of all states of an abstract plan is 0).

i+1

Highest/Lowest Cost Operator (cos and -cos): Given a flaw in the trace a' — ai*!, choose it if 0'*! is the
operator with the highest/lowest cost among flaws. The aim of the highest cost is to refine at points where
more cost is being spent, which could be especially relevant with cost partitioning, as the cost of many
operators is low. The intuition for the lowest cost operator is that if the cost is low, it is easier to increase it
after a refinement.

Maximum/Minimum /*4¢ (add and -add): Given a flaw in an abstract state a that does not exist in a subset ¢
of a, the split with a maximum/minimum A% value (Bonet and Geffner 2001) from the initial state for any
of the facts of ¢ in the split variable v, i.e., max/minyec[o,] h®4(ys > x). Ties are broken in favour of the
variable with the smallest index. The h?dd heuristic is precomputed before creating the abstraction, so this
score is computed fast. These criteria get an estimation of how expensive it is to reach the split facts from
the initial state, which can be relevant to refine facts closer to either the goals or the initial state.
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Most/Least Unwanted Values (un and -un): Not to be confused with wanted and unwanted splitting strategies
(Section 4.3). The most unwanted strategy refines the split (d, e) in the split variable v; with the largest
|d[vs]]| for the wanted splitting strategy, and with the largest |e[vs]| for the unwanted splitting strategy.
That is, an abstract state with all values for the variable with the largest domain where only one value is left
into e would get the maximum score for the wanted splitting strategy. For the least unwanted values, the
behaviour is the opposite: choosing the split for which |d[vs]|/|e[vs]] is the smallest, getting the maximum
score for a split that leaves only one value in d[vs] for the wanted splitting strategy. Note that when the
splitting strategy is unwanted, only one value is always split, so the maximum/minimum value only depends
on the number of values of the abstract state in the split variable before the split.

Landmarks (1m and 1mr): Fact landmarks are facts that are guaranteed to be reached in any plan (Hoffmann
et al. 2004), so they are important for the task, and focusing splits on these facts is a manner of prioritizing
the refinement of relevant parts of the abstraction. Specifically, we get causal fact landmarks (goals and
facts consistent with the preconditions of some operator that appears in all plans) obtained from the delete
relaxation of the planning task with the algorithm by Keyder et al. (2010) for finding ™ landmarks, with
m = 1, which is the method used by Seipp and Helmert (2018) to get landmarks for different subtasks (see
Section 7.3). Given a flaw in an abstract state a that does not exist in a subset ¢ of a, these strategies choose
the split where the value of the split variable v in ¢ contains the fact in the lowest position in the priority
list of facts, i.e., the split with the lowest min,.e[o,] priorityList.pos(vs > x). 1m gets fact landmarks ordered
according to their k244 value for the initial state in descending order as a priority list for splits. All facts not
present in the list have the same lowest priority. Imr does the same but sorting the landmarks according to
their k244 value in ascending order.

Highest/Lowest Potential (pot and -pot): Potential heuristics assign a potential to each fact after computing
a linear programming task that guarantees a consistent and admissible heuristic (Pommerening, Roger,
Helmert, and Bonet 2014). Thus, the potential of facts reveals useful information. We use the maximisation
of the potential value for all syntactic states as the optimization function (Seipp, Pommerening, and Helmert
2015). Potentials are computed before creating the abstraction, so getting them is immediate during the
splits selection. Given a flaw in an abstract state a that does not exist in a subset ¢ of a, pot prefers splits
where the value of the split variable v, in ¢ contains the fact with the highest potential, i.e., the split with
the largest maXyec[4,] pot(vs — x), and -pot does the same for the lowest potential value.

6.3 Strategies Based on Variable Orderings

Using a fixed ordering to select splits helps to focus the refinement on specific aspects of the task. Variables
are the common element to all abstract states, so they are a good attribute for a fixed ordering. The following
strategies compute a fixed total order on V and then choose the split with a split variable vs such that it is the
earliest variable in the ordering:

Random Orderings (<rang) This strategy creates a random order of the variables at the beginning of the
refinement loop and uses it until the end. It is a good baseline to compare against. This strategy is similar
to random splits, but the random decision is taken only once (before the refinement loop), so the impact of
this random ordering is more significant since it is not compensated in next iterations of the loop.

Topological Order of the Causal Graph (<¢; and <{;): We use two orders based on topological order of the
causal graph (Helmert 2004, 2006), which have been used before as merge strategies in merge-and-shrink
(Helmert, Haslum, Hoffmann, and Nissim 2014). <¢g selects first the variables with the largest indirect
influence over the goals, whereas the reverse ordering, <EG, attempts to select variables close to the goal
first.
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Landmarks Order (<), and <] ): As explained in the previous subsection, landmarks are a good criterion to
focus the refinements in relevant aspects of the task. This strategy places goals first and then the rest of
landmark facts computed in the h™ task (Keyder et al. 2010) with m = 1 in descending order of their A4
value for the initial state. Note that landmarks are facts instead of variables, so the first occurrence of each
variable is used as the order. Also note that this technique only gets causal fact landmarks (goals and facts
consistent with the preconditions of some operator that appears in all plans), and so some variables could
not be implied in any landmark. The variables not implied in any landmarks are placed at the tail in the
reverse topological order of the causal graph. The reverse strategy <! sorts the landmark facts according
to their h4 value but in ascending order, filling the non-landmarks variables at the tail in the (non-reverse)
topological order of the causal graph.

Highest/Lowest Potential Order (<t and <[;): As discussed in the previous subsection, potentials reveal the
importance of the fact about the heuristic value of states, so they are a good criterion to select splits. We
use the maximisation of the potential value for all syntactic states as the optimization function (Seipp,
Pommerening, and Helmert 2015). The potentials of facts are computed before creating the abstraction,
and then, these strategies sort the variables according to the facts in that variable with the highest/lowest
potential.

6.4 Metrics Based on the Resulting Children Abstract States

These strategies simulate the refinement in a copy of the transition system and then they use some criterion
on the children abstract states to evaluate the quality of the refinement. That is, instead of using a criterion to
determine if the split will be valuable, they measure the improvement of doing the split by evaluating the resulting
abstraction. The biggest disadvantage of these strategies is the large overhead in simulating the refinement.

Refinement that Increases the Cost (plan'): This strategy uses the cost of the optimal abstract plan after the
refinement. A higher-cost optimal plan means the heuristic is more informed, but, as many optimal abstract
plans may exist, it is not always a good measure because all refinements can tie at no cost increased.

Refinement that Increases the Goal Distance of the Split State (dist'): This strategy uses the difference
between the maximum goal distance of the children, and the goal distance of the parent as a measure of the
quality of the refinement, since an increased distance provides more information. This strategy produces
fewer ties than planT.

6.5 Filter Flaws before any Strategy

For some criteria that rate splits in absolute numbers like the new abstract plan cost after a refinement against
the previous optimal plan cost, the amount increased is not very relevant, but the improvement in some quantity
is a valuable indicator of the quality of the refinement. Thus, instead of choosing the split with the highest rating,
we can use a secondary criterion to choose a split among the splits that satisfy the criterion, or among all splits if
no split satisfies it.

This happens in criteria where the cost of operators is involved, and also in strategies that evaluate if the
refinement is useful, since the actual relevant aspect is whether the cost of the operator is non-zero, or the
refinement achieves an improvement respectively.

i+1
Consider only Flaws where a Non-Zero-Cost Operator is Involved: For an abstract transition a’ 2 gt
applying a refinement in @’ only if 0°*! has a non-zero cost can be a good strategy to focus on those parts of
the plan where the cost is spent. This may seem a rare case only useful in domains with zero-cost operators,
but in additive abstractions the cost of many operators is zero in the last abstractions, so this strategy may
help to do refinements in non-fully-saturated costs.
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Consider only Flaws that Increase the Plan Cost: This favours flaws where the cost of the optimal abstract
plan is increased, which is a good measure of the usefulness of repairing the flaw. However, this has the
same concerns as the plan' strategy: for most of the iterations all splits are filtered, because there are
other optimal abstract plans, in such a way the secondary criterion is often used but with a high additional
overhead.

Consider only Flaws that Increase the Goal Distance of Some Child: This strategy considers a split when
the distance to the goal of some of the children abstract states is larger than the distance to the goal of the
parent.

Consider only Flaws that Increase the Estimated Goal Distance: This uses a fast estimation of whether
the new optimal abstract plan involving the same abstract states but replacing the parent by the children
would have a new operator after the refinement:

o If the split state is the initial abstract state, the goal distance is increased if none of the optimal outgoing
transitions in the parent exists in the new abstract initial state, since a new transition from the new
abstract initial state (one of the children) to the other child is required to reach the second abstract state
of the plan trace.

o If the split state is a goal abstract state, the goal distance is increased if none of the optimal incoming
transitions reaches the child that becomes a goal abstract state, since in this case the second-last abstract
state of the abstract plan trace has to reach the other (non-goal) child before reaching a goal state.

o If the split state is a middle state, the goal distance is increased if neither of the two children states contain
both an optimal predecessor of the parent as a predecessor, and an optimal successor of the parent as a
successor, since in this case both children states are needed to connect the prefix and the suffix of the
abstract plan trace.

This estimation does not take into account the cost of the transition between the children, so it could

incorrectly estimate a distance increase if the children are connected by a zero-cost operator. The advantage

of this filter is that it is really fast compared to the other estimations of plan cost and distance increase.

However, it can also be better than using the increase of the distance of some child in some cases, because

the increase of the distance of a child may not be very relevant if the plan remains valid by using the other

child.

6.6 Iterative Abstract Flaws (it)

This is a special strategy that searches flaws in a different manner. For that, it calls Algorithms 5-6 with different
parameters to start in a different state.

The idea behind this strategy is that the flaws inherent to the abstraction, those that would happen in the
task independently of the initial state and the goals, can be more critical that flaws very tied to the initial state
and goals. Also, this strategy takes advantage of the insight that flaws closer to goals are used to produce better
heuristics.

This works because starting the search of flaws in an intermediate abstract state allows finding prefixes (suffixes
in regression) of the plan that are valid for no concrete state consistent with such an abstract state, instead of
searching plan prefixes or suffixes not valid for the initial state.

