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Background: In declarative constraint solving, a user formulates a constraint model in terms of variables and constraints,
and uses a generic, off-the-shelf solver to solve the problem. Constraint Programming (CP) is one such constraint-solving
paradigm, which has a wide support for many types of constraints, including global constraints. Global constraints capture
complex relations between several decision variables, and CP solvers have specialized propagators to solve them efficiently.
Objectives: While CP solvers support a wide range of global constraints, few solvers support them in a reified or even half-
reified context. Hence, for most CP solvers, reified global constraints must be decomposed into non-global constraints. This
bypasses the global constraint propagator, which can considerably slow the solving process, suppressing one of the key benefits
of modeling with global constraints: a faster solve-time. This is a problem for generic CP-modeling, as reified constraints are
often introduced by the modeling system during translation and flattening of compound constraints. Additionally, half-reified
global constraints are also used extensively in eXplainable Constraint Programming techniques (XCP). Therefore, XCP
techniques suffer from scalability issues when global constraints occur in the model. In this paper, we aim to alleviate this
bottleneck, allowing the use of the propagators of global constraints when modeling their half-reification, for all CP-solvers.
Methods: We propose a set of reformulation rules that allow the use of half-reification of a global constraint with any CP
solver that supports the “normal” global constraint propagator. This is achieved by introducing auxiliary variables for the
decision variables in the global constraint and the use of a reified channeling constraint, which most CP solvers support.
Additionally, we show how to reduce the overhead of these auxiliary variables, by limiting the number of variables introduced,
and by fixing their value when unconstrained. Finally, we prove the propagation strength of our reformulation for a variety
of global constraint families.

Results: We experimentally evaluate the reformulations on a variety of global constraints and applications where reified
constraints can occur. Our results show that this reformulation is much faster compared to decomposing the global constraint,
and in some cases, even outperforms solver-level propagation routines for reified global constraints.

Conclusions: Using the reformulations proposed in this paper, we make the use of reified global constraints easily available
for any CP solver. Hence, we expand the range of available solvers and constraint models that can be used in XCP techniques
or for solving CSPs with compound constraints.
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1 Introduction

Constraint Programming (CP) (Rossi et al. 2006) is a declarative method for solving combinatorial problems,
which is widely used to solve scheduling (Baptiste et al. 2006; Bleukx, Boumazouza, et al. 2025; Dejemeppe 2016;
E. P. K. Tsang 2003a), (multi-dimensional) packing (Clautiaux et al. 2008; Iori et al. 2021; Pisinger and Sigurd 2007)
and routing problems (Kaya and Hooker 2006a; Shaw 1998). One of the features of CP that separates it from other
combinatorial solving paradigms, such as SAT (Biere et al. 2021), SMT or MIP-solving, is the notion of global
constraints (Beldiceanu, Carlsson, and Rampon 2012; van Hoeve and Katriel 2006). Global constraints model high-
level (n-ary) relations between variables, which can capture the needed semantics for various application domains.
Modeling with global constraints allows users to represent complex relations between many decision variables
using a single predicate. For example, the ALLDIFFERENT constraint can be used to enforce overlapping shifts to
be assigned to different nurses in a rostering problem (E. Tsang et al. 2004), the CUMULATIVE constraint (Baptiste
et al. 2006) enforces a schedule of tasks without exceeding the machine’s capacity and the CircurT enforces a
Hamiltonian cycle in a graph (Kaya and Hooker 2006b).

CP solvers solve combinatorial problems using tree-based search and constraint propagation (Bessiere 2006). A
constraint propagator filters the values of domains of decision variables based on the domains of other variables
and the semantics of the constraint. As propagators are not limited to “simple” constraints such as clauses or
linear inequalities, CP solvers can solve models that contain global constraints (van Hoeve and Katriel 2006). A CP
model that uses global constraints provides the solver with high-level structural information about the problem.
This allows to engineer efficient propagation mechanisms explicitly tailored for these structures. By using such
efficient propagators during search, the number of alternative assignments can be reduced significantly, and many
real-world problems can be solved efficiently when using global constraints. For example, efficient propagators
for the CUMULATIVE constraint have been shown to work extremely well for solving scheduling problems in
industry (Schutt, Feydy, Stuckey, and M. G. Wallace 2011, 2010; E. P. K. Tsang 2003b).

In practice, CP solvers are often accessed through a modeling system. Such a system provides a high-level
modeling language, e.g., Zinc (Nethercote et al. 2007), Essence (Frisch, Harvey, et al. 2008) or CPMpy (Guns
2019), which is agnostic to the underlying solver. This is useful from a user perspective, as it allows the modeler
to focus on the modeling task rather than the solver’s specifics. Typically, modeling languages allow a user to
write more complex (combinations of) constraints compared to what the underlying solvers support. Hence,
the modeling system is tasked with transforming the user-level model to a lower-level, solver-specific model
before it can be solved (Akgiin et al. 2022; Nethercote et al. 2007). For example, the model is compiled into a set of
clauses when using a (Max)SAT solver, into a set of linear inequalities for MIP-solvers, or into a set of flat (global)
constraints for CP solvers. This transformation phase of the constraint model offers many opportunities for the
modeling system to enhance the model by rewriting or reformulating constraints. Examples of such enhancements
include automatically breaking symmetries (Mears et al. 2015), eliminating common subexpressions (Nightingale
et al. 2015; Rendl et al. 2008) or linearizing constraints (Belov et al. 2016), just to name a few. We consider two
core transformations in modeling systems used for transforming constraint models for CP solvers: flattening of
compound constraints and decomposing of unsupported global constraints.

Flattening compound constraints. When specifying a CP-model, a user may write any complex and nested
expression in the modeling language. The system then has to split this complex expression tree into individual
constraints supported by the solver. During this process, nested Boolean expressions are often rewritten into
(half-)reified constraints (Feydy et al. 2011). The reification of a constraint links the truth-value of the constraint
to a Boolean variable b. Two common settings are half-reification (b — C) and full-reification (b < C). Often,
half-reification is enough to represent the user-level constraint at hand (Feydy et al. 2011). Consider the following
example of a compound constraint consisting of two global constraints, which enforces that the values assigned to
integer variables x, y, z have to be either different or all the same: ALLDIFFERENT (¥, , z) V ALLEQUAL(x, y, z). This

Journal of Artificial Intelligence Research, Vol. 86, Article 52. Publication date: August 2026.



Efficient Reformulations of Half-reified Global Constraints using Auxiliary Variables « 52:3

compound constraint is unsupported by most CP solvers and hence should be transformed into simpler constraints.
An equivalent model is obtained by introducing two auxiliary variables (b; and b;) and by rewriting the disjunction
using two half-reified global constraints: {b; — ALLDIFFERENT(x, ¥, z), b, — ALLEQUAL(x, y, 2), b; V by }. Notably,
most CP solvers do not support such (half-)reified global constraints, even if the “normal” version of the global
constraint is implemented. For example, while most CP solvers implement the ALLDIFFERENT(x, y, z) constraint,
its half-reification b; — ALLDIFFERENT(X, y, z) is rarely supported (Feydy et al. 2011). Therefore, the modeling
system must further simplify this expression using a decomposition of the reified global constraint.

Decomposing global constraints. For most global constraints, the exact relation it represents can be expressed
using “simpler” elementary constraints. Modeling systems use such a decomposition whenever a global constraint
is unsupported by the solver at hand, or when a global constraint occurs as part of an unsupported nesting.
For example, consider again the constraint b; — ALLDIFFERENT(X, v, z). This reification constraint is typically
unsupported by CP solvers, so the modeling system needs to rewrite it further into simpler constraints. Using
the binary decomposition of the ALLDIFFERENT constraint, the modeling system rewrites the constraint to
by — (x # y Ax # z Ay # z) which is then further rewritten to {b; —» x # y, b — x # z,b; — y # z}. This
set of simpler expressions can be given to the solver, as most CP solvers typically do support the reification of
comparison constraints, such as a disequality in this case. However, solving a model with decomposed global
constraints is generally less efficient compared to using the global constraint propagators, as a global constraint
allows reasoning over a more global structure, while the decomposition is often limited to reasoning over local
relations in the model (Bessiere, Katsirelos, et al. 2009; Bessiére and Van Hentenryck 2003). Therefore, using a
decomposition of a global constraint should generally be avoided.

Applications of half-reified constraints. Apart from occurring as a result of flattening compound constraints,
reified constraints are also commonly used in the field of eXplainable Constraint Programming (XCP) (Bleukx,
Guns, et al. 2024), where researchers investigate methods to help explain solutions or non-solutions of a constraint
problem to a user. For example, when no solution exists, explanation techniques can show a minimal conflicting
set of constraints (Ignatiev et al. 2015; Junker 2001; Liffiton et al. 2016; Marques-Silva 2010), or show a set
of constraints which should be relaxed (Marques-Silva, Heras, et al. 2013; Mencia et al. 2016; Vasileiou et al.
2021). Many algorithms for generating such explanations rely on reasoning over subsets of constraints, which
can be implemented efficiently through incremental and assumption-based solving as implemented in modern
Lazy-Clause Generation (LCG) solvers (Marques-Silva, Lynce, et al. 2021; Nadel, Ryvchin, and Strichman 2014b;
van Helvert 2021; Wieringa 2014). For example, using the reification of each constraint in the model, one can
repeatedly test the satisfiability of a subset of constraints by assuming the reification variables are set to true
before solving, without restarting the solver from scratch. Similarly, to find a maximal subset of constraints that
can be satisfied simultaneously, we can reify each constraint and maximize a (weighted) sum over the reification
variables.

Contributions. Motivated by the above use cases of reified constraints, the CP community has investigated
several methods for reifying global constraints. These efforts include finding patterns in decompositions for
fully-reifying (functional) global constraints (Beldiceanu, Carlsson, Flener, et al. 2013), alternative ways to
model the negation of global constraints for use in full-reification (Fages and Soliman 2012), and implementing
propagation routines for (half-)reified global constraints directly in the solvers (Feydy et al. 2011; Jefferson et al.
2010; Lagerkvist and Schulte 2009).

In this paper, we investigate methods allowing to solve models with half-reified global constraints without
decomposing, using any CP solver. More precisely, our reformulations allow to post the half-reification of any
global constraint to any CP solver that implements the “normal” global constraint at the top-level of the constraint
model.
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We build on the findings of the above papers and contribute the following:

(1) We revisit the reformulation for fully-reified functional constraints, which was proposed but not proven
by Beldiceanu, Carlsson, Flener, et al. (2013) and fully specify and prove its correctness.

(2) Inspired by the limited assumptions needed in the proof, we propose a generic and sound reformulation
rule for modeling any half-reified global constraint using auxiliary variables;

(3) We prove under which conditions this formulation is complete in terms of propagation strength and show
how to minimize the number of required auxiliary variables; and

(4) We experimentally evaluate the use of our reformulations for flattening compound constraints with nested
global constraints, and in two settings for generating explanations of unsatisfiable constraint models.

