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In this paper, we present a general framework for ranking sets of arguments in abstract argumentation frameworks based on
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argumentative reasoning. The combination of these base relations provides us with a family of extension-ranking semantics.
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1 Introduction

Formal argumentation (Atkinson et al. 2017) is concerned with models of rational decision-making based
on representations of arguments and their relations. A particularly important approach is that of abstract
argumentation frameworks (AF) (Dung 1995), which represent argumentative scenarios as directed graphs. Here,
arguments are identified by vertices, and an attack from one argument to another is represented as a directed
edge. Reasoning is usually performed in abstract argumentation by considering extensions, i.e., sets of arguments
that are jointly acceptable, given some formal account of “acceptability”. One way to determine the acceptability
of a set is to look at the internal conflicts of this set. A set of arguments is considered “acceptable” if it is internally
consistent, so that no two arguments within a set attack each other. Another concept to establish the acceptability
of a set of arguments is admissibility, which states that a set is only acceptable if it can defend itself against any
threat. Acceptability concepts such as admissibility give rise to extension semantics. These semantics distinguish
between “acceptable” sets of arguments and “non-acceptable” sets of arguments.
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Fig. 1. AF F; from Example 1.

The binary classification inherent in extension semantics proves overly restrictive, particularly when the goal
is to compare sets of arguments based on their acceptability. This limitation becomes evident when examining
more nuanced scenarios, such as the law example detailed below (for the formal definitions, see Section 2).

ExXAMPLE 1. John is the prime suspect in a murder case and possesses an alibi for the time of the crime. A witness,
Jack, claims having seen John at the crime scene. However, it is later revealed that Jack was intoxicated, rendering
his testimony unreliable and subject to scrutiny. This scenario can be modelled using an abstract argumentation
framework F; = ({g,a,s},{(a,g9), (s,a), (s,s)}) where:

e g represents the argument “John is guilty”,
e a represents the argument “John has an alibi”,
o s represents the argument “John was seen at the scene of the crime”.

In this framework, the argument g is attacked by a, and a is attacked by s. Notably, s is unreliable and therefore
attacks itself. The corresponding AF is depicted in Figure 1. The judge decides which position is most plausible. John
is either guilty or not, implying that g is either part of an acceptable set or not. When comparing the two positions of
{a} and {g, s}, the judge concludes that neither set is acceptable with respect to admissibility. This is because neither
set can defend itself against its attackers. However, while the set {a} does not defend itself against the attack of s,
at least this set has no internal conflicts. In contrast, the set {g, s} has an internal conflict due to the self-attacking
nature of s.

In Example 1 above, we observe an order between two non-acceptable sets. The set {a} is “closer” to being
acceptable than the set {g, s}. Extending this analysis, we examine the relationship with the set {a, g, s}. Both {g, s}
and {a, g, s} share one conflict (the self-attack of s), but {a, g, s} has additional conflicts. Consequently, {g, s} is
considered “closer” to being acceptable than {a, g, s}, and similarly, the set {a} is also “closer” to being acceptable
than {a, g, s}. This establishes an order for these sets based on their plausibility of acceptance. The above example
highlights the need for a more fine-grained evaluation beyond the binary classification of extension semantics.

In the literature (Amgoud and Ben-Naim 2013; Amgoud, Ben-Naim, et al. 2016; Bonzon et al. 2016b; Grossi and
Modgil 2019; Yun et al. 2018), we can find a number of approaches to determine the relative degree to plausibly
accept an individual argument. These approaches, known as argument-ranking, graded or gradual semantics,
associate each abstract argumentation framework with an ordering of arguments according to their relative
degrees of justification, strength or plausibility. However, the plausibility of acceptance of each argument cannot
be directly used to infer the plausibility of acceptance of a set of arguments, because these approaches do not
facilitate the representation of a set of arguments as “jointly” acceptable. Specifically, two arguments with a high
degree of plausibility to be accepted may not be accepted simultaneously if they are in conflict with each other.