In the forward direction, this strategy starts to search flaws at the end of the plan (Algorithm 5 parameters
r = a", i = n) and it iteratively calls the algorithm from the previous step of the plan until finding a flaw (including
the flaws where the final state is not a goal state). Finally, if no flaw is found from the initial abstract state, then it
is searched from the concrete initial state. In the backward direction, this strategy is like the first flaw but starting
from the goal abstract state instead of the goal partial state, returning the first flaw from the goal partial state if
no flaw is found from the goal abstract state.
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6.7 Refinement of All Flaws Found

These strategies refine all the flaws found before a new search, with a lower overhead due to less flawed states
and split searches, but at the cost of refining all flaws without taking into account their quality.

This is possible because sequence flaws only find the flaws that would exist after refining the flaws found in
the prefix (suffix in regression) of the plan, but the following situations can happen when more than one flaw is
refined without searching again for additional flaws:

o The flaw to refine is part of an abstract plan, but this plan is not optimal because after refining the previous
flaw the cost of the plan has increased and other optimal abstract plans exist with lower cost. This often
happens, but it is not a major concern because not many refinements are done in a non-optimal plan, and
also it will probably become again an optimal plan when the other optimal plans are refined.

o The flaw to refine is not part of an abstract plan. This only may happen if the children of the abstract states
are not connected by any operator. This happens scarcely, and it is not either a major concern because few
refinements in a non-plan sequence will be done until the next flaws search.

Two different strategies exist for this: prioritizing the flaws found in the abstraction or always taking into
account all flaws, as explained below.

All Flaws (|all|): All flaws can be sequentially refined in the order they have been found before a new search,
since sequence flaws are defined in such a way that a flaw is found in a subsequent step of the plan if and
only if it exists after refining the previous flaws.

Note that this is only true when refining in only one direction, since progression and regression flaws can
interfere among them.

All Flaws in the Abstraction (|abs|): This strategy also refines all flaws found but searching from the initial

abstract state without taking into account the goals (from the goal abstract state without taking into account
the concrete initial state for regression flaws).
However, in some cases, as in the trivial abstraction, no flaws are found in the abstraction, so when this
happens the flaws are searched as usual from the initial concrete state/partial goal state. Notice that this
only happens in few iterations, since after refining such flaws typically new flaws in the abstraction arise.
The same concerns for bidirectional strategies as for |all| are applicable here.

7 Experiments

We analyse the performance of our strategies in three different settings: building a single abstraction, using
additive abstractions over subtasks and in the state-of-the-art Scorpion planner (Seipp 2023). For the results in
a single abstraction, we thoroughly analyse strategies at each high-level category and after that we compare
the best strategies of each category. We perform this analysis only for a single abstraction because the effects of
choosing flaws are more clear when there are no other factors like the subtasks used or the order in the saturated
cost partitioning. We state the conclusions obtained from these deep analyses at the end of that subsections.

7.1 Experimental Setup
We implemented our flaw selection strategies within the Scorpion planner (Seipp 2018, 2023; Seipp, Keller, et al.
2020), a fork of Fast Downward 23.06 (Helmert 2006). For linear programs computed for potential heuristics we
use CPLEX Studio 22.11.

Our experiments run on the Autoscale 21.11 benchmark set (Torralba, Seipp, et al. 2021), which contains 42
domains® of the International Planning Competitions (IPC) up to 2018 with 30 tasks scaled with the number
of objects each, so for optimal planning runtime typically scales exponentially. This benchmark set uses for

?Domains not included are listed in https://github.com/AI-Planning/autoscale-benchmarks.
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domains and tasks the standard specification based on first-order logic called PDDL (Planning Domain Definition
Language) (Edelkamp and Hoffmann 2004; Fox and Long 2003; McDermott et al. 1998). Scorpion uses the Fast
Downward algorithm to transform a PDDL representation into SAS* (Helmert 2009).

All experiments are limited to 30 minutes and 8 GB of RAM and run in a Debian 10.2 server with an AMD
EPYC 7551 CPU at 2.5 GHz. Experiments are run with Downward Lab (Seipp, Pommerening, Sievers, et al. 2017).

For single abstraction experiments we set 10 million of non-looping transitions as the termination condition
except when another limit is explicitly mentioned because the default value of 1 million is too low for a single
abstraction, and for a better measurement of the performance penalty of computing sequence flaws. For additive
abstractions we tried the default limit of 1 million of non-looping transitions in total for all abstractions but using
100 000 transitions achieves a better performance. For Scorpion experiments we use the default limit of 1 million
of non-looping transitions or 100 seconds (what happens earlier) in total for all abstractions.

In Scorpion’s implementation, goals are refined before starting the main CEGAR loop as an optimization, but
it is disabled on all configurations to compute all flaws in all steps and keeping the implementation closer to the
CEGAR algorithm. Another optimization, kept on all configurations, is refining all unreachable facts before goal
on tasks with a single goal, which is needed for landmarks-based subtasks but does not hurt when used on the
full task or goals-based subtasks. These landmarks are found with the algorithm to find h™ causal fact landmarks
by Keyder et al. (2010) with m = 1. All experiments use incremental search to find optimal abstract plans (Seipp,
von Allmen, et al. 2020), a technique much faster than A*.

When multiple splits can be selected, we break ties according to the most refined split (Section 6.2), since it
is the best strategy found in previous work (Seipp and Helmert 2018), and if multiple splits are tied after that,
then we choose the first split found. However, for strategies based in the position of the flaw, the first criterion
is the split that happens in the highest number of flaws, and then those criteria are used to break ties. When
splitting an abstract state by a split variable v, the values of v5 not implied in the flaw can be assigned to any of
the children. All experiments reported here use the “wanted” splitting strategy for progression flaws and the
“unwanted” strategy for regression flaws, which result in moving them to the child farther from the goals in both
cases, that is the child with the values where the flaw does not exist. This setting results in the most useful splits
according to our theoretical findings and also got the best results in previous work (Pozo, Torralba, et al. 2024b).
For more details, read Section 4.3.

Code and experimental data is available in Zenodo (Pozo, Torralba, et al. 2025).

7.2 Single Abstraction Experiments

In these experiments, the CEGAR algorithm is applied on a single abstraction. They converge (with infinite time
and memory resources) to an optimal plan without searching, but additive abstractions over subtasks generally
work better because the performance of abstractions decrease as their size is increased, and additive abstractions
allow focusing each abstraction on a different part of the task.

Despite their lower performance, focusing on a single abstraction allows us to better understand the behaviour
of each strategy without external factors like subtasks properties or the abstractions orders in the Saturated Cost
Partitioning.

We first analyse each group of strategies to identify the best ones according to each criterion, and then we
compare the best overall strategies at the end of the section.

7.2.1 Strategies Based on the Position of the Flaw. First, we analyse the behaviour of the first flaw, but applied
also in regression and in a bidirectional strategy that selects the progression flaw or the regression flaw based on
the split that fixes a greater number of flaws, breaking ties by the most refined split and after that by the first
split found. Thus, we compare the first progression flaw (F), the first regression flaw (B), the first bidirectional
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Table 1. Coverage of position strategies over a single abstraction when considering only the tasks solved with the CEGAR
algorithm (left side), and search with the resulting abstraction (right side). The cell in row x and column y shows the number
of domains where method x solved more tasks than method y. “Cov” indicates the total number of tasks solved.

CEGAR | A" + CEGAR
15! Flaw Sequence Flaws 15" Flaw Sequence Flaws
F B D Fiast Biast Diast Dclo Cov F B D Fiast Biast Diast Declo Cov

F - 19 10 26 18 18 29 173 - 00 7 11 11 7 416

B 4 - 4 18 9 9 17 133 20 - 7 18 24 24 13 451

D 515 - 20 14 13 23 151 16 4 - 14 21 21 12 446

Flast 2 5 2 - 3 18 110 9 3 2 - 15 15 4 420

Blast 2 10 9 19 - 2 19 146 20 0 2 - 0 1 400

Diast 2 12 9 19 3 - 20 148 200 2 0 - 1 400

Do 2 1 2 6 1 1 - 109 | 13 0 4 8 17 17 - 428

Exp. until last f-layer hr Exp. until last f-layer hr
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Fig. 14. Expansions and hj of single abstractions: F vs. B (left) and B vs. D (right).

flaw (D)—which sets the same priority to the first progression flaw and the first regression flaw and uses tie-
breaking criteria to choose one of them—, the last progression flaw (Fiast), the last regression flaw (Biast), the
last bidirectional flaw (D1ast) and the bidirectional closest to the goal flaw (Dc1,).

Table 1 compares these strategies in terms of coverage. We distinguish those tasks solved directly in the CEGAR
refinement loop while building the abstraction from those solved by A* search using the resulting abstraction to
compute the heuristic. Interestingly, the comparison in terms of tasks solved directly by the CEGAR algorithm is
completely opposite to the tasks solved by an informed search with the resulting abstractions. Regression flaws
are significantly worse than the baseline F in terms of tasks solved by the CEGAR algorithm, but they result
in far better heuristics, solving more tasks. This can be observed in terms of total coverage, where F solves 40
more instances than B during the CEGAR loop but 35 fewer instances when combined with search. And the same
happens on a per-domain basis, where in terms of tasks solved by CEGAR, F is superior to B in 19 domains and
worse than it in only 4 of them. However, when combined with search, B solves more tasks than F in 20 domains
and no task solved by F is not solved by B, which is a rare case in heuristics for Planning, where some are usually
better in some domains and worse in others.

Figure 14 shows the expansions until the last f-layer and the heuristic value of the initial state for additional
insights on the comparison of F and B. Expansions until the last f-layer are the number of concrete states
expanded during A* search without taking into account the states with the optimal f = g + h value, in such a way
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Fig. 16. Expansions and hy: Dc1o Vs. Fiast (left) and Dcio vs. B (right).

that a perfect heuristic for the initial state gets 0 expansions with a consistent heuristic (such as abstractions).
This confirms that F’s abstractions obtain a higher heuristic value for the initial state (h;) in most of the tasks,’
and solve more tasks with no search (0 expansions), as the horizontal line of points in the 0 value of the leftmost
plot shows. However, B’s abstractions induce more informed heuristics in almost all cases, leading to fewer
expansions. When comparing B and D, we see that they are very similar in terms of expansions and h;, with
most of the points around the diagonal and few tasks where also refining progression flaws is highly positive or
highly detrimental. However, this depends on the task, and no heuristic consistently achieves fewer expansions
in any domain.