2 Related Work

We start by discussing approaches developed by the CP community for handling propagation of reified and
half-reified global constraints in CP-solvers. To the best of our knowledge, only Choco (Prud’homme et al. 2016)
and MINION (Gent, Jefferson, et al. 2006; Jefferson et al. 2010) implement a propagator for both the reification
and half-reification of all of its (global) constraints. While Pumpkin (Flippo et al. 2024) supports half-reified
constraints in their APL their propagators do not filter the indicator variable. That is, the only scenario where
the half-reification propagates is when the Boolean indicator is fixed to true. The implementation of Choco and
MINION is similar to the propagator described in Equation (1b), which essentially controls the execution of
existing propagators based on the context of the search space. Similar ideas have been proposed and investigated
by Lagerkvist and Schulte (2009) and Schulte (2000), but, to the best of our knowledge, they are not widely
implemented in modern CP solvers. In theory, non-failing propagators (Bjordal et al. 2020) can be used to
implement half-reification, but we are not aware of any solver that does this.

Beldiceanu, Carlsson, Flener, et al. (2013) investigate common patterns among decompositions of fully-reified
global constraints. Their methods for reifying functional global constraints are widely implemented in constraint
modeling systems (Guns 2019; Nethercote et al. 2007) as a means of reformulating reified functional global
constraints. Fully-reified constraints can be split into a half-reification of the constraint and a half-reification
of its negation. Fages and Soliman (2012) observe that this negated global constraint can map to other global
constraints. This allows for more efficient solving of fully-reified global constraints compared to decomposing
them into non-global constraints. While their reformulations are implemented at the solver level, they can also
be used at the modeling level if the underlying solver supports half-reified global constraints.

Half-reified constraints are often used when solving over-constrained problems, e.g., for finding a solution that
satisfies a maximum number of constraints. The PFC-MRDAC algorithm (Larrosa et al. 1999) is a method for
solving such Max-CSP problems. Régin (2011) adapts the PFC-MRDAC algorithm to work with global constraints.
They replace the variables of the constraint with auxiliary ones, and during the execution of the PFC-MRDAC
algorithm, the Soft2Hard method records when the domain of a decision variable becomes disjoint with the
domain of an auxiliary one, which translates to a penalty on the resulting assignment. While the Soft2Hard
system shares conceptual similarities to our approach due to a similar use of auxiliary variables, it is tailored
specifically for the PFC-MRDAC algorithm. In contrast, our modeling-level solution is more generally applicable.

Lastly, and also related to solving over-constrained problems, is the notion of soft global constraints (van Hoeve,
Pesant, et al. 2006). A soft global constraint can be violated to some extent, with violating assignments being
valuated using a penalty function. E.g., the soft version of the ALLDIFFERENT constraint allows assigning variables
to the same value, at some cost. Soft global constraints allow for a more fine-grained solution to over-constrained
problems, compared to modeling with half-reified constraints, which simply turn the constraint on or off. Soft
global constraints are available in cost-function-network solver Toulbar2 (De Givry 2023) and through the
MiniBrass modeling system (Schiendorfer et al. 2018), but are not widely implemented in other CP solvers.

Journal of Artificial Intelligence Research, Vol. 86, Article 52. Publication date: August 2026.



Efficient Reformulations of Half-reified Global Constraints using Auxiliary Variables « 52:5

3 Background

A Constraint Satisfaction Problem (CSP) is a triplet (V, D, C) with V a set of decision variables, D a set of
discrete domains P [v] associated with each variable v, and C a set of constraints (Rossi et al. 2006). To solve a
CSP, we aim to find an assignment to the variables V, using values from their domains D, satisfying the set of
constraints C. Depending on its domain, a variable is either Boolean (D [v] = {true, false}) or integer (D[v] C Z).
We represent the domain of a variable as an enumerated set or an interval. E.g., D [v] = {1, 2, 3} is equivalent to
Dv] = [1..3]. If for any variable v € V, D[v] = 0, then D is called an empty domain. We write the assignment
of a variable v to a value x as v — x. We will often write D" as shorthand for D[v;] X D[v,] X - - - X D[v,], ie.,
DYV is the cartesian product of all domains of the variables in V, and represents the set of all assignments to V.

A constraint C € C is an n-ary relation that maps variable assignments to true or false. Variables occurring in
a constraint are said to be in its scope. We refer to the scope of C with scope(C). Constraints are often written
as a predicate with an ordered set of arguments. For example, the constraint ALLDIFFERENT(x, , z) uses the
predicate ALLDIFFERENT with the arguments {x,y, z}. Assuming D[x] = {1,2}, D[y] = {2,3}, D[z] = {1,3},
the constraint represents the following relation:

ALLDIFFERENT(X,y,2) = {(x > Ly > 2,z 3),(x > 2,y > 3,z 1)} € D[x] X D[y] X D|z]

An assignment of variables satisfies a constraint if the constraint maps the assignment of the variables in its
scope to true. A solution of a CSP is an assignment of each of the variables in V to a value in their domain,
satisfying all constraints in C. If a CSP does not allow a satisfying assignment, it is unsatisfiable. The set of all
satisfying assignments to the decision variables V is written as solsy (C). We write sols(C) as shorthand for
50lsscope(c) (C). We write C =¢ C” when C and C’ have the same set of solutions given a set of user-variables V.
If the set of user-variables is implicit from the context, we simply write C = C’

Constraint modeling systems may introduce auxiliary variables before posting a constraint model to the solver.
These variables do not correspond to a user-introduced entity in the constraint problem, and users generally
do not care about their values (Bourdais et al. 2003; Rossi et al. 2006). Auxiliary variables may be required to
implement constraints more efficiently, e.g., to break symmetries (Gent, Petrie, et al. 2006) or to reformulate
constraints (e.g., (Belov et al. 2016)), as they are used in this work.

3.1 Boolean Subexpressions in Compound Constraints

In this paper, we will often consider compound constraints, i.e., constraints with multiple subexpressions. De-
pending on how a sub-expression occurs in the expression tree, it can occur in different Boolean contexts (Feydy
et al. 2011). We consider three types of context: positive, negative, and mixed. A Boolean subexpression T in a
constraint C is said to be in positive context if each solution of the constraint C is also a solution of the expression
with T replaced by true (Feydy et al. 2011). Hence, by replacing T in C by true, sols(C) C sols(Cyye). Similarly, the
expression T is said to be in negative context if each solution of C is also a solution of C with T replaced by false.
Any expression not in a positive or negative context is said to be in mixed context. The context can be derived
statically by traversing the expression tree (Feydy et al. 2011). Example 3.1 shows several examples of compound
constraints and their context.

Example 3.1 (Boolean context of B). The table below shows the truth table for several compound constraints
where A and B are both Boolean expressions. Based on the truth table, we can derive whether B occurs in a
positive, negative, or mixed context. For example, for any satisfying solution a of A V B, we can replace B — false
with B +— true to get a new satisfying assignment «’. Thus, B occurs in positive context in A V B.

By exploiting the context of a subexpression, auxiliary variables can be linked to the expression they replace
using half-reification instead of always using full-reification (Feydy et al. 2011). Similar ideas have been successfully
applied in transforming compound Boolean formulas to CNF using the Plaisted-Greenbaum improvement of the

Journal of Artificial Intelligence Research, Vol. 86, Article 52. Publication date: August 2026.



52:6 « Bleukx, Verhaeghe, Tsouros & Guns

Table 1. Example Boolean contexts for subexpression B

A B AVB A—B -B A—B A~B A®B
True True True True False True True False
True False True False True True False True
False True True True False False False True
False False False True True True True False

Context of B: Positive Positive Negative Negative Mixed Mixed

Tseitin transformation (Plaisted and Greenbaum 1986). This transformation takes into account whether each
sub-formula occurs positively or negatively in the formula.

3.2 Propagation-driven Solving

CP solvers implement constraints using propagation functions, propagators in short, to filter values from the
domains of variables based on the semantics of a constraint (Bessiere 2006). That is, during search, the solver
will make a branching decision impacting a domain of a given variable (e.g., by fixing it to a given value, or
by removing a range of values from its domain). This change is then propagated to the other variables in the
constraint model using the propagation functions of all constraints in the CSP. A constraint propagator determines
which values to filter from variable domains based on the semantics of the constraint.

Definition 3.2 (Propagator). A propagator fc (D), for constraint C, is a monotonically decreasing function taking
as input a set of domains D and returning a set of domains D’: D’[x] € D|[x] for each variable x € scope(C).

Propagators can have different levels of consistency, based on which values are removed from the do-
main (Bessiere 2006). The strongest form of consistency is domain consistency, sometimes called generalized-arc-
consistency or hyper-arc-consistency.

Definition 3.3 (Domain consistent propagation). Let fc(D) be a propagation function that returns a set of filtered
domains D’. Then fc is domain consistent if and only if for every variable v € scope(C) and for every value
x € D’[v], there exists an assignment to the other variables in scope(C) with values in D’ such that the tuple
satisfies C when v — x.

Consider the EQuaLs constraint a = b with D[a] = {1,2,3} and D[b] = {1,3,4}. A domain consistent
propagator will return domains D’ [a] = D’[b] = {1, 3}. For simplicity, and because failure is typically handled
by solver mechanisms outside of propagators, we will assume the input of a propagator is never an empty domain.

3.3 Global Constraints

In CP, it is common to model complex combinatorial relations between variables using global constraints (van
Hoeve and Katriel 2006). The use of global constraints provides additional information about the problem structure
to the solver, which allows solver developers to write specialized propagators that work well with these specific
structures (Aggoun and Beldiceanu 1992; Kaya and Hooker 2006a; van Hoeve 2001). Using such propagators
often leads to significant improvements in the runtime of the solver compared to solving a decomposition of the
constraint.

Decomposing a global constraint is the operation of rewriting the complex relation represented by the
global constraint into a semantically equivalent but “simpler” set of constraints. Modeling systems rely on the
decomposition of global constraints whenever a (CP) solver does not support a global constraint (i.e., does not
have an implementation of a propagation function for this constraint) or whenever the global constraint occurs
as part of a compound constraint.
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X Y X Y

Fig. 1. Visualization of a total function constraint (left) and a total relation constraint (right)

As discussed above, a (global) constraint can be interpreted as a relation. Generalizing this, we can partition
the arguments of a (global) constraint into two non-empty sets X and Y. This re-interprets the constraint as a
binary-relation where G(X,Y) C (D[x1] X D[x2] X -+ X D[x,]) X (D[y1] X D[y2] X - - - X D[ym]). This, in
turn, allows us to reuse concepts from relational set theory, which we will use to specify the concepts of total
relation and total function constraints.

Definition 3.4 (Total relation constraint). A constraint R(X,Y) is a total relation constraint if the following
holds: VX € D[x1] X -+ X D[x,] : Y € D[y1] X -+ - X D[ym] : R(X,Y)

An example of a total relation constraint is ATMoOSTNVALUE(X, n) which is satisfied if the number of distinct
values in X is at most n (Bessiere, Hebrard, et al. 2006). Indeed, for any value assigned to the variables in X, we
can always determine a set of values to assign to n that satisfy the constraint. In particular, assigning n to any
value in the interval [NVALUE(X), oo] satisfies the constraint.