In this paper, we introduce the notion of extension-ranking semantics to provide a more fine-grained evaluation
than binary classification, by ranking sets of arguments according to their acceptance. Such rankings are useful
for decision-making under constraints, where we need solutions (typically represented by extensions of an
argumentation framework) that satisfy constraints that may not be satisfiable by the set of arguments under an
extension semantics. In such a situation, we can select the most plausible set of arguments among those that
satisfy the constraints. Another application is belief dynamics (Booth, Kaci, et al. 2013; Coste-Marquis et al. 2014;
Diller et al. 2018), where rankings over sets of arguments can be used as a relation of epistemic entrenchment.
Moreover, unlike argument-ranking semantics, we properly generalise extension semantics, in the sense that the
set of most plausible sets is the set of extensions under a traditional semantics.
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We contribute to the research question of ranking sets of arguments by generalising extension semantics,
which allows us to state whether one set is, e. g., “more admissible” than another. More precisely, the main
contributions of this paper are as follows.

e We present extension-ranking semantics , which maps an argumentation framework AF to a preorder 2%,
over all sets of arguments. Intuitively, for two sets E and E” of AF with E 37, . E’ we say that E is at least as
plausible to be accepted as E” wrt. 7. We will show later that any extension semantics can be defined in
terms of an extension-ranking semantics, however, the general framework of extension-ranking semantics
is more expressive than that.

o We define a set of principles for evaluating and developing new approaches to extension-ranking semantics.
These principles are all modelling aspects that an intuitively well-behaved extension-ranking semantics
should satisfy.

o We develop very general approaches to rank sets of arguments by splitting central aspects of argumentative
reasoning into conceptually simple base relations and aggregating these relations to establish the plausibility
of acceptance of each set, in turn defining generalisations of the classical Dung extension semantics.

The remainder of this paper is structured as follows. In Section 2 necessary background information about
abstract argumentation is recalled. Extension-ranking semantics are presented and put into context with extension
semantics in Section 3. Section 4 introduces a set of principles for evaluating and developing extension-ranking
semantics. Each principle addresses a specific aspect that a well-behaved extension-ranking semantics should
satisfy. In Section 5 argumentative reasoning is broken down into conceptually simple base relations. Each base
relation focuses on a single aspect of argumentation, enabling the comparison of two sets of arguments according
to that specific relation. Section 6 combines the base relations to define families of extension-ranking semantics.
In Finally, Section 7 summarises the results of this work, discusses related work not covered in previous sections,
and outlines future research directions.

This paper is a significantly extended version of a paper published in the proceedings of the Thirtieth Interna-
tional Joint Conference on Artificial Intelligence, IJJCAI 2021 (Skiba et al. 2021). This version contains, in addition
to the proofs, additional extension-ranking semantics and their analysis. We streamlined some definitions, for
example the most plausible sets are now the maximal sets instead of the minimal sets (see Definition 8). Compared
to (Skiba et al. 2021), we present a general framework to define extension-ranking semantics by defining first
base relations and then propose two combinations approaches for these base relations. We extended the set of
base relations by cardinality-based ones (see Section 5.2). For the combination approaches, we further discussed
the lexicographic combination and introduce a Copeland-based combination (Section 6.2). Also we extended the
discussion of the principles by investigating the compatibility among them.

2 Preliminaries
Abstract argumentation framework (Dung 1995) is a formalism for reasoning with conflicting pieces of information,

such as evidence in a criminal case or arguments in a discussion about holiday plans, using arguments and attacks
between them. Let U be the infinte background set.

DEFINITION 1. An abstract argumentation framework (AF) is a directed graph F, where A C U is a finite set of
arguments and R is an attack relation R C A X A.

We denote with AF the set of all abstract argumentation frameworks, which can be constructed from U. For
an abstract argumentation framework F = (A, R) € A¥, an argument a € A is said to attack an argument b € A
if (a,b) € R. A set E C A is said to defend an argument a € A if every argument b € A that attacks a is, in turn,
attacked by some argument ¢ € E. For a € A, we define:

ap ={b| (b,a) eR} and aj={b|(ab)ecR}.
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In other words, ay is the set of attackers of a and a7, is the set of arguments attacked by a. For a set of arguments
E C A, we extend these definitions to E; and Ej, via:

Ep = Ua; and E;: Ua;.
acE acE
If the abstract argumentation framework is clear from the context, we omit the index. Additionally, with a slight
abuse of notation, we denote an attack from an argument on a set of arguments as follows: Let F = (A,R) € AF
be an AF, with a € A, and E, E’ C A. We denote with (a, E) € R that there exists an argument b € E such that
(a,b) € R. Extending this notation to (E, E’), it means that there exist arguments b € E and ¢ € E’ such that
(b,c) € R.
For two AFs F = (A,R) € AF and F’ = (A’,R") € AF, we define their union by

FUF =(ARU(A,R)=(AUA" ,RUR).