For the last sequence flaw the behaviour is totally different, and the last progression flaw gets the best coverage
when using A* (solving 4 more tasks than the first progression flaw) and solves fewer tasks during the refinement
loop. This means that refining close to the goal is one of the main strengths of regression flaws, which solve even
fewer tasks than F when the last regression flaw is refined instead of the first one. This is also reflected in Dc1,,
the best non-default sequence strategy based on the position of the flaw in spite of the overhead of computing
flaws in both directions at each iteration of the refinement loop.

Figure 15 shows the number of expansions until the last f-layer and the initial heuristic value of F,s¢ against
F and B. It is clear that Fy,st has fewer expansions than F but a very low h; in most tasks, while B is much
better than Fj,s¢ under both criteria. Figure 16 shows the same comparisons for D1, against Fi,s¢ and B. In this

3In all Ay plots the maximum value has been bounded to 2000. This excludes the ParcPrinter domain, with a similar behaviour but orders of
magnitude larger values, making visualisation difficult.
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Table 2. h and f statistics of same-size abstractions in some selected instances.

Logistics po4 Transport po; DataNetwork pos
h;y  h  f Search (s) hy h f Search (s) h;y h  f Search (s)
F 24 99 24.3 1.18 685 133.8 687.2 2.12 45 5.8 48.8 104.74
B 21 11.6 21.3 4.30 637 220.9 688.8 0.66 30 2.2 30.1 183.12
D 22 11.2 23.2 2.23 651 222.3 692.0 0.71 32 2.2 32.1 180.06
Frast 18 11.4 18.3 4.87 600 205.3 652.8 0.99 17 7.8 20.5 23.21
Biast 16 5.7 16.6 107.28 637 183.2 643.9 1.63 45 2.1 45.0 181.80
Diast 16 6.2 16.9 88.90 636 182.5 642.3 1.24 45 2.1 45.0 181.97
Dq, 17 10.8 17.9 10.91 613 214.1 660.3 0.77 28 7.4 314 30.71
Logistics pos (h7=26) Transport poo (h7=815) DataNetwork pog (h7=102)
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Fig. 17. Accumulated f distribution of same-size abstractions in some selected instances.

case, Dc1, is similar to Fjst in the number of expansions but stronger for some tasks, and clearly better in the
initial heuristic value. Meanwhile, B is consistently better than D¢, in both criteria, but this superiority is not so
significant as against Fy,st.
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To understand the counter-intuitive observation that the variants leading to a notably higher heuristic value for
the initial state are overall less informed (A* performs more expansions), we take a closer look at the distribution
of heuristic values on selected instances.

Table 2 shows the average h value, the average f value, h; and search time of some representative instances
using abstractions with a limit of 50 000 states for Logistics and Transport and 5 000 states for DataNetwork. We
use the same number of states for all heuristics for a fair comparison, and the used number of states is similar
to the greatest number obtained with 1 million of non-looping transitions. We use for this analysis smaller
abstractions to avoid finding the solution during the CEGAR loop. Note that we can use the number of states as
a fair limit for a reduced number of tasks but we cannot use it for the full benchmark because the number of
states for a big enough abstraction that do not exhaust the available memory varies a lot among domains and
tasks, so we use a fixed number of transitions as the general size limit. The value of g and h is obtained by using
the distance to the abstract initial state and closest abstract goal state respectively for each abstract state, and
then counting that value for the number of concrete states consistent with such abstract state. Therefore, the
g value is the estimated distance to the initial state done by the abstraction and A is an estimation of how the
abstraction estimates h*, which is the s value used for concrete states. DataNetwork is one of the few domains
where B performs worse than F (although F does not solve more problems with 10 million non-looping transitions
abstractions), and the average heuristic value is also lower for B. However, in most instances the average heuristic
value of B is higher despite having a smaller A, which explains why it gets a better coverage and lower search
times. Ay is more influential in problems where only a few nodes are expanded, like the selected Logistics task.
But in larger instances of the same and other domains, where more expansions are required, the average h value
is essential. Works on potential heuristics have reported similar results, since optimizing the average heuristic
value produces better heuristics than optimizing only the heuristic value of the initial state, with the best results
obtained when both criteria are taken into account (Seipp, Pommerening, and Helmert 2015). Another factor is
the distribution of the heuristic value (see Figure 17, where Bjast and Djst have been omitted for the sake of
readability), since having fewer states with low h values may be more helpful in the search than having a very
high value on some states (Holte, Felner, et al. 2006). Indeed, we observe that this happens in some domains
like Transport, where despite reaching a high h; value, F has many states with very low h values. Fj,5¢ and
D1, have mixed behaviours, being the best in DataNetwork (and overcoming the limitations of regression flaws
in this domain) but working very poorly in Logistics, though they have a similar performance in Transport.
As expected, Biast and Di,st are the worst strategies in all domains, although they achieve a higher h; in the
DataNetwork domain. Also, it is noteworthy the disastrous average heuristic value and search time of Bj,st and
Diast in Logistics, even 100 times higher than for B. The f value has the opposite behaviour, with the largest
values for progression flaws, what explains why progression flaws usually find concrete plans quicker. This
happens because progression flaws aim to increase the f value by repairing flaws in the optimal path from I,
so they are better estimating the actual g value of states, as explained in Section 4. However, higher estimated
average f values do not guarantee a better behaviour during the search, where higher h values especially close to
goals are paramount.

As conclusions, regression flaws generally get higher heuristic values and fewer states with very low
heuristic values, but progression flaws are more focused on getting a concrete plan. The last regression
sequence flaw is the worst one because finding less accurate flaws with higher overhead close to the initial
state is not useful. However, other strategies like the last progression flaw and the closest to goal flaw at
any direction work much better in some domains like DataNetwork. Bidirectional flaws are a trade-off
between progression and regression flaws.

7.2.2  Strategies Based on Split Properties. These strategies choose a split among all the splits in all abstract states
of the optimal abstract plan, so they have a very high overhead. However, this can also be an advantage for the
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Table 3. Coverage of different strategies based on split properties in forward, backward and bidirectional directions over a
single abstraction when considering only the tasks solved with the CEGAR algorithm (left side), and search with the resulting
abstraction (right side). “D” means the strategy is the best or solves as many problems as the best in such domains and “SD”
is the same but only for the domains where the strategy is the single best. “Cov” indicates the total number of tasks solved.
is the result of using the best strategy of each direction on each task and = is the same for all directions.

CEGAR | A" + CEGAR

Forward Backward Bidir. Forward Backward Bidir.

D SD Cov D SD Cov D SD Cov D SD Cov D SD Cov D SD Cov
rand - - 104 - - 154 - - 121 | - - 395 - - 443 - - 412
Default 27 1 173 18 0 133 22 0 151 11 0 416 17 2 451 16 0 446
ref 21 0 159 21 0 145 21 0 142 11 0 410 16 0 429 15 0 415
-ref 11 0 97 15 0 106 12 0 89 9 0 395 11 0 426 10 0 418
cos 18 0 152 19 0 145 17 0 139 | 11 0 410 13 0 433 13 0 413
-cos 18 0 153 19 0 136 17 0 133 9 0 404 14 0 414 16 0 401
add 20 0 156 23 4 157 17 1 139 9 0 407 19 1 455 13 0 415
-add 14 0 108 14 0 103 12 0 97 7 0 399 9 0 413 7 0 392
un 19 0 148 16 0 135 16 0 127 0 405 13 1 429 11 0 402
-un 14 1 130 16 0 118 13 0 104 11 0 404 13 1 424 12 1 416
Im 20 0 149 19 0 146 19 1 142 11 0 403 16 0 427 11 0 404
Imr 17 0 144 19 0 147 16 0 133 8 0 399 15 0 428 10 0 398
pot 19 2 150 20 1 147 19 0 143 11 0 413 22 1 461 22 2 441
-pot 17 0 147 16 0 124 14 0 115 | 10 0 406 13 1 408 9 0 3%
* 42 0 189 42 0 186 42 1 177 |42 0 438 42 5 509 42 4 499
sk D: 42 SD: 3 Cov: 201 D: 42 SD: 7 Cov: 513

quality of the abstraction in case the selected split produces better refinements. These strategies choose the most
and least refined split (ref and -ref), the split connected by an operator with the highest and lowest cost (cos
and -cos), with the maximum and minimum h23¢ wanted value (add and -add), with the largest and smallest size
on the split variable in the child that is farthest from the goals (un and -un), the split in causal landmarks ordered
by their 1244 value (1m and 1mr), and the split on the wanted fact with the highest and lowest potential (pot and
-pot). Also, we use a random split (rand) as a baseline.

Table 3 shows the coverage and the number of domains in which each strategy performs better (with the
rest of strategies solving the same or fewer tasks) and strictly better (with the rest of strategies solving fewer
tasks) for these strategies for progression flaws, regression flaws and bidirectional strategies. In the forward
direction, pot is the best one, solving 3 fewer tasks than Default, and ref and cos solve 3 fewer tasks than pot.
Meanwhile, for regression flaws the best strategy is also pot, which solves 461 tasks (10 more than Default), but
add is also good, and it solves 4 more tasks than the first regression flaw, and 22 more tasks than the third-best
sequence strategy, cos. When flaws in both directions are taken into account, pot is again the clear winner, but
solving 5 fewer tasks than Default. The overhead of computing splits for all states is evident, and it is higher for
bidirectional strategies because they must compute them in both directions. An interesting insight is that B,qq is
not only good at coverage but also solving tasks during the loop, being the second-best strategy, only worse than
F. Fyy and F.,, are not very good overall but they are quite complementary to other strategies, being the most
relevant strategies in Agricola, Blocksworld and Grid domains. pot and add are also very complementary, being
Bpot better than B,gg in 14 domains and B,gq better than Bpot in 9 domains.
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Fig. 18. Accumulated time to build the abstraction, total planner time, expansions until the last f-layer and hr of random
split configurations and the best (pot) and the worst (-pot) best split configurations for regression flaws.