Definition 3.5 (Total function constraint). A constraint F(X,Y) is a total function constraint if the following
holds: VX € D[x1] X -+ X D[xy] : Iz1Y € D[y1] X -+ - X D[ym] : F(X,Y)

That is, a total relation constraint is a total function, if for any assignment to variables X, there exists exactly
one assignment to Y such that the constraint is satisfied. An example of a total function constraint is MIN(X, y),
commonly written as MIN(X) = y, as for any value assigned to the variables in X, one can always compute the
minimum value and assign that unique value to y.

The global constraint catalog (Beldiceanu, Carlsson, and Rampon 2012) names total function constraints as
“pure functional dependency constraints” and contains 109 such constraints'. To the best of our knowledge, the
concept of total relation constraints is undefined in related literature. Thus, we define it for the first time in this
paper. We will use the notation F(X,Y) to indicate a total function constraint, and R(X, Y) for total relation
constraints. When the exact type of global constraint is irrelevant, or the constraint is neither a total function nor
a total relation, we simply write G(V).

3.4 Reification
The reification of a constraint C relates the truth value of C to a Boolean variable b. Two common settings of
reification are full-reification (b <> C) and half-reification (b — C).
The full-reification of a constraint b <> C links a Boolean variable b with a constraint C, such that b is true if
and only if C is satisfied. Hence, full-reification of a constraint requires modeling the negation of the constraint
as well, because the constraint should be asserted to be false when the Boolean variable is set to false. However,

Thttps://sofdem.github.io/gccat/gecat/Kpure_functional_dependency.html
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in practice, it is often sufficient to consider half-reification of a constraint to express the relation at hand (Feydy
et al. 2011).

The half-reification of a constraint ¥ — C links a Boolean variable b with a constraint C, such that if b is true,
then C must be satisfied. If b = false, the value of C does not matter (M. Wallace and M. Wallace 2020) , and
can even be undefined in the case of partial functions (Frisch and Stuckey 2009). Hence, the half-reification is
always satisfied when b is assigned to false. We use the term indicator variable or indicator for short, to refer to
the Boolean variable b in a half-reification.

A half-reification does not require enforcing the negation of the constraint for correctly implementing the
propagator of the constraint. Therefore, as shown by Feydy et al. (2011), one can reuse the propagation function
fo(v) for implementing a propagator f;_,g() for the half-reification of the constraint; following their notation:

, _Jfo(v)(D)[o] if D[b] = {true}
Vo €V fmaen (D)ol = {D[U] otherwise (1a)
_ | D[b] \ {true} if fG()(D) is an empty domain
frman (D)1b] = {Z)[b] otherwise (1b)

Informally, if the indicator variable is set to be true, the reified constraint behaves as if it were asserted to be
true (i.e., as if it was posted as a constraint at the top-level of the constraint model), and its propagator is invoked
(1a). If there is no solution to the constraint C for the given variable domains, the indicator variable can be fixed to
false (1b). Note that in practice, solver developers typically do not use the propagation function to check whether
the constraint is falsified. Instead, they implement a specialized checker to check if the constraint is falsified
under the given domains. Such a checker often has a lower runtime compared to the full propagation function,
but is often weaker as well. To prove theoretical results in this paper, we will assume the propagation function
of half-reified constraints is implemented exactly as above, with a (potentially domain consistent) propagator
checking whether fg(y) (D) is an empty domain. In Section 8, we will highlight some of the differences between
these theoretical results and the empirically evaluated solver performances.

4 Full Reification of Global Constraints

Modeling languages allow to express any complex combination of constraints. This includes fully-reified global
constraints with predicate G and arguments V: b < G(V). However, to the best of our knowledge, only
Choco (Prud’homme et al. 2016), MINION (Gent, Jefferson, et al. 2006; Jefferson et al. 2010), and Pumpkin (Flippo
et al. 2024) implement a generic reification mechanism to support the (half-)reification of each (global) constraint
propagator implemented in the solver. Therefore, when using any other solver, modeling systems need to rely on
decomposing global constraints to reformulate reified global constraints.

To formulate the decomposition of a global constraint, it may be necessary to introduce auxiliary variables
A. Beldiceanu, Carlsson, Flener, et al. (2013) observe that when the decision variables functionally define the
auxiliary variables, this definition should be enforced at the top-level of the constraint model. Therefore, we
write the decomposition of a global constraint using two sets of constraints: the defining (F) and conditioning (K)
constraints. Here, F(V, A) is a total function, uniquely defining the values of the auxiliary variables A, given
any value for V. Based on the value of the decision variables and the auxiliary variables, the reified constraint K
controls the truth value of the global constraint. As proposed by Beldiceanu, Carlsson, Flener, et al. (2013), this
allows writing the full reification of any global constraint to an expression of the following form:

b G(V) = F(V,A) A (b K(V,A)) (2)
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In this setting, the authors assume the solver supports the reification of the constraint(s) in K. Therefore, K
typically consists of simple constraints such as simple arithmetic constraints or clauses, which CP solvers support
the reification of (Beldiceanu, Carlsson, Flener, et al. 2013). We illustrate the approach in the example below.

Example 4.1 (Full reification of ARGMIN). The global constraint ARGMIN(X, i) assigns i to the index of a
variable in X, which takes the minimal value among all variables in X. Note that ARGMIN is not a functional
constraint, as there may be multiple variables in X that take the minimum value. Its reification b <> ARGMIN(X i)
can be rewritten following the pattern in Equation (2) by introducing auxiliary variables v and w, resulting in the
following formulation: (MIN(X,v) =v) A (X[i] =w) A (b & (v =w)). Here, the newly introduced variables v
and w are defined by the functional® constraints MiN(X, v) and X[i] = v. Given these definitions of the auxiliary
variables, the constraint b <> (v = w) controls whether the ARGMIN constraint is satisfied.

Beldiceanu, Carlsson, Flener, et al. (2012) identify several patterns on how the defining and conditioning
constraints can be derived from the original global constraint. In particular, when the global constraint to be
reified is a total function F(X,Y) itself, the predicate F can be re-used as the defining constraint by simply
altering the arguments. The conditioning constraints K are then a set of channeling constraints linking the
auxiliary variables A to the functionally dependent variables Y. We illustrate this below using the functional
constraint MIN.

Example 4.2 (Full reification of the MIN constraint). Consider the constraint MIN(X, v) which defines the value
of variable v as the minimum of the variables in X. Here, X = X and V = {v}; and we can rewrite the reification
b & MIN(X,v) to MIN(X,0") A (b < (v =0’)) with 0" an auxiliary variable.

We summarize this special case of the reformulation in Equation (2) as AuxFullReif-TF (3). This reformulation
is valid for any total function constraint F(X,Y) where variables Y are functionally defined by variables X.

Reformulation of b < F(X,Y) with F a total function (AuxFullReif-TF)
(Beldiceanu, Carlsson, Flener, et al. 2012)

beo F(X,Y) = F(X, A) ANb o (Y =A)) ®)

Defining Conditioning

While not explicitly stated by Beldiceanu, Carlsson, Flener, et al. (2012), the above reformulation is only valid
if the domains of a € A are chosen such that all the solutions of the original constraint are kept, to satisfy the
reified constraint when b is asserted to true. Additionally, the domains of A should also be chosen such that
F(X, A) admits at least one solution for any assignment of X. Indeed, in this reformulation, F(X, A) is always
enforced and, as X may occur in other constraints in the model as well, the domains of the auxiliary variables A
should allow a solution to G for any assignment of X. As F is a total function, it is always possible to come up
with such domains for A.

We now present our first contribution by fully specifying and proving AuxFullReif-TF (3) as a sound
reformulation for modeling the full reification of any total function constraint.

PROPOSITION 4.3 (FULL REIFICATION OF TOTAL FUNCTION CONSTRAINTS). Given a total function constraint
F(X,Y) where all variables in Y are functionally dependent on X, its reification b <> F(X,Y) can be written as
F(X,A) A (b o (Y =A)) with A a set of auxiliary variables with domains that allow all solutions of F(X,Y)
and that allow at least one solution for F(X, A) for any assignment to X.

?Here we assume 1 < D[i] < |X| so the ELEMENT constraint is a total function.
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Proor. We prove the reformulation is valid for both values of b:

b true: true F(X,Y) = F(X,A) A (true & (Y = A)) (4)
F(X,Y) = F X, A) AN (Y =A) (5)
As F(X, A) is satisfiable, and allows all solutions of F(X,Y), we can substitute A for Y
b false: false & F(X,Y) = F(X,A) A (false & (Y = A)) (6)
-F(X,Y) = F(X, A) A (Y +A) (7)

We prove the equivalence in Equation (7) holds using contradiction by showing the negation of its first argument
is impossible: F(X,Y) = F(X,A) A (Y # A). This implies that for an assignment for the variables in X,
there exist at least two assignments for the variables in Y satisfying the constraint F. As this contrasts with the
hypothesis that F(X, Y) is a total function, this negated equivalence cannot hold, and instead, Equation (7) must
be true. As both cases are now proven, Proposition 4.3 holds. ]

Notice that in the above proof, we did not exploit the fact that F is a total function constraint when b is assigned
to true. This observation is used in the next section to reformulate the half-reification of any global constraint.

5 Half-Reification With Auxiliary Variables

In this section, we introduce a generic reformulation for half-reified global constraints using auxiliary variables.
Compared to AuxFullReif-TF (3), the reformulation proposed in this section is not restricted to total function
constraints F(X, Y) but applies to any global constraint G(V). The reformulation works by introducing an auxil-
iary variable for each of the arguments of the global constraint and enforcing the global constraint with auxiliary
variables at the top-level of the constraint model. This results in the reformulation as given in Equation (8):

Reformulation of b — G(V) for any G (AuxHalfReif)
b—G(V)=GA)A(b— (V =A)) ®)

The logic behind this approach is the following: when the indicator variable is true, the auxiliary variables are
asserted to be equal to the original variables. Hence, if the domains of (A allow all solutions of G(V), the original
constraint holds. In any other case, the equivalence V = A on the right-hand side does not need to hold, and the
auxiliary variables in A are independent from V. Still, as G(A) is always enforced, we require the domains of
A to be chosen such that G(A) satisfies at least one solution.

In practice, we can check whether the original constraint admits a solution and copy the domains of the original
variables to the auxiliary variables. If the constraint does not admit a solution, we can simply enforce =5 without
posting the reification at all. Such pre-processing is common in modeling systems such as MiniZinc, Conjure or
CPMpy, where root-level propagation of a CP solver is used to simplify the constraint model before posting it to
the solver. We illustrate our reformulation using the ALLDIFFERENT constraint in Example 5.1.

Example 5.1 (Half-reification of ALLDIFFERENT). Consider the half-reification b — ALLDIFFERENT(X, Y, 2).
To reformulate this constraint, we introduce new auxiliary variables x’, y’, and z’, and use the constraint
ALLDIFFERENT(x, Y, 2’) A (b — (x =x’ Ay =y’ Az =2’)) instead of half-reifying the decomposition such as
b— (x #y Ax # z Ay # z). All original solutions are kept by copying the domains of the original variables.

This reformulation allows to post the half-reification of any global constraint to a CP solver that supports the
“top-level” global constraint, using its efficient propagator instead of decomposing it into smaller constraints. In
the following proposition, we fully state our reformulation and prove its correctness.
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PROPOSITION 5.2 (HALF-REIFICATION OF GLOBAL CONSTRAINTS). The half-reification of any global constraint
b — G(V) can be written as b — (G(A) AV = A), with A a set of auxiliary variables. By choosing the domains
of these variables in such a way that G(A) is satisfiable and they allow all solutions of G(V'), we can rewrite the
constraint further to G(A) A (b — (V = A)).

Proor. We first have to prove we can rewrite b — G(V) to b — (G(A) AV = A). We do this similarly to
the proof of Theorem 4.3, using case-analysis on the Boolean variable b.

b true: b—>G(V)=b—- (G(A)AV =A)
GV)=GA)AYV =A

b false: b— G(V)=b— (G(A) AV =A)

true = true

Next, we need to prove that b — (G(A) AV = A) is equivalent to G(A) A (b — (V = A))

b true: true = (G(A) AV = A) = G(A) A (true = (V = A))
GAANYV =A=GA)ANV=HA

b false : false > (G(A) AV = A) = G(A) A (false = (V = A))
true = G(A)

Thus, if we chose the domains of the auxiliary variables such that G(A) is satisfiable, this last equation also
holds and the reformulation is valid. O

We want to remark that this idea is not entirely new, and several expert modelers have employed this idea for
modeling specific half-reified global constraints.” However, to our best knowledge, this idea has not yet been
formalized or structurally implemented in any existing modeling system. Moreover, the performance of this
reformulation is not systematically evaluated. In Section 6, we investigate this reformulation in detail and show
how to minimize the overhead of the auxiliary variables. In Section 7 we discuss the propagation strength of this
reformulation, and in Section 8, we evaluate the efficiency of this reformulation compared to decomposing the
half-reification and to solver-level alternatives.

6 Reducing the Overhead of Auxiliary Variables

The previous section introduced a generic rewrite rule to model any half-reified global constraint without
decomposing it. AuxHalfReif (Eq. 8) brings the global constraint to the top-level of the constraint model by
replacing each argument of the constraint with an auxiliary variable, including those corresponding to a constant.
This would introduce many auxiliary variables for high-arity global constraints. In general, adding variables to a
constraint model is undesirable, as it may slow down the search due to more branching options or longer trails.
We examine two methods for minimizing the overhead of the auxiliary variables: minimizing the total number of
replaced variables and fixing the auxiliary variables during search when otherwise unconstrained.

3See for example: https://github.com/google/or-tools/issues/973#issuecomment-744434446 or Tips 5.3 and 7.2 of the Gecode manual (Schulte,
Tack, et al. 2010)
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6.1 Minimizing the Number of Auxiliary Variables

According to the last case of the proof for Theorem 5.2, the reformulated global constraint with auxiliary variables
should always be satisfiable. Our generic reformulation AuxHalfReif (8) complies with this requirement by
replacing every decision variable with a fresh auxiliary one. However, in practice, it may not be required to
replace all variables for the reformulation to be valid. Indeed, when the constraint at hand is a total relation
R(X,Y) (see Definition 3.4), we can replace only a subset of the variables, namely Y.

Minimal reformulation of b — R(X, Y) for total relation constraint R (AuxHalfReif-minimal)
b—G(V)=b—>RX,Y)=R(X,A)A(b—> (Y =A)) 9)

The intuition of this reformulation is similar to the case of full-reification of functional constraints. For any total
relation constraint R(X, Y), we can find at least one satisfying assignment to variables Y given any assignment
to X. Hence, if we chose the domains of the auxiliary variables A in our reformulation such that all solutions
of the original constraint are still valid, the reformulation is valid. Indeed, in that case we (1) allow all original
solutions of the global constraints for when the indicator variable is set to true and (2) as the constraint is a total
relation, the reformulation does not constrain the decision variables X, i.e., the solver will always find a solution
to R(X, Y) given any assignment to X. Below, we provide several examples of total relation constraints that can
benefit from such a minimal reformulation.

The MIN(X, y) constraint is a total function constraint which assigns the minimum of the values in X to
variable y. As a total relation is a generalization of a total function, clearly AuxHalfReif-minimal holds for this
constraint, and we can rewrite b — MIN(X, y) to MIN(X,y") A (b — (y =y’)) with y’ an auxiliary variable.

The open version of the GLoBALCARDINALITY(X, V,C) constraint is also a total function constraint, with
multiple variables being defined at once, compared to only a single “output” variable in the Min from the previous
example. X and C are sets of variables, and V is a set of values. The GLOBALCARDINALITY constraint is satisfied
when the number of occurrences of value v; in X is equal to the “counting” variable ¢;. Hence, these counting vari-
ables C are functionally defined by the variables X and V by the function ¢; = 3};_; ,, (x; = v;). Thus, for the refor-
mulation, we can write b — GLOBALCARDINALITY(X, V, C) to GLOBALCARDINALITY(X, V,C’) A (b — (C =("))
where the C’ is a set of freshly introduced auxiliary variables.

The ARGMIN(X, i) constraint is a total relational constraint as discussed previously. Indeed, given any values
for the variables in array X, we can find at least one index on which the variable with the minimum value is
located. Thus, to formulate the half-reification of this constraint, we can split up the variables to X = X and
Y = {i}. This leads to the following reformulation: ARGMIN(X, i) A (b — (i =1i’)) with i’ an auxiliary variable.

The CumuLaTIVE(S, D, H, ¢) constraint is often used in resource-constrained scheduling problems, and again
represents a total relation. The arguments of the CUMULATIVE constraint are sets of variables S, D, H which
represent the start, duration, and resource demand of a set of tasks. The argument c is a variable that represents
the capacity of the resource. The constraint is satisfied if the tasks are planned such that the concurrently
running tasks never exceed the available resource capacity. We notice a total relation between the variables
X ={S,D,H} and Y = {c}. Indeed, given any values for the start, duration, and height variables, we can always
find a capacity of the resource that allows that schedule of tasks. In particular, any value that allows all tasks to be
run concurrently on the machine will satisfy the constraint. Therefore, we can write a half-reified CUMULATIVE
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constraint as follows: CUMULATIVE(S, D, H,¢") A (b — (¢ =¢’)), if ¢’ is an auxiliary variable for which the upper
bound of ¢’ allows for scheduling all tasks concurrently.

6.2 Forcing Auxiliary Variables to a Dummy Solution

The previous section describes strategies to minimize the number of introduced auxiliary variables when refor-
mulating half-reified global constraints. The value of these auxiliary variables is determined by the semantics
of the global constraint, the values of the original variables, and the domain of the indicator variable in the
half-reification. Indeed, when the indicator variable is set to true, the global constraint acts as if it was enforced
at the top-level of the constraint model. Hence, the domains of the auxiliary variables will mirror the domains
of the original variables. Conversely, by setting the indicator variable to false, the auxiliary variables become
independent from the ones they replaced, and are only influenced by the propagator of the global constraint
G(A). Depending on the consistency level enforced by the propagator, this can lead to many branching decisions
until a satisfying assignment is found, thereby slowing down the solving process.

However, as the value of the auxiliary variables is irrelevant from a user-perspective, we can alleviate some of
the work done by the solver by fixing the auxiliary variables to a precomputed dummy solution «. This is shown
in AuxHalfReifDummy where « is an assignment of variables A that satisfies G.

Reformulation with dummy solution of b — G(V) for any G (AuxHalfReifDummy)
b->GV)=GAVANb—>(V=A)=GA)ADb—>(V=A)A(=b> (A=a)) (10)

AuxHalfReifDummy can be combined with AuxHalfReif-minimal (9). However, when replacing only a
subset of the variables, we have to be careful that by introducing a dummy solution « for the auxiliary variables,
we do not restrict the remaining original decision variables. For example, for functional constraints, introducing a
dummy solution is not possible when using a minimal reformulation, as the remaining original decision variables
uniquely define the value of the auxiliary variables.

In contrast, for total relation constraints, we can often combine both formulations. Consider the example of
ATMOSTNVALUE(X, n). Its half-reification b — ATMosSTNVALUE(X, n) is rewritten to ATMOSTNVALUE(X, n’) A
(b — (n =n")). Here, we can safely introduce the assignment a = {n’ +— |X|} using constraint =b — (n’ = |X]),
without impacting the decision variables X. Indeed, ATMoSTNVALUE(X, | X|) is always satisfied.

7 Propagation Strength

In the previous sections, we introduced a generic reformulation rule to model the half-reification of any global
constraint, without decomposing it. The question remains, however, how well this reformulation works in practice.
While Section 8 empirically answers this question, in this section we first investigate the propagation strength
of our reformulation. The propagation strength of a (global) constraint largely determines how efficiently a CP
solver can solve models containing such a constraint (Bessiere 2006; Bessiére 1994; Schulte and Stuckey 2008).
We now compare the propagation strength of our reformulation compared to when the solver has native support
for half-reified global constraints.

Remember from Equation (1b) that the half-reification of a constraint can propagate in the following two cases:

(1) When the value of the indicator variable is fixed to true (Equation (1a)), then the constraint must be satisfied.
This means that the reified constraint can now use its propagator directly, as if the global constraint were
at the top-level of the constraint model.

(2) When the reified constraint does not admit a solution, given the current domains of the decision variables
(i.e., when the propagator of the reified constraint fails), the value of the indicator variable is fixed to false.
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We discuss each of these two cases in the following two subsections.

7.1 Propagation Strength when b is True

For our reformulation, the first case of the half-reification propagator is equivalent to the native half-reification
propagator in Equation (1a). Indeed, given a domain consistent propagator for the EQUALSs constraint (i.e., V = A),
the domains of the auxiliary variables will be equal to the domains of the variables they replace. Formally,

fov)(D) = fo(a) (fv=a(D))

Thus, if the solver propagates until fix-point in each search node, the reformulated reified global constraint will
behave as if it were posted at the top-level of the constraint model whenever in the search tree the indicator
variable is fixed to true. This is identical to the first case of the reified propagator outlined in Equation (1a).

7.2 Filtering b to False

During search, the domains of the decision variables may be filtered such that the reified global constraint does
not admit a solution. However, in our reformulation, we use an EQUALS constraint in the reification, which always
admits a solution, except if the domains of the two variables it compares are disjoint. Therefore, our reformulation
is not equivalent to the native propagator of half-reified global constraints from a propagation point of view.
Indeed, while the propagator of the global constraint may detect there is no solution to the constraint given the
current domains, it is not always possible to detect this in our reformulation through the EQuALs constraint. We
illustrate this below with the ALLDIFFERENT constraint.