In the two last rows of Table 3, the result of choosing the best strategy at each task is shown. The coverage
during the refinement loop by choosing the best strategy in one of the directions is 189, very close to the coverage
of F (173). But, more interestingly, choosing the best backward strategy gets very close, only 3 fewer tasks,
and choosing the best strategy in any direction solves 12 more tasks than the best forward one, 201. Regarding
the coverage by search, 48 more tasks could be solved by choosing always the best backward strategy, and the
differences with respect to the forward direction are immense, 71 more solved tasks than choosing the best
forward strategy for each task. This explains why choosing the best bidirectional strategy solves fewer problems,
as regression flaws are often better and the overhead of computing progression flaws does not pay off. When the
best strategy in any direction is used, 4 more tasks are solved during search, resulting in 513 solved tasks, and
solving more tasks than any single strategy in 7 domains.

We executed a strategy that chooses a random split at each iteration with 10 different random seeds (1-10),
and the first row of Table 3 shows the average coverage of these configurations. Choosing a random progression
flaw resulted in a terrible performance: the average of random configurations for concrete solutions found is only
better than -ref and finds 69 fewer solutions than the first flaw. The same happens in coverage during search,
where the average of random configurations has the lowest performance, in a tie with -ref. Random regression
flaws work much better, which means that regression flaws are useful not only because they are usually closer to
goals but because they are more relevant to the heuristic. Bidirectional flaws have a behaviour in between the
random progression and regression flaws, but they are still much worse than the best performers. Figure 18 shows
the accumulated abstractions building time, total time, expansions until the last f-layer and h; for regression flaws
for all random configurations and the best (pot) and the worst (-pot) best-split strategies. Random configurations
have a similar behaviour for all criteria, and almost in all domains the worst strategy is worse than them and the
best strategy is significantly better. Regarding the building time of the abstractions, potential strategies are much
worse because of the time to compute potentials, and even in some tasks of Agricola and Airport domains the
abstraction cannot be built below the time limit. Interestingly, h; is lower for all potential strategies, despite -pot
is better in some tasks and pot is better in most of the tasks. Regarding total time and expansions, -pot is worse
and pot is better than random strategies as expected, although if we conduct a comparison domain per domain,
we can observe that -pot is not so bad in most of the domains, but only in Storage, Termes, Tetris and Transport.

We also run 100 random executions with different seeds (1-100) for one difficult but solved by the best strategies
task of each domain (shown in Figure 19). Figure 19 shows random configurations as a box plot for each domain
and compares them against the best and worst best-split-based strategies. In most domains, the best strategies
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Random strategies vs best and worst for regression flaws
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Fig. 19. Box plot of expansions until the last f-layer for 100 executions with different seeds for a random split against the
best and worst best-split-based strategies. Tasks are sorted by the median of random executions and whiskers denote the
minimum and maximum value.

get fewer expansions, with some notable examples like Mprime, ParcPrinter, GED or VisitAll. Also, the behaviour
of pot and add are complementary, and one of them is the best in almost all domains. However, in a few domains
our best strategies work worse than random splits, like in Driverlog and Blocksworld.

Summarising, strategies based on potentials and ©*44 in regression work better than the first regression
flaw, but the overhead of computing all splits forwards do not pay off. The best strategies are more informed
and solve more tasks than selecting random flaws, despite their higher building time. Also, these strategies
are very complementary, and choosing the best one at each task would solve 52 more tasks.

7.2.3 Strategies Based on Variable Orderings. Strategies based on variable orderings require computing splits in
all flawed states, as happens with the strategies based on the best split because any state could have a split on a
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Table 4. Coverage of different strategies based on variable orderings for progression flaws over a single abstraction when
considering only the tasks solved with the CEGAR algorithm (left side), and search with the resulting abstraction (right side).
“D” means the strategy is the best or solves as many problems as the best in such domains and “SD” is the same but only for
the domains where the strategy is the single best. “Cov” indicates the total number of tasks solved. * is the result of using
the best strategy of each direction on each task and sx is the same for all directions.

CEGAR | A" + CEGAR

Forward Backward Bidir. Forward Backward Bidir.

D SD Cov D SD Cov D SD Cov D SD Cov D SD Cov D SD Cov
rand - - 104 - - 154 - - 121 | - - 395 - - 443 - - 412
Zrand - - 145 - - 148 - - 142 | - - 409 - - 433 - - 414
Default 26 0 173 16 2 133 21 0 151 14 0 416 22 2 451 18 1 446
<cG 16 0 146 13 0 139 15 1 152 14 0 411 12 0 412 12 0 407
<EG 20 1 149 22 0 145 20 0 130 13 0 403 20 1 438 19 0 424
<1im 19 0 166 26 2 168 23 0 163 11 0 415 22 1 456 21 2 436
<£m 19 1 157 20 0 164 19 0 160 12 0 417 21 1 454 20 2 436
<pt 16 0 150 18 1 156 17 0 149 14 0 410 19 0 442 17 0 416
<;r)t 17 1 138 15 0 134 15 0 132 15 0 411 14 0 419 10 0 408
* 42 3 202 42 1 210 42 1 206 |42 1 453 42 3 494 42 4 489
Kk D: 42 SD: 3 Cov: 218 D: 42 SD: 5 Cov: 500

variable with a higher priority, so they also have a great overhead at each refinement step. Specifically, we order
variables based on the topological order of the causal graph (< and <g;), the variables with a causal landmark
fact ordered by h*4 (<1, and <) and the variables with the highest and lowest potential fact (<pt and <[;). We
also compare them against random variable orderings as baselines.

Table 4 shows the coverage for each strategy in progression flaws, regression flaws and when both are used.
Some strategies are slightly better than the first flaw. Also, these strategies are very complementary and each
one solves more tasks in different domains. B.r_ solves only 13 fewer problems than B, and it dominates in 20
domains and strictly dominates in 1 domain. B, solves only 9 fewer problems than B, and B<,, solves 5 more
tasks than B and it dominates in 22 domains and strictly dominates in another domain, while using the other
landmarks order dominates in 21 domains and strictly dominates in another domain, solving only 2 fewer tasks
than B.,,. This complementary behaviour can also be seen in the performance of the strategy that choose the
best one at each task, that solves 43 more tasks than B, and even 6 more tasks when the best strategy of both
directions is used, solving more tasks than any individual strategy in 5 domains. Specifically, landmark order
strategies are good at Agricola, Barman, Blocksworld, Floortile, Logistics and Tetris domains, while potentials
orders are good at Blocksworld, Tetris, Transport and VisitAll, and <EG is good at Blocksworld, Floortile, Hiking,
ParcPrinter, Pathways, Pipesworld-Tankage and Snake.

We executed the best variable ordering strategy, <ip, with random tie-breaking policies with 10 different
random seeds (1-10) to determine if its good performance is due to chance or because it is actually a good
strategy. All executions achieved the same number of expansions and heuristic value of the initial state in all
solved instances, with small variations in the time needed to build the abstraction. Coverage is also the same (456
solved instances) except for one of them where in the task 19 of Tetris it lasts around 50 more seconds to build the
abstraction resulting in a search timeout, because the rest of configurations solve it few seconds before the time
limit. Therefore, we can conclude that the strategy is actually good and tie-breaks do not affect its performance.
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Fig. 20. Accumulated time to build the abstraction, total planner time, expansions until the last f-layer and h; of random
variables orders configurations and the best (<15) and the worst (<¢g) variable orders configurations for regression flaws.

We also executed 10 configurations with totally random variable orders and different random seeds (1-10).
The average coverage of these executions is shown in the second row of Table 4. For concrete solutions found,
the average of random variable ordering executions are worse than random splits and only better than <[,
for progression flaws, and <{; for bidirectional flaws, and it gets better results for regression flaws but still
far away from the best performers. Regarding coverage during search, we observe a similar behaviour, only
improving <¢, for progression flaws, and <[; and <cg for regression and bidirectional flaws. Therefore, we can
conclude that regression flaws are better for any strategy but still landmark and the maximum potential variable
orderings improve significantly their effectiveness. We can also conclude that random variable orderings are
worse than choosing a random flaw at each iteration of the refinement loop. Figure 20 shows the accumulated
abstractions building time, total time, expansions until the last f-layer and h; for regression flaws for all random
configurations and the best (<1,) and the worst (<¢g) variable orderings strategies. Random variable orderings
configurations have a similar behaviour for the four criteria, although the abstractions building time is different.
The building time is much higher for the landmarks strategy, but it is partially explained by the time needed to
compute landmarks. Anyway, spending time in building a good abstraction usually pays off. As expected, the
total time is lower for <j, and higher for <¢g, while random strategies are in the middle. These differences are
more apparent in terms of expansions, where <] clearly requires fewer expansions than the rest. Regarding
hy, <cc gets the highest values despite being the worst strategy, but <i, also gets better values than random
configurations for some tasks, although it gets h; equal to 0 and 1 for more than 10% of the tasks.

We also run 100 random executions with different seeds (1-100) for a task of each domain solved with many
expansions by the best strategies of each domain, in such a way that this benchmark contains hard but solvable
tasks. Figure 21 shows random variable orderings configurations as a box plot for each domain, and compares them
against the best and worst variables-ordering-based strategies. In most of the domains, the best strategies get fewer
expansions, with some notable examples like Mprime or Sokoban. Also, <1, and <{_ are quite complementary,
and one of them gets the lowest number of expansions in almost all domains. The behaviour of <¢g and <[ is
also very complementary but, although they are even the best in some domains, they need more expansions in
most of them. In general, random variable orderings work slightly worse than random splits and the best split
strategies, with a large variance.

Concluding, a fixed variable ordering is not as useful as some split properties. But orderings based on
landmarks get better results than the first regression flaw and much better than random orderings.
Also, these strategies are very complementary, and choosing the best one at each task solves 44 more tasks.
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Random variable orderings strategies vs best and worst for regression flaws

uns. L — L LB B = e R O S s B By s %y £ 51 52 R S i
[ <ce E
<te 1
<D ,
109 A <in g
Def. E
[ i
10° £ E
f H_H gﬂa il ] ]
7 I 5 %é%% 1 % i T |
= & — 4
5 10 g '595%4 i i 1 & & E
= F A A ]
& r * ]
» .
2 10° ¢ E
= ‘ :
= r ]
e i I ]
wn
2 405 L B
8 10 ]
1751 E |
= [ N
3 r ]
& [ ]
&
10 | E
10° | E
102 E + E
) 1 1 1 1 1 1 1 ;| 1 1 1 1 A 1 1 1 A 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
{ i Q >V L P DDA = a4 (’7‘ C A N DA DO O DA DD D O A OO0 DD A {
D & 3 B 2 > Y N oAy A o
TP R LTI RR S RITILILTCT XTSRRI IS TIT ST I
D I g T B I A e I OB DN S N I i N S S
P EFE TSI F LI T E T FT LIS ST ST &?239\ O P o@é‘(’b& SFE LS ES S
¥ G &P E N F SR P TSR 3 O O < IR o DI
= ‘Z”\’ob& & on Yv@% Q\(\)e“ S %"y\o& RS i‘z(b&éz TS © 4@\0&’0\\‘\ NS ¥ e
< N Q‘Q &Qa

Domain and task

Fig. 21. Box plot of expansions until the last f-layer for 100 executions with different seeds for a random variable ordering
against the best and worst variables-ordering-based strategies. Tasks are sorted by the median of random executions and
whiskers denote the minimum and maximum value.

7.2.4  All Found Flaws. Refining all flaws generates the abstractions faster because all splits of every refinement
step are refined, so fewer flaws and splits must be computed to get the same number of refinements. We evaluate
the use of all flaws in progression and regression (Fj,11| and Bj,11)) and all flaws found starting from the initial
abstract state in progression (Fjaps|) and from the goal abstract state in regression (B|aps)-

However, the quality of refinements is lower because some splits are not so good to improve the abstraction
but are refined anyway. Also, after the first refinement the rest of splits may not be part of an optimal plan, but
still refined. Note that the order of refinements is essential, and this procedure can also refine splits in a different
order than other strategies, increasing the number of refinements to get an abstraction of the same quality.
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Table 5. Coverage of refining all flaws over a single abstraction when considering only the tasks solved with the CEGAR
algorithm (left side), and search with the resulting abstraction (right side). The cell in row x and column y shows the number
of domains where method x solved more tasks than method y. “Cov” indicates the total number of tasks solved.

CEGAR | A" + CEGAR

15! Flaw Sequence Flaws 15 Flaw Sequence Flaws

F B Fan) Bjaiy]  Flabs| Blabsy Cov | F B Fjai1 Bja11]  Flabs| Bjabs) Cov
F - 19 36 36 36 36 173 - 0 35 32 34 31 416
B 4 - 35 35 35 35 133 | 20 - 38 35 37 35 451
Flai 8 17 - 17 6 16 178 | 11 2 - 2 4 2 432
Bl 4 0 2 - 2 0 13319 0 13 - 12 1 448
Flabs) 6 17 3 17 - 16 174 | 15 6 8 6 - 6 442
Bjabs) 5 3 2 3 2 - 137 | 20 2 15 3 13 - 451

Table 5 shows the coverage of the first flaw, all flaws and all refinements in the abstraction in progression
flaws and regression flaws. Note that it is not possible to refine all flaws in both directions simultaneously, unless
some criterion is used to choose a direction at each step. In the forward direction, the coverage when all flaws
are refined is surprisingly higher than the first flaw, and doing that only in the abstraction solves 10 more tasks,
while refining all flaws gets more plans during the refinement loop. In the backward direction, the coverage
when all flaws are taken into account is slightly lower but the same when only abstract flaws are taken into
account. The heuristic is better in all directions if only abstract flaws are used, and this is one reason behind the
good results of iterative strategies, especially forward. Note, however, that refining all flaws is not as effective as
selecting a good flaw in each iteration, since the performance is better for some of the above strategies.

As conclusions, splitting all flaws works better than the first flaw forwards but worse than the first
flaw and other strategies backwards because all flaws are refined in spite of their quality. Refining only the
flaws found in abstract states work better than refining all flaws.

7.2.5 General Analysis. Table 6 compares the best strategies analysed in the previous subsections with the
strategies not analysed yet and Table 7 shows the effects of filters over the best strategies. it is the iterative
strategy that searches for flaws from the last abstract state of the abstract plan trace to the initial abstract
state stopping in the first flaw found, and |ﬁi? balances the distance to the goal and the refinedness of the split.
plan’ and dist! simulate a refinement for each split to evaluate which of them is the best one to apply. This
is computationally expensive, so all abstractions that use them have a limit of 100 000 instead of 10 million
non-looping transitions. The performance for these 100-times-smaller abstractions is not bad taking into account
their size, so they are good criteria for refinements, and reducing their computation time would make them
competitive. plan' gets slightly worse results than dist! because in some situations a refinement may improve
the abstraction without increasing the plan cost due to other non-altered optimal abstract plans exist.

‘;é? works bad for progression flaws, despite last and ref being two of the best non-default strategies for
progression flaws and its motivation of combining their benefits. For regression flaws, however, it gets good
results in comparison with other strategies, although worse than the best strategies compared here.

Finally, the iterative strategy provides very good results in the forward direction, only a bit worse than |abs]|,
and does not provide bad results in the backward direction, but worse than the first regression flaw.

The good results and the expensive computation of simulating refinements moved us to design more efficient
ways of computing them in the form of filters (see Section 6.5 for more details). For plan cost and goal distance we
have increased the limit to 1 million non-looping transitions, while the estimated goal distance and non-zero-cost
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Table 6. Coverage of the best strategies in forward, backward and bidirectional directions over a single abstraction when
considering only the tasks solved with the CEGAR algorithm (left side), and search with the resulting abstraction (right side).
“D” means the strategy is the best or solves as many problems as the best in such domains and “SD” is the same but only for
the domains where the strategy is the single best. “Cov” indicates the total number of tasks solved. * is the result of using
the best strategy of each direction on each task and sx is the same for all directions.

CEGAR | A" + CEGAR

Forward Backward Bidir. Forward Backward Bidir.

D SD Cov D SD Cov D SD Cov D SD Cov D SD Cov D SD Cov
Default 26 0 173 17 0 133 22 0 151 11 0 416 15 1 451 12 0 446
pot 20 1 150 19 1 147 19 0 143 0 413 17 1 461 19 3 441
add 19 0 156 23 2 157 16 1 139 7 0 407 17 2 455 11 0 415
<im 19 0 166 25 2 168 23 0 163 8 0 415 15 1 456 15 2 436
<pt 15 0 150 17 1 156 16 0 149 10 0 410 14 0 442 11 0 416
lall] 26 2 178 17 0 133 - - - 12 0 432 14 0 448 - = -
|abs| 23 0 174 18 0 137 - - - 11 0 442 15 0 451 - - -
it 18 0 140 20 0 144 13 0 120 15 0 437 14 1 443 10 0 427
|(r:l? 10 0 106 21 0 151 10 0 108 8 0 400 13 0 439 10 0 407
planm@k 7 0 58 0 48 8 0 51 0 397 0 394 0 395
distl, 7 0 60 0 54 6 0 53 0 403 0 401 1 410
* 42 2 201 42 2 209 42 3 199 [ 42 0 465 42 2 508 42 1 501
Kk D: 42 SD: 5 Cov: 215 D: 42 SD: 3 Cov: 515

operators are limited to 10 million non-looping transitions because their lower computation time. But applying
these filters results in weak heuristics, as Table 7 shows. This happens because good strategies select a refinement
that improves the heuristic most of the time, so the time spent in computing filters does not pay off, and also
filters focus only in the next refinement, with a bias against the original long-term purpose of the main strategy.

7.3 Additive Abstractions Experiments

The use of additive abstractions created by using saturated cost partitioning improves the performance of CEGAR
in most of the domains, as this technique uses smaller abstractions that combine their power by focusing on
different parts of the task. It is paramount that abstractions are different from each other, and to achieve it the
state of the art creates an abstraction for each subtask. Subtasks are generated by setting each goal as the only
goal of the subtask and with a subtask for each landmark ¢ obtained via the algorithm by Keyder et al. (2010)
for h™ causal fact landmarks with m = 1 where ¢ is set as the only goal in a domain abstraction of the task that
reduces the domain of some variables by combining the landmark facts that must be achieved before ¢, and
removing all facts that cannot be achieved before reaching ¢ to keep the admissibility (Seipp and Helmert 2018).
The saturated cost partitioning consists in subtracting the actual cost used by an abstraction (the maximum
goal distance decreased in the successors of any abstract state by each operator) from the cost operators for the
following abstractions (Seipp and Helmert 2018). In this way, the added cost of operators among all abstractions
is always lower or equal than the actual cost.

Table 8 compares the results of the best strategies for additive abstractions. We also tried the default limit
of 1M non-looping transitions added over all abstractions and 10M non-looping transitions, but they obtained
a lower performance than using 100k non-looping transitions added over all abstractions as the limit, so this
is the limit used in all the results reported in this section. Some of the best strategies are the same as for a
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Table 7. Coverage of filtered strategies and their non-filtered counterparts in forward, backward and bidirectional directions
over a single abstraction when considering only the tasks solved with the CEGAR algorithm (left side), and search with the
resulting abstraction (right side). “D” means the strategy is the best or solves as many problems as the best in such domains
and “SD” is the same but only for the domains where the strategy is the single best. “Cov” indicates the total number of
tasks solved. « is the result of using the best strategy of each direction on each task and s is the same for all directions.

CEGAR | A"+ CEGAR
Forward Backward Bidir. Forward Backward Bidir.