Example 7.1 (Propagation of reformulated ALLDIFFERENT). Consider the constraint b — ALLDIFFERENT(X, ¥, 2)
with domains D[x] = D[y] = D[z] = {1,2,3}. In a particular branch of the search tree, we encounter the
following domains: D[x] = D[y] = D[z] = {1, 2}. Given these domains, ALLDIFFERENT(x, y, z) cannot be satis-
fied, which will be detected by any domain consistent (or even bound consistent) propagator for ALLDIFFERENT.
Therefore, after invoking this propagator of ALLDIFFERENT, the half-reification propagator will filter the Boolean
indicator variable b to domain {false} following Equation (1b). Now we compare this to our reformulation.
Assume we copied the domains for our reformulation ALLDIFFERENT(X,y", 2" ) Ab — (x =x' Ay=y Az =2")
and thus the domains of the auxiliary variables are still D[x’] = D[y’] = D[z’] = {1, 2,3} in that same branch
of the search tree. In our reformulation, the reified EQUALS constraint (x = x’ Ay =y’ A z = 2’) can be satisfied
given these domains. Thus, the indicator variable will not be fixed to false when using the reformulation.

The example shows that in general, our reformulation has a weaker level of consistency compared to the native
implementation following Equation (1b). More precisely, whenever the following lemma is applicable, the native
implementation will filter the Boolean variable to {false} while our reformulation will not.

LEMMA 7.2. If there exists a set of domains D such that: (1) the propagator of G(V) fails (i.e., fo(v)(D) =0), (2)
the propagator for G(A) does not fail (i.e., fo(a) (D) = D’ # 0) and (3) the propagator for V = A does not fail
for the newly derived domains (i.e., fy-a(D") # 0), then AuxHalfReif has a weaker level of consistency compared
to the propagator in Equation (1b).

Proor. We prove this lemma by construction by filling in the domains in the half-reification propagator from
Equation (8) and in our reformulation.

o For the half-reified propagator: from condition (1) of the lemma, we know that the propagator of the global
constraint detects the constraint is unsatisfiable (i.e., fg(/) (D) = 0). Thus, trueis removed from the domain
of the Boolean indicator variable based on Equation 1b.
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e For our reformulation: from conditions (2) and (3), we know that the reified channeling constraint V = A
is satisfiable even after G(A) propagates. Hence, true cannot be filtered from the domain of the indicator
variable, and the solver cannot derive anything in the current search node. ]

The proposition below determines sufficient conditions on the propagators used in our reformulation, for
which the reformulation is equally strong compared to the native reified propagator.

PROPOSITION 7.3. Assume we have a total relation constraint with a domain consistent propagator R(X,Y), and
a domain consistent propagator for the EQUALS constraint. If Y = {y}, i.e, Y is a singleton set, then for any set of
domains D, it holds that

(frx.y) (D) =0) A (frex.) (D) = D) A (D" #0) = fy-a(D') =0

ILe., the conditions in Theorem 7.2 cannot be satisfied simultaneously and hence the reformulation has the same
propagation strength compared to the native implementation.

Proor. Let’s assume that the propagation function fr(x,y) (D) = 0. Given that R is a total relation constraint,
we can always construct domains for variables in A, such that R(X, A) admits a solution. Thus, after propagating
frx.2) (D) we obtain a new set of domains D’. Now, in the case where | Y| = 1, this means that DY = D[y]
and D' = Dl[a]. Additionally, it holds that for this new domain D’[a] € D[a] \ D[y]. Indeed, if some
v € D’'[a] N D[y] remained after propagating R(X, A), then by domain consistency it has a support x in D[X],
and the same tuple (x, y = a) would be a support for R(X, V), contradicting fr(x,v)(D) = 0. Therefore, it follows
that the domain of a after propagation are disjoint with the domains of y and thus fy_#(D’) = 0. ]

We now discuss the two sufficient conditions stated in the lemma in more detail.

Requirement of domain-consistency for R. A domain consistent propagator for R is required to guarantee the
proposition holds. The following example demonstrates how, for example, bound consistency may be insufficient.
Consider again the constraint ARGMIN([x1, X2, X3, x4], i), which is satisfied if i is assigned an index for which
x; is equal to the minimum value among the x variables. Using our minimal reformulation rule, the reification
b — ARGMIN([x1, X2, X3, X4], [) is rewritten to ARGMIN([x1, X2, X3, x4],i") A b — (i = i’). Assume we have
a bound consistent propagator for ARGMIN (Bessiere 2006), and the following set of domains x; € [0..4],
Xy € [5..6], x3 € [5..6], x4 € [0..4], i € [2..3] and i’ € [1..4]. For the original constraint, the propagator for
ARGMIN([x1, x2, x3, x4], i) Will determine that there is no solution possible. As a result, the Boolean indicator
variable is fixed to false. In our reformulation, no propagation on ARGMIN is possible with a bound consistent
propagator. Indeed, there is a solution for both the lower and upper bounds of i’. Additionally, i =i’ is satisfiable
as their domains have a non-empty overlap; hence the native implementation of the half-reified constraint
propagates more strongly compared to our reformulation.

Requirement of | Y| = 1. When a total relation has more than one “output” variable, then there is no guarantee the
proposition holds. As an example, consider the open version of GLOBALCARDINALITY([x1, X2], [1, 2, 3], [¢1, ¢z, c3])-
This is a total function constraint, with multiple functionally defined variables c;. Our reformulation of the half-
reified version of this constraint is GLOBALCARDINALITY( [x1, X2], [1, 2, 3], [a1, a2, as]) Ab — (c1 = ay)A(cy = az) A
(c3 = a3). Assume the domains of the variables are: D[x;] = D[x2] = [1..10], D[c1] = D[ez2] = Dles] = [1..2]
and D[a1] = Dlaz] = Dlas] = [0..2]. A propagator for GLOBALCARDINALITY can detect that the constraint
cannot be satisfied. Indeed, the sum of the counting variables can be at most 2, which is impossible given the
domains. Hence, the propagator for the half-reification will filter b to false. In our reformulation, in contrast,
(c1 = a1) A (c2 = az) A (c3 = as) is satisfiable, and no filtering will occur.

Journal of Artificial Intelligence Research, Vol. 86, Article 52. Publication date: August 2026.



52:16 « Bleukx, Verhaeghe, Tsouros & Guns

Note that while the two conditions in the lemma are sufficient for our reformulation to have the same propagation
strength as the native implementation, they are not necessary conditions. The precise propagation strength of
the reformulation depends on the exact implementation of the global constraint’s propagator. For example, if a
propagator for GLOBALCARDINALITY does not check the relation between the counting variables, the negative
example from above no longer holds, and the reformulation does have the same propagation strength as the
native half-reified propagator from Equation (1b). Indeed, in the experiments in Section 8, the reformulation for
GLOBALCARDINALITY achieves the same propagation strength as the custom half-reified propagator.

7.3 A Note on Checkers in Solvers

As proposed by Feydy et al. (2011) and shown in Equation (8), the propagator for the half-reification (global)
constraints can be implemented using the standalone propagator of the constraint to be reified. However, in
practice, solver developers use a constraint checker instead of using the propagator for checking if the constraint
is satisfiable given the current domains. This is done either because of implementation details of the solver or
because a checker algorithm is often faster compared to running the full propagator. However, for many global
constraints, it is difficult to implement an efficient algorithm that checks whether the given domains allow a
solution. Therefore, when the solver does not use the propagator to check if the constraint is satisfiable, it is
common to only check for this if all variables in the constraint’s scope are instantiated (Fages and Soliman 2012).
When this is the case, our model-level reformulation can actually be stronger compared to such a solver-level
implementation that waits for all variables to be instantiated. Naturally, our reformulation still requires that
the solver implements a strong checker for the EQuALs constraint. Such a checker for the EQuaLs constraint
is easy to implement, as it only needs to check whether the domains of two variables are disjoint. Hence, it is
implemented in most CP-solvers. In the following example, we provide an example where our reformulation can
propagate stronger compared to what is implemented in solvers in practice.

Example 7.4 (Constraint check of ALLDIFFERENT). Consider again the half-reification b — ALLDIFFERENT(x, y, z)
where the original domains of the decision variables are D[x] = D[y] = {1,2} and D|[z] = {1, 2,3,4}. This
constraint will be rewritten to ALLDIFFERENT(x,y’,2’) A b — (x =x" Ay =y’ A z = 2’) where the auxiliary
variables have the same domains as the decision variables they replace. After propagating the ALLDIFFERENT
constraint the domain of z’ is filtered to faiipiererent(x,y.27) (D) [2'] = {3, 4}.

Assume that during search, the domain of z is filtered to {1, 2} due to other constraints in the CSP. Now, the
ALLDIFFERENT constraint cannot be satisfied, and hence the indicator variable should be fixed to false. However,
because none of the decision variables are assigned to a value, a constraint checker as described above will
not report this. In contrast, we can easily check if the constraint z = z’ is satisfiable or not, by computing the
intersection of both domains, and hence, in our reformulation, b will be filtered to {false} in this setting.

8 Experimental Evaluation

We evaluate these reformulations of half-reified global constraints in different application domains and bench-
marks to answer the experimental questions listed below. For the first four, we focus on efficiency when solving
with half-reified global constraints, focusing on computing a Max-CSP solution or solving a problem with
compound constraints where global constraints occur as an argument to another expression.

EQ1 How does rewriting half-reified global constraints using auxiliary variables compare to decomposing
the half-reified global constraint in terms of runtime?

EQ2 How does a reformulation with a reduced number of auxiliary variables compare to replacing all
variables?
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EQ3  How does forcing the auxiliary variables to a dummy solution when the indicator variable is fixed to
false impact the runtime of the solver?

EQ4 How do our reformulations compare with solver-native support for half-reified global constraints?

EQ5  How does our reformulation impact the extraction of UNSAT cores from the solver in terms of runtime
and core-size?

Due to the limited support of reified global constraints by solvers, competitions such as the MiniZinc chal-
lenge (Stuckey et al. 2014) and XCSP3 competition (Audemard, Lecoutre, et al. 2024) rarely include instances
with them. Therefore, we introduce the following application domains used to answer the above experimental
questions.

Application 1: Compound constraints in positive context. The first setting of half-reified (global) constraints
that we consider is that of flattening complex expression trees. As discussed by Feydy et al. (2011), any Boolean
expression that occurs as part of a compound constraint, but in a positive context, can be flattened using half-
reification. That is, the subexpression can be replaced with a Boolean variable b, and the half-reification of the
expression can be added to the top-level of the constraint model. In this experiment, we measure the time the
solver spends to find a satisfying solution to the problem or prove that none exists in unsatisfiable instances.

Application 2: Weighted Max-CSP. The second setting we consider is that of computing a Max-CSP solution
of an unsatisfiable constraint program. More specifically, this application takes as input an UNSAT CSP, and
transforms this CSP into an optimization problem with reified (global) constraints. That is, given a partitioning
of the constraints in a CSP into soft (Cs) and hard constraints (Cy/), we compute an optimal solution to the
following problem:

maximize Z wy - by
seCs
subject to bs; —>s Vs €Cs

Cn

In this experiment, we use the length of the string-representation of each constraint as weight, and we measure
the time the solver takes to compute an optimal solution to the above problem. As discussed in the related works
section, specialized algorithms for computing Max-CSP solutions exist, some of which allow for fine-grained
penalties on violated constraints (De Givry 2023; Schiendorfer et al. 2018; van Hoeve, Pesant, et al. 2006). We
consider an all-or-nothing setting where each constraint in the CSP is either turned on or off by half-reifying
each constraint.