D SD Cov D SD Cov D SD Cov | D SD Cov D SD Cov D SD Cov

Default 31 1 173 18 0 133 23 0 151 |13 0 416 21 2 451 19 1 446
it 18 0 140 21 0 144 13 0 120 |18 0 437 21 1 443 15 0 427
ithd 12 0 114 17 0 132 8 0 41 |15 0 419 12 0 388 4 0 233
it 0 76 0 67 7 0 31| 8 0370 5 0229 1 0 25
it/pen 0 74 0 67 7 0 29| 7 0 362 0 235 0 269
itlcs 17 0 136 21 0 144 8 0 50 |17 0 431 20 0 442 5 0 251
ref 24 0159 21 0 145 21 0 142 [13 0 410 19 0 429 20 0 415
ref~d 22 0 154 21 0 138 21 0 139 |11 0 394 12 0 352 10 O 325
flaist 0 92 0 71 7 0 64| 4 025 2 0 169 0 0 132

refiPlon 0 9 0 66 7 0 62| 2 0206 1 0163 1 0 128
reflcs 23 0 158 22 0 146 21 0 143 |13 0 409 19 0 429 18 0 404
clo 10 0 106 23 0 151 10 0 108 |11 0 400 19 0 439 15 0 407
o 12 0 110 21 0 142 10 0 106 |12 0 395 12 0 35 9 0 345
|cLoldist 0 58 7 0 71 7 0 54| 4 0251 2 0168 2 0 172
LP=n 7 90 57 7 0 6 7 0 52 0 251 1 0 163 2 0 156
Fol%%® 11 0 108 23 0 150 9 0 106 |11 0 398 19 0 434 14 0 403
add 23 0 156 27 0 157 19 0 139 |11 0 407 26 1 455 14 0 415
add™ 19 0 143 23 0 151 19 0 138 0 393 0 32 5 0 288
add!®st 0 8 0 87 8 0 73| 6 0 275 0 145 0 140
add/>'*" 0 86 0 77 8 0 69 0 281 0 141 0 131
add®°s 22 0 155 27 0 158 19 0 142 | 9 0 400 24 0 453 13 0 406
* 42 1 182 42 1 183 42 0 173 [42 0 452 42 1 489 42 2 471
*% D: 42 SD: 2 Cov: 195 D: 42 SD: 3 Cov: 492

single abstraction, but others behave worse for additive abstractions, like add and all strategies based on variable
orderings. Interestingly, simulating a refinement to check if the cost of the optimal abstract plan has been
increased is the best strategy, but using the increased distance of some of the children works slightly worse.
The main reason is that increasing the plan cost is the most difficult task with saturated costs, since the cost of
most of the operators is 0, and so using a strategy that enforces increasing it addresses this problem to some
extent. Filters were executed with the same limits as the other strategies but they work as badly as for a single
abstraction, with the non-zero-cost operators filter somewhat decreasing the coverage, while other filters are
much more detrimental. A remarkable aspect of potential-based and landmark-based strategies is the computation
of potentials and landmarks for each subtask, so the time needed to build abstractions is significantly higher
for these strategies, although their coverage is among the best (except for the minimum potential) because the
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Table 8. Coverage of the best strategies in forward, backward and bidirectional directions for additive abstractions for search
with the resulting abstraction. “D” means the strategy is the best or solves as many problems as the best in such domains
and “SD” is the same but only for the domains where the strategy is the single best. “Cov” indicates the total number of
tasks solved. * is the result of using the best strategy of each direction on each task and xx is the same for all directions.

Forward Backward Bidir.
D SD Cov D SD Cov D SD Cov

Default 24 0 484 29 0 496 28 1 492
clo 23 0 489 29 0 496 29 0 494
ref 22 0 479 29 0 496 29 0 495
cos 25 0 485 29 0 495 28 0 496
add 23 0 478 24 0 476 26 0 479
Im 23 0 480 29 0 496 30 0 497
Imr 23 0 480 29 0 496 30 0 497
pot 22 0 478 29 0 494 29 0 493
-pot 22 0 463 25 0 471 27 0 473
< 220 462 23 0 469 25 0 467
<im 23 0 463 25 0 476 25 0 467
<£m 22 0 466 25 0 473 26 0 473
<pt 16 0 448 21 0 463 21 0 454
<';t 19 0 450 20 0 458 21 0 456
lall] 26 0 489 29 0 496 - - -
|abs| 26 0 494 29 0 496 - - -
it 26 1 496 29 0 496 29 0 495
ﬁi? 29 0 496 29 0 497 28 0 494
planT 26 0 487 30 0 500 30 1 500
dist! 30 0 490 31 1 493 30 0 488
* 42 5 511 42 2 507 42 4 512
ok D: 42 SD: 7 Cov: 516

subtasks are smaller and require lower times to compute them. The results are very similar for all strategies
because abstractions and tasks are small and also because getting useful abstractions when the costs of operators
are very saturated is really hard. The exception are the strategies based on variable orderings, which perform
much worse because in landmark-based subtasks the facts are combined and thus almost all variables have a
similar score, that are practically blind. add also gets a low coverage but this is mainly because it works very
poorly in Mprime and Sokoban domains.

7.4 Scorpion Experiments

Scorpion is a state-of-the-art optimal planner (Seipp 2018, 2023) that has achieved impressive results in the
last International Planning Competitions. It uses additive Cartesian abstractions created by CEGAR and PDBs
combined by online saturated cost partitioning (Seipp 2021), with the additions of the h? preprocessor (Alcazar
and Torralba 2015) and atom-centric stubborn sets pruning (Réger et al. 2020; Valmari and Hansen 2010).

Table 9 shows the coverage of Scorpion for the best strategies applied on the Cartesian abstraction. In Scorpion,
significant differences exist among strategies. Those trying to improve the plan cost or the children distance are
too slow in some domains like Mprime, getting up to 11 fewer solved instances than the best strategy in the
same direction. Landmarks also work badly, because they do not get a strong heuristic even if they do many

Journal of Artificial Intelligence Research, Vol. 86, Article 49. Publication date: August 2026.



49:50 « Pozo, Torralba & Linares Lopez

Table 9. Coverage of the best strategies in forward, backward and bidirectional directions for Scorpion for search with the
resulting abstraction. “D” means the strategy is the best or solves as many problems as the best in such domains and “SD” is
the same but only for the domains where the strategy is the single best. “Cov” indicates the total number of tasks solved. * is
the result of using the best strategy of each direction on each task and xx is the same for all directions.

Forward Backward Bidir.
D SD Cov D SD Cov D SD Cov

Default 26 1 727 28 0 739 27 0 738
clo 26 0 734 28 0 739 23 0 735
ref 24 0 737 27 0 749 22 0 743
Im 21 0 727 22 0 729 23 0 727
pot 26 0 739 24 0 743 27 1 745
lall] 27 0 734 28 0 740 - - -
labs| 26 0 742 29 0 741 - - -
it 28 0 742 30 0 740 23 0 738
ﬁi? 27 0 742 26 0 747 27 0 742
dist! 24 0 738 26 0 742 24 0 741
planT 22 0 731 26 1 740 25 0 737
* 42 2 762 42 2 766 42 2 764
ok D: 42 SD: 5 Cov: 770

refinements. The best strategy for progression flaws is the balance between the most refined flaw and the closest
to goal flaw, but for regression flaws refining directly the most refined flaw is better, solving 749 tasks, 10 more
than the first regression flaw. |ﬁi]‘2 solves only 7 fewer tasks for progression flaws, solving up to 15 more tasks
than the first progression flaw, while the best bidirectional strategy, pot, solves only 4 fewer tasks than ref for
regression flaws. These strategies are also very complementary to each other, with 17 more tasks being solved
when the best regression strategy is used for each task.

In conclusion, Scorpion with regression sequence flaws solve up to 22 more tasks than the original Scorpion.

8 Related Work

In this section we explain the relation of our work to similar approaches for model-checking—the research area
where the CEGAR algorithm was originated—and other classical planning techniques.

8.1 CEGAR in Model-Checking

Counterexample-Guided Abstraction Refinement (CEGAR) was initially conceived more than two decades ago as
a technique for program verification via symbolic model checking (Clarke, Grumberg, Jha, et al. 2000, 2003), and
is a well-established technique in the verification of software and hardware systems (Ball et al. 2001; Beyer and
Lowe 2013; Leucker et al. 2015). Thus, there has been extensive research about how to guide the CEGAR process
in that context (Albarghouthi 2015; Hajdu and Micskei 2020; Hajdu, Toth, et al. 2016; Lowe 2017). This line of
research was the inspiration for the use of CEGAR in classical planning (Seipp and Helmert 2013), and some of
the extensions in model-checking and verification are related to our new methods for finding flaws. To clarify
the relationship to our work, we first briefly describe the area and its connection to planning.

A common problem in model-checking is proving safety properties, where the objective is to check if a set
of unsafe states is never reached by the program flow (Clarke, Grumberg, and Peled 1999). So, as in classical
planning, we are interested in whether there exists some sequence of transitions that goes from some initial

Journal of Artificial Intelligence Research, Vol. 86, Article 49. Publication date: August 2026.



New Flaw Search Strategies in CEGAR for Cartesian Abstractions in Optimal Classical Planning « 49:51

state to a goal (error) state or proving its absence. Furthermore, the state space is also represented via a compact
representation such as a Symbolic Transition System S = (V, R, T, Sy), where V is a set of variables with arbitrary
domains, R is an invariant formula over V that must hold for every state, T is the transition formula over V.U V’,
and Sy is a formula over V, which defines the set of initial states (Hajdu, Toth, et al. 2016).

Despite the similarities, there are also some significant differences to the problem of optimal planning with the
SAS* planning representation we consider. Firstly, in some cases state variables may have infinite domains (e.g.,
numeric variables) resulting in an infinite state space, though oftentimes this can be restricted by the invariant
formulas. Secondly, the representation of the transition relation is often more expressive than SAS* operators
whose preconditions and effects are simply partial states. In some cases, the transition relation is represented
as an arbitrary formula. In others, there may be some restrictions (e.g., using control-flow automata (Beyer,
Henzinger, et al. 2007; Hajdu and Micskei 2020)) but even then transitions that increment a variable by 1 cannot
be encoded as a SAS* operator without conditional effects. Finally, in model checking the focus is on determining
whether an error trace (plan) exists; consequently, techniques are primarily tailored toward proving the absence
of such traces. In that context, abstractions should aim to separate states that belong to a solution (regardless of
the cost) from those that do not. In contrast, in planning our focus is to find optimal solutions on solvable tasks.
Therefore, admissible heuristics giving good lower bounds on solution cost are very useful to reduce search effort.

The CEGAR framework in model checking works very similarly as we consider here. As in planning, different
types of abstractions can be considered: such as predicate abstraction (Graf and Saidi 1997), and explicit-value
abstraction (Clarke, Gupta, et al. 2004), which similarly to Pattern Databases, partitions variables between visible
or not. The closest representation to ours is Cartesian predicate abstraction (Ball et al. 2001) that aims to address
the overhead on determining the abstract transitions, even though in their case this is still worst-case exponential.

Several approaches have been used to refine abstractions within the CEGAR framework in model-checking,
including Craig interpolation and sequence interpolation. Consider an abstract error trace with n steps, passing
through abstract states represented as arbitrary formulas Sy, . . ., S, that describe the set of concrete states mapped
to them, with transitions that have transition relations Ty, . . ., T,_1. To simplify the discussion, we assume that all
concrete states mapped to S; are valid initial states and all concrete states mapped to S,, are error states. Then the
abstract trace corresponds to a real error trace if and only if the formula d =S; ATy AS; ATy A~ AT,_1 A S, is
satisfiable. If the formula is unsatisfiable, we need to decide how to refine some of the abstract states, which can
be done by using interpolation. Given a pair of formulas (A, B), such that A A B is unsatisfiable, an interpolant
for (A, B) is a formula I such that A implies I, I A B is unsatisfiable, and I only refers to common symbols of
A and B (McMillan 2005). Craig proved that for unsatisfiable first-order formulas, an interpolant always exists
(Craig 1957), and many SMT solvers can derive a quantifier-free interpolant from a refutation of a quantifier-free
formula of the form A A B (McMillan 2005). A binary interpolant for an infeasible abstract trace can then be
computed by defining A = S; AT; AS; A...S; and B = T; A S;41. In that case, the only common symbols by A and
B are those that describe states after the ith step of the plan. Thus, the interpolation I can be used to split S; into
two abstract states. Note that this is very similar to progression flaws in that it identifies the reasons that make a
prefix of the abstract trace infeasible.

However, there are several significant differences between how CEGAR is applied in model-checking and
planning. First of all, the abstraction is constructed with a different overall objective. In model-checking, CEGAR
is used until the abstraction is refined enough to prove that no error state can be reached from any initial state.
In our case, as we analysed in the experiments, it is rare that the process finishes with the abstraction proving
the optimal plan correct. Instead, following prior work, we use CEGAR to generate abstraction heuristics to be
used in A* search. As we analysed in the experimental results section, this difference is significant and different
refinement strategies are superior when the objective is to solve the problem by the CEGAR process (where
progression flaws are often superior) as opposed as to generate abstraction heuristics (where regression and
sequence flaws are often the best choice).
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Second, in planning, all the algorithms to find flaws (including the ones we propose in this paper) run in
polynomial time. This is because they leverage the simplest setting: Cartesian abstractions where all abstract
states correspond to a Cartesian set of states in the original task, the planning task is expressed in SAS*, and
we find flaws only over a single abstract plan trace. All of this ensures that all operations used (e.g. intersection
of Cartesian representations, or computing the image of a Cartesian representation and a SAS™ action) can be
efficiently computed in polynomial time. Interpolation techniques, on the other hand, derive the I; formulas from
an unsatisfiable logic formula, which is more general and harder to compute.

Other types of interpolation have also been considered in model-checking. For example, Hajdu and Micskei
(2020) uses backward binary interpolation, where the trace is explored backwards. Thus, this resembles regression
flaws, similarly as binary interpolation resembles progression flaws, and the differences outlined above still apply.

Another common technique is sequence interpolation. Given a sequence of formulas ' = Ay, ..., Ap, Iy, ..., I,
is an interpolant for T when (i) [y = T and I,, = L, and (ii) [;_1 A A; implies [; for all 1 < i < n, and (iii) ; only
contains symbols in common in Ay, ... A; and Ajyq, ..., A, forall 1 < i < n.In other words, the i-th element of the

interpolant is a formula over the common vocabulary of the prefix Ay ... A; and the suffix A;4; ... A,, and each
interpolant implies the next one. Sequence interpolants can be computed by setting A; = Sp and A; = T; A Si+q
for 2 < i < n. In that case, the interpolants I; correspond to a refinement over S; such that altogether make the
path from the initial location to the error location infeasible (McMillan 2006; Vizel and Grumberg 2009).
Despite having similar names, sequence interpolation and sequence flaws are very different. The main similarity
is that each r'/I; is an over-approximation for the set of states reachable from the initial state with the first i steps
of the trace. And these over-approximations are then used to refine the abstraction accordingly. In sequence
interpolation, the main motivation is to perform multiple refinements at the same time to reduce the number of
iterations of the algorithm as well as keeping the formulas simpler (decomposing the reason for the conflict in
multiple steps rather than in a single step). With sequence flaws, however, we typically refine a single flaw even
when many flaws are found. This is sufficient because we consider abstract traces that correspond to a specific
sequence of operators and all abstract states correspond to Cartesian sets. Furthermore, performing multiple
refinements in a single iteration is not critical in our case, because the process of finding a new trace and checking
for flaws is very efficient so it’s worth repeating it in order to find more relevant abstraction refinements. We
have also evaluated fixing all found flaws before a new flaw search in Section 7.2.4, but results show that the
performance gains do not pay off the reduced relevance of the repaired flaws, especially for regression flaws.

8.2 CEGAR methods in Planning

Our work directly builds on top of the work by Seipp and Helmert (2018), which introduced the CEGAR framework
for planning, as a method to construct Cartesian abstractions. They used the notion of progression flaws, which
is our baseline in this paper. But there are other extensions that are orthogonal to the improvements that we
consider here. For example, Seipp, von Allmen, et al. (2020) consider how to recompute the optimal abstract plan
incrementally after each refinement. This greatly speeds up the process, allowing to construct abstractions faster.
Their approach is independent of the refinement chosen, so we use the same enhancements in our experiments.
Other existing enhancements to the framework include refining the abstraction in an online fashion during the
A* search (Eifler and Fickert 2018; Eifler, Fickert, et al. 2019), computing abstract transitions lazily on demand
to reduce the memory overhead (Seipp 2024), and using mutex invariants to disambiguate abstract states and
transitions (Pozo, Torralba, et al. 2026). We did not consider these enhancements in the experiments as they were
introduced only very recently, but they are independent of the strategy for finding flaws.

The closest related work is the refinement strategies by Speck and Seipp (2022). Like us, they also aim at
improving the process of refining Cartesian abstractions in CEGAR by finding multiple flaws in each iteration.
However, in their case, they still find a single flaw per abstract plan trace, but consider multiple abstract plans
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instead of only one. They do this by searching flaws in progression but expanding paths from the initial state
that correspond to a valid prefix of some optimal abstract plan. This may be positive because the CEGAR loop
can finish as soon as a valid plan is found. However, this is rarely the case and the search process can sometimes
become very expensive. Yet, they show that this can still pay off.

After finding a set of flaws, they can choose one refinement with some flaw selection strategy. The best strategy
for them was to choose the split that happens the most among all paths. However, such a strategy is limited in
our case, as we consider a single abstract plan, and so we can only count different flaws in the same abstract
plan, used for strategies based on the position of the flaw (Section 7.2.1). They also consider a batch refinement
that refines the abstraction according to multiple flaws in each iteration of the CEGAR loop instead. To do so,
they iteratively refine the flaw in the abstract state with the lowest h value, discarding the flaws in which the h
value has been modified after refining the previous flaws because they are not part of an optimal abstract plan
any longer. Interestingly, while refining multiple flaws did not pay off in our case (see Section 7.2.4), this is the
best configuration for them. A key difference is that, by considering a single plan, our process of finding many
sequence flaws is still cheap, so the main advantage of refining a batch (speeding up the process due to having
less iteration in the CEGAR loop) is diminished in our case.

Whether the two approaches can be combined, for example by computing flaws of all optimal abstract plan
traces using regression and/or sequence flaws, remains an open question. On the one hand, this would allow
finding even more candidate flaws to refine the abstraction. On the other hand, the process of searching all
optimal abstract paths is already very expensive in the simpler setting of progression flaws (as there may be
exponentially-many paths to consider). So, it is unclear whether the overhead of considering partial states in
regression, or continuing after the first flaw like in sequence flaws could pay off.

Some research has been focused on extending the applicability of the framework of CEGAR for Cartesian
abstractions (among others) to more expressive formalisms than SAS™. This is challenging because the success of
CEGAR for Cartesian abstractions is partly due to the ability to find flaws in low-order polynomial time, and this
is based on the fact that the progression and regression of SAS* operators over Cartesian representations results
in another Cartesian representation that can be easily computed. When considering other planning formalisms,
this is no longer guaranteed. However, Biichner et al. (2024) showed that the same CEGAR algorithm can still be
performed efficiently in factored planning tasks (Sievers and Helmert 2021; Torralba and Sievers 2019) as well as
any formalism where the applicability of operators, as well as progression and regression of an operator can
be represented as Cartesian representations (Biichner et al. 2024). Another very common formalism is that of
SAS* with conditional effects (Pednault 1989). It was recently shown that, even though the computation of the
progression of an operator with conditional effects over a Cartesian representation may be really computationally
expensive, one can over-approximate this resulting in non-induced abstractions (Pozo and Seipp 2025). This work
also applied regression and sequence flaws for planning tasks with conditional effects. Interestingly, sequence
flaws showed to be very useful in that setting due to regression being non-Cartesian with conditional effects, and
therefore being over-approximated to make it Cartesian. Finally, Klosner et al. (2023) applied the framework to
probabilistic planning in the form of stochastic shortest paths (Bertsekas and Tsitsiklis 1991). There the process
of finding flaws also involves a search on the space of possible outcomes of the optimal abstract policy. Thus, it
remains an open question whether regression and sequence flaws can be transferred to that setting.

CEGAR has also been applied to construct other types of abstractions in planning, such as pattern databases
(Rovner et al. 2019) and domain abstractions (Kreft et al. 2023). In both cases, they find flaws by executing the
abstract plan forward, similarly to progression flaws. However, they also consider some extensions in the form of
wildcard plans and blacklisted variables. The idea behind blacklist variables is to ignore such variables while
finding flaws, so that operator’s preconditions on those variables are ignored while executing the plan to find the
first progression flaw. This is similar to the notion of our sequence flaws in that they continue the execution of the
abstract plan after the first flaw (if it occurs on a blacklisted variable). However, the motivation is different: the
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main objective is to exclude variables whose refinement would blow-up the abstraction size over the limit (since
refinements in PDBs and domain abstractions can multiply the size of the abstraction, unlike in the Cartesian
abstractions we considered) and diversify abstractions when creating multiple ones.