Application 3: Extracting an unsat core using assumption-based solving. Lazy-clause generation (LCG) solvers (Ohri-
menko et al. 2009) like Chuffed and OR-Tools CP-SAT hybridize CP’s constraint propagation with SAT solving.
This allows such solvers to support solving with assumption variables inherited from the underlying SAT
solver (Audemard, Lagniez, et al. 2013; Nadel and Ryvchin 2012). By considering the half-reification of each
constraint in the problem, we can activate a set of constraints by assuming their indicator variables to be true.
After solving, the solver can report a sufficient set of assumptions (a core) that causes the outcome to be UNSAT.
Many practical implementations of MUS-extraction techniques heavily rely on this technique, for example, to
warm-start the search of an MUS from a smaller core instead of starting from the full CSP (Nadel, Ryvchin, and
Strichman 2014a; van Helvert 2021; Wieringa 2014). In this experiment, we find such a core by assuming all
indicator variables to true before solving. We then measure both the time to prove the unsatisfiability and the
size of the solver-reported core.
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8.1 Benchmarks

In total, we use six benchmark sets to evaluate our reformulation. Set-game, RCPSP, and XCSP3 are well-known
benchmarks from the literature, and are used for comparison in general classes of problems.

We also used 3 artificially generated benchmarks, with randomly generated instances, to investigate our
reformulation in more detail. Specifically, we used Random-GCC, Random-AlIDiff, and Random-Cumulative,
which involve specific global constraints to cover the different cases (CUMULATIVE as a total relation constraint,
GLOBALCARDINALITY as a total function constraint, and AllDifferent as a general global constraint).

Set-game. We generate instances of the “set” game (Swearngin et al. 2011). In this game, the player is given a
deck of n cards with various shapes. We distinguish the cards using k attributes (e.g., number of shapes, color,
fill...) and each of these attributes can take v alternative values. The goal of the game is to find a “set” where for
each attribute, the values are either all different or all the same. We model this puzzle with s integer variables x;
which represent the card-indices forming the set. The input of the model is a n X k matrix C. This leads to the
following model after flattening, from which we generate 660 instances with varying s, v, n, and k.

ALLDIFFERENT(X1, X3, . . ., X5)
— ALLDIFFERENT(C|[x1, j],C[x2, j]...,Clxs, j]) ,¥j=1...k
bj.q — ALLEQUAL(C|xy, j],Clx2, j]...,Clxs, j]) ,¥j=1...k
diff eq o
bj Vbj Vi=1...k

diff
bj

RCPSP j60. We use 480 instances of the j60 class of Resource Constraint Project Scheduling Problem (RCPSP)
instances from the PSPLib website?. Each of these instances is made unsatisfiable by limiting the makespan to
70% of the lower bound reported on the PSPLib website. The models consist of CUMULATIVE constraints, and “<”
constraints to enforce precedences between tasks. In the Max-CSP benchmarks, we treat the constraint enforcing
the makespan to be better-than-optimal as a hard constraint, and all other constraints as soft.

XSCP3. We collected a total of 95 CSP instances from the UNSAT and optimization tracks of the XCSP3
competition series between 2022 and 2024. These models contain a variety of global constraints, including TABLE,
NEGATIVETABLE, REGULAR, ALLDIFFERENT, and CUMULATIVE constraints. The optimization instances are made
unsatisfiable by enforcing the objective value to be better-than-optimal. Section C provides details on which
global constraints are used in each of the instances.

Random-GCC.. We generate unsat CSPs containing GLOBALCARDINALITY(X, V, N) constraints. We follow a
similar approach to Bianco et al. (2019): given a pool of variables, we sample a subset of variables where each
variable has a 50% probability of being picked. Lastly, we determine |V| = |N| by sampling from a uniform
distribution [1..15] and sampling pairs of values and counts (v;, n;) such that the constraint can be satisfied. We
range the number of global constraints from 2 to 5, resulting in a total of 200 unsatisfiable instances.

Random-AlIDiff. Similar to the previous benchmark set, we construct unsatisfiable CSPs with randomly sampled
ALLDIFFERENT constraints. We generate a pool of variables varying from 10 to 50 variables, and each variable has
a 50% chance of being selected for each of the ALLDIFFERENT constraints. We range the number of constraints
between 10 and 20, resulting in a total of 335 unsatisfiable instances.

Random-Cumulative. The last randomly generated benchmark set contains CUMULATIVE constraints. We
generate between 20 and 60 tasks with durations ranging from 5 to 10 time units and resource demands ranging

4psplib.com
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from 1 to 5. We sample between 4 and 20 CUMULATIVE constraints, where each task again has a 50% probability
of being chosen for each constraint. This results in a benchmark set of 516 unsatisfiable instances.

8.2 Experimental Setup

We compare how rewriting half-reified global constraints performs to alternative strategies, such as decomposing
or direct solver support for the half-reification:

o A decomposition of the implied global constraint into primitive constraints (Decompose).

e Our method (Aux) where all variables have been replaced.

o The version that uses a minimal number of auxiliary variables (AuxMinimal).

o Both variants of the previous two settings, while adding a dummy solution when the indicator variable is
false (AuxDummy and AuxMinDummy).

o Native support (Native) for the half-reification of the global constraint if available.

As our reformulation introduces new variables in the problem, the branching heuristics of the solver are also
influenced. Therefore, apart from running each benchmark with the Default branching order, we also employ
two fixed branching orders: orig-bv and bv-orig. In orig-bv, we determine a fixed order in which all original
variables are branched on (based on the input order into the model), before the solver branches on the Boolean
indicator variables in the reformulation. Conversely, in bv-orig, we first branch on the indicator variables before
branching on the original variables. Both orders branch on the maximum value in the current domain of the
selected variable. In both search orders, the auxiliary variables are branched on last. The search orders bv-orig
and orig-bv force the solver to only use the first and second case of the half-reification propagator (Eq. (1a) and
Eq. (1b)) respectively.

We implemented our approaches on top of the CPMpy (Guns 2019) constraint modeling library v0.9.26 in Python
3.11. For solvers, we use OR-Tools CP-SAT (Perron and Furnon 2022) version 9.14, the Choco solver (Prud’homme
et al. 2016) version 4.10.17, and the commercial solver CP-Optimizer v.22.1.1.0. As all code is written in Python,
each solver is accessed through CPMpy and its Python interface (pychoco v.0.2.3 and docplex v.2.29.245). All
solvers are set to work in single-threaded mode.

Of the solvers used, only Choco has native support for the half-reification of each global constraint in our
benchmarks. Choco implements half-reification as described in Section 7. CP-Optimizer supports native reification
for a subset of its global constraints. For our benchmarks, this is only for the ALLDIFFERENT constraint.

The experiments were run on Ubuntu 20.04 LTS on a single core of an Intel(R) Xeon(R) Silver 4214@2.2Ghz
with 128GB of RAM. For each experiment, we employ a time-out of 15 minutes. All code required to reproduce
the experiments is available online: https://github.com/ML-KULeuven/Half-reified-global-constraints

8.3 EQ1: Reformulation vs Decomposing

In this first experimental question, we are interested in the runtime performance of the solver when using our
reformulation rather than decomposing the half-reification, as is currently done in modeling systems.

We focus on Figures 2 to 6, using a default search order. Both for solving with compound constraints and solving
a Max-CSP problem with half-reified constraints, our reformulation consistently outperforms the decomposition
approach. For example, in RCPSP benchmark (Fig. 3), OR-Tools can solve 72 instances more using our reformulation
compared to using the task-decomposition of the CUMULATIVE constraint (Schutt, Feydy, Stuckey, and M. Wallace
2009). Moreover, the instances solved by both the reformulation and the decomposition are completed 10-100
times faster by the former. Similarly, for the Random-GCC benchmark with the CP-Optimizer solver (Fig. 4),
the solver was able to solve all instances within 1s using our reformulation, while the instances using the
decomposition of the GLOBALCARDINALITY constraint took up to 1000 times longer. This trend also continues for
the Random-AllDiff and Random-Cumulative benchmarks (Figs. 5 and 6), where the decomposition approach
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solves only a fraction of the instances compared to models using our reformulation. One exception is the results
in Figure 4, showing the results for Choco on the Random-GCC benchmark. Here, the difference between our
reformulation and the decomposition is less clear compared to the result for CP-Optimizer, as the propagation
function implemented for GLoBALCARDINALITY in Choco has a weaker level of consistency compared to the
propagator implemented in CP-Optimizer. Still, we can overall conclude that using our reformulation significantly
speeds up solving compared to using the decomposition.

OR-Tools - Set-game CP-Optimizer - Set-game Choco - Set-game
Flattening - search = default Flattening - search = default Flattening - search = default

° kg Vi
g 6001 == Decompose — = Decompose ,’ J == Decompose S
@ 500/ = Aux 4 = Aux ,l o = Aux ;
0 V2 / / /
9 —— AuxDummy it = AuxDummy ! —— AuxDummy 7
g 400 L ——. Native Iy —— Native '
JJ" 4
2300 /
[T J
© 200
C
2
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>
Z 9 : . : : — . . . r . . .

1072 107! 10° 10* 102 102 107t 10° 10! 102 1072 107t 10° 10! 102
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Fig. 2. Results for solving models with compound constraints after flattening using different solvers. OR-Tools does not
support native reification of global constraints. Aux and AuxDummy overlap for both OR-Tools and Choco.
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Fig. 3. Results for solving the Max-CSP problem on the RCPSP benchmark using different solvers.
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Fig. 4. Results for solving the Max-CSP problem on the Random-GCC benchmark using different solvers.
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Fig. 5. Results for solving the Max-CSP problem on the Random-AlIDiff benchmark using different solvers.
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Fig. 6. Results for Solving a Max-CSP problem for different benchmarks and solvers

8.4 EQ2: Minimal Reformulation vs Replacing All Variables

In this second experimental question, we compare two versions of our reformulation: when replacing all variables
with an auxiliary, and when replacing only the Y set for total relation constraints. We first focus on the results
with a default search order in Figures 2 to 6. Here, we only notice a significant difference between replacing
all variables and replacing only Y in the RCPSP benchmark when running with OR-Tools. Indeed, for this
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Fig. 7. Runtime for solving a Max-CSP problem for different benchmarks when branching on the original variables first. For
the Random-GCC and Random-Cumulative, Aux and AuxDummy overlap, as does AuxMinimal and AuxMinDummy.
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Fig. 8. Runtime for solving a Max-CSP problem for different benchmarks when branching on the indicator variable first. Aux
and AuxDummy overlap for all benchmarks. For the Random-GCC and Random-Cumulative benchmarks, also minimal
variants AuxMinimal and AuxDummy overlap with the other series.

benchmark, the solver is able to solve 308 instances using AuxMinimal compared to 252 instances when
replacing all variables (Aux). For other solvers and benchmarks, the effect is less noticeable. Interestingly, for
CP-Optimizer the performance of the reformulation actually degrades when using the minimal reformulation.
Indeed, the minimal reformulation performance similar to the decomposition of the CUMULATIVE constraint. As
CP-Optimizer is a closed-source commercial solver, we cannot be certain why exactly this happens, though it is
likely due to optimizations implemented to scheduling-specific constraints such as CUMULATIVE.