8.3 Other Related Techniques in Planning

Cartesian abstractions are primarily constructed by using CEGAR. However, there are also alternative algorithms
to automatically construct other types of abstractions.

For Pattern Databases, there are multiple approaches that search the space of possible abstractions, by using
different types of search strategies, such as evolutionary algorithms (Edelkamp 2006) and hill climbing (Haslum,
Botea, et al. 2007). Compared to CEGAR, these approaches lack guidance in terms of trying to forbid specific
abstract plans. But, in exchange, they are guided by a performance measure, e.g., how much the average heuristic
value has increased, or how well they perform in an ensemble of abstractions (Franco et al. 2017; Seipp 2019). This
type of approach has not been tried yet for Cartesian abstractions, as the space of possible abstractions is huge.

The merge-and-shrink framework constructs abstractions by applying a sequence of transformations (Helmert,
Haslum, Hoffmann, and Nissim 2014; Sievers and Helmert 2021). They start from atomic projections for each
variable, where all variables except one are abstracted, and then abstractions are shrunk and merged in an
iterative process. In each iteration, two abstractions are chosen from the pool of abstractions, and then they are
shrunk until the product of the number of their states is lower than the bound. Then, they are merged by the
synchronised product. In this step a shrink can be applied on the merged abstraction to reduce its size without
altering their informativeness. Then, the merged abstraction replaces them in the pool. Also, label reduction
and pruning can be applied at the end of each iteration to reduce the size of the abstraction without losing
information. Different strategies exist for merge, shrink, label reduction and pruning (Sievers and Helmert 2021).

Another technique that considers spurious paths in abstractions is SPECO (Fan and Holte 2015), which
removes spurious paths in a multi-level abstraction framework (Holte, Grajkowski, et al. 2005; Holte, Perez, et al.
1996). However, they do not refine the abstraction iteratively, but instead avoid such spurious paths during the
computation of abstract distances to achieve more informed heuristics. A similar idea is to use mutex information.
This has been considered in multiple contexts, including pattern databases (Haslum, Bonet, et al. 2005), symbolic
perimeter abstractions (Torralba and Alcazar 2013; Torralba, Alcazar, et al. 2017; Torralba, Linares Lopez, et al.
2018), and recently in Cartesian abstractions as well (Pozo, Torralba, et al. 2026).

Furthermore, instead of building a single abstraction, different heuristics can be combined to achieve a better
estimation of the distance to the closest goal during search. However, this combination must preserve the
admissibility necessary to guarantee optimal plans. This can always be ensured by taking the maximum of several
admissible heuristics (Holte, Felner, et al. 2006). But much stronger heuristics can be obtained by considering
conditions under which the sum of multiple heuristics is still admissible (Felner et al. 2004; Korf and Felner
2002; Yang et al. 2008). A general and powerful way to do so is to consider cost-partitioning (Katz and Domshlak
2008, 2010), which distributes the cost of each operator among the combined heuristics, in such a way that the
sum of the cost of the operator for all heuristics is always lower or equal than the actual cost, thus preserving
admissibility. There are different techniques to automatically compute a cost-partitioning for a given ensemble of
abstractions. It is well-known that the optimal cost-partitioning can be computed in polynomial time by encoding
this as a linear programming task (Katz and Domshlak 2008, 2010), but the cost of computing this is often too
high in practice. Therefore, there are multiple approximations such as post-hoc optimization (Pommerening,
Roger, and Helmert 2013), zero-one cost partitioning (Edelkamp 2006; Haslum, Bonet, et al. 2005), and saturated
cost partitioning (Seipp and Helmert 2014; Seipp, Keller, et al. 2017, 2020). Saturated cost partitioning distributes
costs greedily to each heuristic in a fixed order assigning to each heuristic the cost that is actually used. Online
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Saturated Cost Partitioning improves it by computing a good order of heuristics during search, resulting in a
non-consistent but admissible heuristic (Seipp 2021, 2023).

Another classical planning technique based on abstraction refinement is Property Directed Reachability (PDR)
(Suda 2014), also known as IC3, and originally introduced for model-checking (Bradley 2011; Eén et al. 2011).
The strength of this method is proving reachability without unrolling, that is, by calling a SAT solver for each
small step instead of the full task, resulting in much faster calls. Suda (2014) represents planning tasks as SAT
formulas by using classical compilations (Kautz, McAllester, et al. 1996; Kautz and Selman 1992, 1996), and
then uses the PDR algorithm to solve the task. This algorithm iteratively attempts to get a plan in k steps in an
over-approximation of the planning task into k layers, such that Ly = G, and each layer L;,; over-approximates
the preimage of L; for all i > 0. Each layer represents a formula that must be satisfied to solve the task at each
step. In each iteration of the loop, the algorithm tries to build a path from k to 0, which is a plan for the task if
succeeded. The algorithm also includes some optimizations and the final planner built by Suda (2014) is adapted to
planning tasks to avoid the expensive SAT calls. Compared to our work, both are based on refining an abstraction.
But they consider a different representation (a sequence of set of clauses instead of a Cartesian abstraction), do
not consider action cost, and attempt to solve the planning task directly instead of building heuristics.

The abstraction heuristics we consider in this paper, fit well into theoretical frameworks that analyse the
properties of abstractions of planning tasks (Bickstrom and Jonsson 2022; Sievers and Helmert 2021). The
framework by Backstrom and Jonsson (2022) categorise state abstractions according to their properties. All
the Cartesian abstractions that we use in this work are enclosed in strong homomorphisms created by state
refinement. So, our work can be understood as an automatic method to find this type of abstraction heuristics.

Partial-Order Causal-Link (POCL) (Bercher, Geier, and Biundo 2013; Penberthy and Weld 1992; Younes and
Simmons 2003) is another planning technique that refines partial plans by addressing their flaws. However,
despite the similar terminology, flaws in POCL are very different to the flaws we consider in the context of
Cartesian abstractions. POCL flaws directly refer to the structure of SAS* operators, e.g., they correspond to
an open precondition not protected by a causal link or an operator that can delete a precondition before it is
needed. Similarities are that multiple flaws exist at each step of the refinement loop and that the flaw selection is
critical to reduce the steps required to get a correct plan (Bercher 2021; Bercher, Geier, and Biundo 2013; Bercher,
Geier, Richter, et al. 2013). But the way that flaws are dealt with is completely different: we perform refinements
that eventually result in an abstraction with a plan without flaws, whereas flaws in POCL require modifying the
partial plan and backtracking is usually necessary.

9 Conclusions

CEGAR is a method to iteratively refine abstractions by identifying flaws in optimal abstract plans, and it is the
only method to build Cartesian abstractions with any granularity for Planning so far. Cartesian abstractions built
by CEGAR have shown an outstanding performance for optimal classical planning, and they are an essential
part of the state-of-the-art Scorpion planner. However, previous work finds a single flaw per plan in progression,
the first one along its execution, and no other work has researched the concept of flaw and other manners to
detect flaws in an abstract plan. We generalise the concept of flaw and present two new definitions that allow
searching flaws in regression from the goals (regression flaws) and searching flaws after the first one in any
direction (sequence flaws).

Regression flaws increase the heuristic value of a larger number of states, usually obtaining a higher average
heuristic value and also fewer states with a very low heuristic value. Thus, abstractions built with regression
flaws generally induce more useful heuristics for searching optimal plans with A* search in progression than
progression flaws. Nevertheless, progression flaws are more focused on getting plans for the task, so abstractions
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built with progression flaws obtain higher estimations of the g value, and they also find plans during the CEGAR
process quicker.

Sequence flaws are found in a relaxed Cartesian space by relaxing the execution of operators in two ways:
applying operators although they are not applicable and undeviating the relaxed states that do not intersect with
the successor abstract state by assigning the value of that abstract state to the non-intersecting variables of the
relaxed state. Sequence flaws typically identify many flaws in an abstract plan trace, and so some criterion to
choose a flaw is required. We have designed many flaw selection strategies to choose a flaw, although all flaws
can also be refined before a new search of additional flaws, with results that are not as good as the ones obtained
by the best flaw selection strategies.

We have experimentally shown that regression flaws are better than progression flaws in most of the tasks for a
single abstraction, additive abstractions and the Scorpion planner. Bidirectional strategies are a tradeoff between
progression and regression flaws with a little worse performance than regression flaws overall but a better
behaviour on domains where regression flaws are not so useful. Also, different flaw selection strategies result in
very different behaviour, and A* search with the abstraction generated by a good strategy solves more tasks than
with the abstraction generated by the first flaw even in regression, with very complementary behaviour among
the best strategies. Simulating flaws to choose one that increases the plan cost the most is very powerful but also
very computationally expensive, so it only pays off for small additive abstractions. The maximum potential and
the highest h%%? value are the best strategies for a single abstraction. However, the behaviour is very different
for additive abstractions, for which the best results are achieved by the flaw that increases the most the cost
of the optimal abstract plan after the refinement. For Scorpion this strategy does not work bad, but some less
computationally expensive strategies work even better and the most refined split gets the strongest heuristics,
resulting in a significant increase of the number of tasks solved with respect to the state-of-the-art Scorpion
planner in the Autoscale benchmark.

Future work will apply these new types of flaw to all optimal abstract plans of the abstraction, instead of only
to a random optimal abstract plan. This is very computationally expensive, but it has the potential to better
characterise the most important flaws, and a number of flaws can be refined for each flaw search. Also, on-demand
computation of transitions can be applied to reduce the memory usage of abstractions (Seipp 2024). Another
line of research is using different flaw search strategies to build more complementary additive abstractions, in
the aim to get higher heuristic values for most of the states. This line of research can also be combined with the
latest improvements in cost partitioning for Cartesian abstractions (Salerno et al. 2025) and merge-and-shrink
(Sievers, Pommerening, et al. 2020). Finally, another interesting line of research is applying the insights of this
work to CEGAR for domain abstractions (Kreft et al. 2023) and PDBs (Rovner et al. 2019).
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