We now turn our attention to Figures 7 and 8 where the branching order is fixed during search. Here, we do
notice a clear difference between our minimal reformulation in both the Random-GCC and Random-Cumulative
benchmarks. Indeed, for the Random-GCC benchmark, when branching on the original variables first (Fig. 7),
the performance of our minimal reformulation is identical to the native implementation, and more than double
the instances are solved using AuxMinimal over Aux. The same results hold for the Random-Cumulative
benchmark, where replacing only the capacity variable results in an additional 81 instances solved to optimality.

8.5 EQ3: Forcing the Auxiliary Variables to a Dummy Solution

We now investigate the effect of adding an additional constraint that fixes the auxiliary variables during search,
as described in Section 6.2. As expected, this does not have any effect on the runtime of the solver when fixing
the search strategy, as shown in Figures 7 and 8. Indeed, as the auxiliary variables are pushed down in the search
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tree by these fixed search orders, the addition of the dummy solution does not affect the solver’s behaviour. Still,
for the Random-AlIDiff benchmark, we notice a slight decrease in performance, as the model contains more
constraints when adding the dummy solution, and thus more work is done in each of the search nodes.

In contrast, when using the default search order of the solver, Choco clearly benefits from adding this dummy
solution to the model in the ALLDIFFERENT benchmark (Fig. 5). This also holds for CP-Optimizer on that same
benchmark, where the solver can solve a similar number of instances compared to the “basic” reformulation Aux,
but it does so in a fraction of the time. Similarly, Choco benefits from adding a dummy solution for the auxiliary
variables for the Random-GCC benchmark, as the propagator implemented in Choco has a relatively weak level
of consistency compared to, for example, CP-Optimizer. Therefore, the solver requires many branching decisions
on the auxiliary variables before finding a satisfying solution to the top-level GLOBALCARDINALITY constraint
posted to the solver when using our reformulation Aux.

For all other solvers and benchmarks, the effect of AuxDummy over Aux is negligible, and we can conclude
the default branching heuristics implemented in modern CP-solvers work well for avoiding branching on these
auxiliary variables introduced by our reformulation.

8.6 EQ4: Reformulation vs Solver-Native Reification

In this fourth experiment question, we investigate the performance of our reformulation compared to when the
solver natively supports the half-reification of the global constraint. As discussed in Section 7, our reformulation
in general has a weaker level of consistency compared to the native propagator. Our experiments also confirm this,
for example, in the Set-game in Figure 2, the native reformulation consistently outperforms our reformulation for
both CP-Optimizer and Choco. However, across many benchmarks, the solver-native reification performs similarly
to, or even worse than, our reformulation. Consider, for example, the Random-AlIDiff benchmark in Figure 5. Here,
using our best reformulation (green series) results in more instances solved compared to using the solver-native
reified ALLDIFFERENT constraints. The main reason for this behaviour is the way Choco implements its checker for
the ALLDIFFERENT constraint. As discussed in Section 7.3, the checker for this particular constraint is only enabled
when all variables are instantiated. Hence, failure of the reified constraint is sometimes detected earlier using
our reformulation compared to the native implementation. We notice similar behaviour for the Random-GCC
benchmark in Figure 4. Here, our reformulation slightly outperforms Choco’s native implementation for reified
GLOBALCARDINALITY constraints. This is because their checker does not detect when the counting variables do
not sum to the number of variables in the constraint. As discussed in Section 7, this means our reformulation can
have an equal or better propagation strength compared to the native half-reified propagator.

We now compare the propagation strength of our reformulation to a solver-level implementation by fixing the
search order. Consider the results for the ALLDIFFERENT benchmark while branching on the original decision
variables first (Fig. 7). Here, we notice that both the native implementation and even the decomposition clearly
outperform our reformulation. This is to be expected as our reformulation does not model the negation of the
global constraint. As discussed in Section 7, this results in fewer cases where the solver can detect failure of
the reified constraint. Conversely, the binary decomposition of the ALLDIFFERENT constraint does model the
negation. Indeed, the ALLDIFFERENT constraint is only unsatisfied if at least one of the ‘#’ constraints in the
decomposition is unsatisfied.

In Figure 8, we first branch on the indicator variables in the half-reifications. Therefore, we evaluate how
the first case of the half-reified propagator (Equation (1a)) compares to our half-reification. As expected from
the discussion in Section 7, the solve-time using our reformulation is almost identical to using Choco’s native
half-reification propagators. Any differences in the plots are due to more constraints being posted in the solver,
and the small overhead introduced when reformulating the global constraint.
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When comparing across solvers, we clearly see the advantage of using a model-level reformulation. Consider,
for instance, the Random-Cumulative benchmark. Here, Choco was able to solve 317 instances with the native
reformulation, whereas CP-Optimizer and OR-Tools were able to solve 537 and 530 instances using our reformu-
lation. This is in contrast with only 277 and 80 instances solved using the decomposition of CumuLATIVE. Hence,
by using our reformulation, these problems can now be solved faster using CP-Optimizer or OR-Tools compared
to what was possible before, even when using a solver with native support for half-reified global constraints.

8.7 EQb5: Effect on UNSAT-Core Extraction

In this final experiment, we investigate our reformulation rule in the context of extracting an UNSAT core using a
lazy-clause generation solver such as OR-Tools. Such an unsat core is often used in the context of MUS-extraction
algorithms where (CP-)solvers are used as an oracle (Bleukx, Guns, et al. 2024; Wieringa 2014). Naturally, these
algorithms benefit from a fast runtime of the solver, but also the size of the solver-reported core can have an
impact on the overall runtime of the “main” MUS-algorithm. We now investigate these metrics in detail when
using our reformulation.

Figure 9 shows that our reformulations also outperform the current approach of decomposing the half-reified
global constraint. While this is less noticeable in the XCSP3 benchmark, for both Random-AllDiff and Random-
Cumulative, a clear difference between Aux and Decompose is visible. Indeed, for the Random-AllDiff benchmark,
OR-Tools was able to solve all 550 instances within 5s of runtime, using our reformulation, whereas the binary
decomposition of ALLDIFFERENT resulted in only 110 instances solved within the time limit of 900s. Interestingly,
some instances are solved in the Random-Cumulative benchmark with the decomposition but are not solved
using any of our reformulations. This is likely due to optimizations in the presolve functionality of OR-Tools,
where the value of assumption literals are not taken into account at this time of the solving process.
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Fig. 9. Runtime for extracting an unsatisfiable core on different benchmarks.

For the second metric, we compare the size of the solver-reported core after it determined the model was
UNSAT. In general, a solver-reported core is a subset of the “assumption variables” set by the user (Marques-Silva,
Lynce, et al. 2021). In our setting, this means the solver-reported core consists of a set of indicator variables from
the half-reification constraints. The exact set of assumption variables that end up in the core is influenced by
(1) the clause-learning mechanism of the solver and (2) the constraints that are propagated before reaching a
conflict in the search tree. This second aspect is influenced by our reformulation. Indeed, as the solver can now
use its global constraint propagator, the number of constraint propagation calls required to reach a conflict can
be substantially reduced. The effect is clearly visible in Table 2 where we report the size of the solver-reported
core after the solve-call has finished. For the Random-AllDiff benchmark, the effect is most noticeable, where the
solver-reported core consists of only 1.45 constraints on average. In contrast, the solver reported a core of size
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9.87 when using the binary decomposition of ALLDIFFERENT. Similarly, for the Random-Cumulative and XCSP3
benchmarks, the size of the core is reduced from 7.46 to 2.33 and from 112.95 to 99.60 constraints, respectively.

Overall, we can conclude that our reformulation has a positive effect on both the runtime of the solver and on
the size of the solver-reported core when solving under assumptions.

Table 2. Size of solver-reported core after solving under assumptions

Random-AlIDiff | Random-Cumulative XCSP3

mean std mean std mean std
Decompose 9.87 2.59 7.46 3.06 112.95 201.27
Aux 1.45 1.76 2.35 4.19 107.26 164.58
AuxMinimal - - 2.33 4.16 107.17 164.59
AuxDummy 1.49 1.94 2.36 4.23 99.68 147.42
AuxMinDummy - - 2.33 4.17 99.60 147.44

9 Conclusion and Future Work

We introduced and formalized several simple model-level reformulations for half-reified global constraints. These
reformulations allow for solving any model with half-reified global constraints by any CP-solver that supports the
top-level (non-reified) global constraint. Crucially, our reformulations avoid decomposing the global constraint
and instead rewrite it by introducing auxiliary variables and a reified channeling constraint. Therefore, we can
still use the efficient global constraints found in CP solvers during search, when the Boolean indicator variable of
the half-reification is assigned to true.

In an extensive experimental evaluation covering several benchmarks and applications of half-reified global
constraints, we have shown that our reformulation speeds up the solving process by several orders of magnitude
compared to reifying the decomposition. Moreover, for some total-function and total-relation constraints, we
have shown that our reformulation, both theoretically and empirically, matches the native half-reification
propagator as proposed by Feydy et al. (2011) and implemented in the Choco solver. Additionally, when the
solver implements half-reification using a checking algorithm instead of using the constraint propagator, our
model-level reformulation can even outperform a solver-level implementation of half-reified global constraints.

Our work enables the use of half-reified global constraints for any solver supporting that global constraint.
Hence, XCP-related techniques, or solving CSPs with nested global constraints, can now make efficient use of
any existing solver rather than relying only on solvers that natively support reified global constraints. Moreover,
due to significant runtime improvements, techniques such as MUS-extraction that make heavy use of half-reified
constraints can now be applied to much larger and complex models that contain global constraints.

The main downside of our model-level reformulation compared to a solver-level specialized propagator is that
our general reformulation cannot filter the Boolean indicator variable to be false when the reified constraint fails.
While this is irrelevant for some applications (e.g., unsat core extraction using lazy-clause generation solvers),
we believe future improvements can further enhance this aspect of our reformulation. As mentioned in the
experiments, the decomposition of global constraints typically does model the negation of the global constraint
as well. Hence, we could combine (a subset of) a decomposition of a global constraint with our reformulation.
For example, while posting the full n? binary decomposition of a ALLDIFFERENT constraints is unwanted, we
can reify a subset of the “#” constraints and post this alongside our reformulation. Such a decomposition would
act as redundant constraints in the model, but can improve the runtime of the solver. Still, this would require
fine-grained information about both the global constraint in question and the decomposition used. In contrast,
the reformulations we proposed are generic and work for any global constraint in the global constraint catalog.
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A Solver Support for Global Constraints

In the table below, we summarize which solvers have support for the global constraints considered in this paper.
A V indicates the solver supports the global constraint at top-level of the constraint model. — means the solver
has support for the half-reification of the global constraint.

Table 3. Solver support for different global constraints.

Solver ‘ OR-Tools ‘ Choco ‘ CP-Optimizer
ALLDIFFERENT ‘ v ‘ v, = ‘ VR
CUMULATIVE | v | V.= | V4
CIRCUIT | v | V.- | v
GLOBALCARDINALITY | | v, | N4

B Tabular Results

Table 4 summarizes the number of finished instances for each of the benchmarks, in each of the application

settings. Note that not all reformulation variants are compatible for all global constraint types (e.g., AuxMinimal

is not applicable for ALLDIFFERENT. Additionally, the Set-game benchmark is only applicable for the setting of

“just solving” the model, as the half-reified global constraints arise naturally in the model during flattening.
Table 5 summarizes the number of finished instances by Choco for each of the benchmarks, for all variants of

our reformulation, and different search orders.
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Table 4. Number of finished instances for all benchmarks and solvers with default search order

Set RCPSP GCC Alldiff Cumulative XCSP
Flattening | MaxCSP | MaxCSP | MaxCSP  Assump | MaxCSP  Assump | Assump
Solver Variant
OR-Tools Decompose 513 236 - 110 110 277 513 85
Aux 628 252 - 317 550 534 499 91
AuxDummy 629 263 - 323 550 537 498 89
AuxMinimal - 308 - - - 534 499 92
AuxMinDummy - 308 - - - 533 501 90
CP-Optimizer Decompose 633 218 184 110 - 80 - -
Aux 640 254 200 140 - 495 - -
AuxDummy 640 260 200 142 - 530 - -
AuxMinimal - 224 200 - - 504 - -
AuxMinDummy - 222 - - - 509 - -
Native 641 - - 142 - - - -
Choco Decompose 641 0 99 110 - 49 - -
Aux 641 131 86 132 - 356 - -
AuxDummy 641 163 142 168 - 357 - -
AuxMinimal - 173 97 - - 362 - -
AuxMinDummy - 175 - - - 369 - -
Native 641 135 132 146 - 317 - -

Table 5. Number of finished instances by Choco for all benchmarks with different search orders

Random-AllDiff | Random-Cumulative | Random-GCC
MaxCSP MaxCSP MaxCSP
Solver  Search order Variant
Choco  bv-orig Decompose 94 43 4
Aux 142 250 41
AuxDummy 142 250 41
AuxMinDummy - 250 -
AuxMinimal - 250 41
Native 142 240 46
orig-bv Decompose 110 42 1
Aux 54 158 15
AuxDummy 54 158 14
AuxMinDummy - 239 -
AuxMinimal - 239 33
Native 110 45 37

C Overview of Instances in XCSP3 Benchmark
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Table 6. Overview of constraints present in XCSP3 instances

£ § §
§ 3 5 g 7 ¥ 8§
§ 5§ & 5§ & & £ 5§ F

S S & S N N &

s 5§ £ g § s S s & 8

Instance < o 5 S < < < & & &
AntimagicSquare-03_c23 2 0 0 0 0 0 0 0 0 0
AztecDiamondSym-03_c24 0 0 0 0 0 0 0 0 24 0
BeerJugs-dec-01_c23 0 0 0 0 0 0 0 0 0 70
BeerJugs-dec-07_c23 0 0 0 0 0 0 0 0 0 70
BinPacking-nlclwla_c24 0 0 0 232 0 0 0 0 0 0
BinPacking-table-nlclwla_c24 0 0 0 232 0 0 0 0 0 29
BinPacking2-nlclwla_c24 0 0 0 0 0 0 0 0 0 1
Cargo-02-0s-1139_c24 0 3 0 0 0 0 1 0 0 0
Cargo-04-1s-626_c24 0 3 0 0 0 0 1 0 0 0
Cargo-05-1s-954_c24 0 3 0 0 0 0 1 0 0 0
Cargo-06-1s-3927_c24 0 3 0 0 0 0 1 0 0 0
Cargo-07-1s-133_c24 0 3 0 0 0 0 1 0 0 0
Cargo-09-1s-18_c24 0 3 0 0 0 0 1 0 0 0
Cargo-10-15966f-2060_c24 0 3 0 0 0 0 1 0 0 0
Cargo-22_c24 0 3 0 0 0 0 1 0 0 0
CarpetCutting-test01_c23 0 2 0 3 0 0 1 0 0 0
CarpetCutting-test02_c23 0 2 0 2 0 0 1 0 0 0
CarpetCutting-test03_c23 0 2 0 3 0 0 1 0 0 1
CarpetCutting-test04_c23 0 2 0 5 0 0 1 0 0 1
CarpetCutting-test05_c23 0 2 0 5 0 0 1 0 0 1
CarpetCutting-test10_c23 0 2 0 13 0 0 1 0 0 1
CarpetCutting-test11_c23 0 2 0 3 0 0 1 0 0 0
CarpetCutting-test16_c23 0 2 0 5 0 0 1 0 0 1
Charlotte-06-0_c24 31 0 0 36 0 0 0 0 237 0
Charlotte-06-1_c24 31 0 0 36 0 0 0 0 237 0
Charlotte-06-2_c24 31 0 0 36 0 0 0 0 237 0
FastMatrixMultiplication-2-2-2-04 0 0 0 0 0 0 0 0 0 0
FastMatrixMultiplication-2-2-2-05 0 0 0 0 0 0 0 0 0 0
FastMatrixMultiplication-table-2-2-2-04 0 0 0 0 0 0 0 0 256 0
FastMatrixMultiplication-table-2-2-2-05 0 0 0 0 0 0 0 0 320 0
FoolSolitaire-dec2-3-0 0 0 0 0 29 0 0 0 30 1
HCPizza-10-10-2-6-00_c23 0 0 0 428 0 0 0 0 0 428
HCPizza-12-12-2-6-00_c23 0 0 0 543 0 0 0 0 0 543
HCPizza-12-12-2-6-01_c23 0 0 0 618 0 0 0 0 0 618
HCPizza-12-12-2-6-02_c23 0 0 0 502 0 0 0 0 0 502
HCPizza-15-15-2-7-00_c23 0 0 0 1211 0 0 0 0 0 1211
HCPizza-15-15-2-7-01_c23 0 0 0 1276 0 0 0 0 0 1276
HCPizza-15-15-2-7-02_c23 0 0 0 1136 0 0 0 0 0 1136
HCPizza-20-20-2-8-00_c23 0 0 0 3635 0 0 0 0 0 3635
HCPizza-20-20-2-8-01_c23 0 0 0 3834 0 0 0 0 0 3834
HCPizza-20-20-2-8-02_c23 0 0 0 3650 0 0 0 0 0 3650
Hsp-10405_c23 1 0 0 0 0 1 0 0 0 1
Hsp-11406_c23 1 0 0 0 0 1 0 0 0 1
Hsp-12407_c23 1 0 0 0 0 1 0 0 0 1
Hsp-13408_c23 1 0 0 0 0 1 0 0 0 1
Hsp-14409_c23 1 0 0 0 0 1 0 0 0 1
Hsp-15410_c23 1 0 0 0 0 1 0 0 0 1
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Table 7. Overview of constraints present in XCSP3 instances (continued)

Instance

4
lDIPFQR
N
?

Vs
1\/00%41
v

No
(0]
Vé‘ﬁ'z 4 22,

Z
43 13

Hsp-aux-10405_c23
Hsp-aux-11406_c23
Hsp-aux-12407_c23
Hsp-aux-13408_c23
Hsp-aux-14409_c23
Hsp-aux-15410_c23
Hsp-table-10405_c23
KidneyExchange-4-041_c23
KidneyExchange-4-051_c23
KidneyExchange-4-061_c23
KidneyExchange-4-071_c23
KidneyExchange-4-081_c23
LitPuzzle-10_c24
LitPuzzle-15_c24
MaximumDensityOscillatingLife-5-2_c24
MaximumDensityOscillatingLife-6-2_c24
MisteryShopper-4-06-1-6-0_c24
MisteryShopper-4-06-2-6-0_c24
MisteryShopper-5-08-1-6-0_c24
MisteryShopper-5-08-2-6-0_c24
MisteryShopper-5-10-2-6-0_c24
MisteryShopper-5-10-3-6-0_c24
MisteryShopper-6-12-3-6-0_c24
NonTransitiveDice-08-08-3 ¢23
NonTransitiveDice-10-10-3_c23
ProgressiveParty-rally-red12-05_c23
ProgressiveParty-rally-red12-07_c23
RIP-25-0-j060-01-01_c23
RIP-25-0-j090-01-01_c23
RIP-25-0-j120-01-01_c23
RIP-25-2-j060-20-01_c23
RIP-25-2-j090-20-01_c23
RubiksCube-10-4-20-0_c24
RubiksCube-10-4-20-3_c24
RubiksCube-11-4-20-0_c24
RubiksCube-11-4-20-3_c24
RubiksCube-12-4-20-1_c24
SocialGolfers-06-06-07_c24
SocialGolfers-cnt-06-06-07_c24
Sonet-s2ring02_c23
StillLife-05-05_c24
StillLife-08-08_c24
StillLife-08-10_c24
StillLife-wastage-05-05_c24
Subisomorphism-g34-g36_c24
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Table 8. Overview of constraints present in XCSP3 instances (continued)

£ & §
§ 3 5 g 7 ¥ 8§

§ § & 5§ & & §& 5 °F

Sy S & S N N &)

g 5 &£ & 5 s S & & &
Instance < @) 5 & < < < & &K &
TestScheduling-t020m10r03-1_c24 0 1 0 2 0 3 0 0 0 0
TestScheduling-t020m10r05-1_c24 0 1 0 5 0 5 0 0 0 0
TestScheduling-t020m10r10-1_c24 0 1 0 2 0 4 0 0 0 0
TestScheduling-t030m10r03-1_c24 0 1 0 4 0 3 0 0 0 0
TestScheduling-t030m10r05-1_c24 0 1 0 7 0 5 0 0 0 0
TestScheduling-t030m10r10-1_c24 0 1 0 3 0 10 0 0 0 0
TestScheduling-t030m20r03-1_c24 0 1 0 8 0 3 0 0 0 0
TestScheduling-t030m20r05-1_c24 0 1 0 5 0 5 0 0 0 0
TestScheduling-t050m10r03-1_c24 0 1 0 10 0 3 0 0 0 0
TestScheduling-t050m10r05-1_c24 0 1 0 8 0 5 0 0 0 0
TestScheduling-t050m10r10-1_c24 0 1 0 11 0 10 0 0 0 0
TestScheduling-t050m20r03-1_c24 0 1 0 8 0 3 0 0 0 0
TestScheduling-t100m10r03-1_c24 0 1 0 17 0 5 0 0 0 0
TestScheduling-t100m20r03-1_c24 0 1 0 15 0 3 0 0 0 0
TestScheduling-t100m20r05-1_c24 0 1 0 23 0 5 0 0 0 0
TravelingTournament-galaxy04_c24 6 0 0 28 0 0 0 4 28 0
WordGolf-4-0gd2008-50-0_c24 0 0 0 0 0 0 0 0 0 2
WordGolf-4-0gd2008-50-3_c24 0 0 0 0 0 0 0 0 0 2
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