An isomorphism y between two AFs F = (A,R) € AF and F' = (A’,R’) € AF is a bijective function
Y : AF — AF such that (a,b) € R if and only if (y(a),y(b)) € R’ for all a,b € A and all attacks r € R.

A number of semantic notions for reasoning with abstract argumentation frameworks can be found in the
literature (for overviews see (Baroni, Gabbay, et al. 2018; Gabbay et al. 2021)). An common approach is the use of
extension semantics, where sets of arguments are considered jointly acceptable. To define extension semantics, we
rely on the two fundamental concepts of conflict-freeness and admissibility.

DEFINITION 2. Given AFF = (A,R) € AF,asetEC Ais

o conflict-free if and only if for all pairs a,b € E, we have (a,b) ¢ R;
e admissible if and only if E is conflict-free and E defends all its elements, i.e., E; C Ej.

We denote the sets of conflict-free and admissible sets of an abstract argumentation framework F = (A, R)
by cf(F) and ad(F), respectively. A property of admissibility is formalised with the Fundamental Lemma of
Dung 1995.

LEMMA 1 ((DuNG 1995)). Let F = (A,R) € AF be an AF and E € ad(F). If a € A is defended by E, then
E U {a} € ad(F).

Intuitively, an argument defended by an admissible set can be added to that admissible set without violating
the admissibility of the set.
Next, we define the characteristic function for abstract argumentation frameworks.

DEFINITION 3. For AFF = (A,R) € AF, the characteristic function §r : P(A) — P(A) is defined forE C A
via:
&r(E) = {a € A | E defends a}.

The characteristic function, for a set of arguments E, identifies the arguments defended by E. We introduce the
extension semantics proposed by Dung 1995.

DEFINITION 4. Let F = (A,R) € AF be an AF. An admissible set E C A is
o g complete extension (co) if and only if E = §r(E);
a grounded extension (gr) if and only if it is the C-minimal complete extension;

a preferred extension (pr) if and only if it is a C-maximal admissible set;
a stable extension (st) if and only if E. = A\ E.

Note that the grounded extension is unique for each abstract argumentation framework (Baroni, Gabbay, et al.
2018). Furthermore, for each abstract argumentation framework, there is always at least one extension for the
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Fig. 2. AF F, from Example 3.

complete, preferred and grounded extension semantics. However, this is not necessarily the case for the stable
extension semantics.

ExAMPLE 2. Consider the AF F; from Example 1. In this AF, none of the arguments are part of a stable extension.
This is because each argument either cannot be defended against its attackers (arguments a and g) or attacks itself
(argument s). Consequently, F; has no conflict-free set which attacks every argument not contained in the set, and
therefore, there is no stable extension.

Due to of the nonexistence of stable extensions, M. W. A. Caminada et al. 2012 proposed a novel variation of
the stable extension semantics, the so-called semi-stable extension semantics.

DEFINITION 5. For AFF = (A,R) € AF, a set E C A is a semi-stable extension if and only if E is a complete
extension where E U E}. is maximal with respect to set inclusion.

The set of semi-stable extensions coincides with the set of stable extensions when the latter is not empty
(M. W. A. Caminada et al. 2012).

ExampLE 3. Consider the abstract argumentation framework F, depicted as a directed graph in Figure 2. F, has
four complete extensions:

E, ={a}, Es ={a,c, g},
E; ={a,g}, Es={ad, g}

{a} is the grounded extension, while {a,c, g} and{a,d, g} are both preferred extensions, but only {a, c, g} is a stable
extension and therefore also a semi-stable extension.

The sets of extensions of an abstract argumentation framework F, for the five semantics mentioned, are
represented by co(F), gr(F), pr(F), st(F), and sst(F). These extension semantics are commonly referred to as
Dung’s extension semantics.

Using the extension semantics, we can determine whether each argument is accepted or not. If an argument a
is part of at least one o-extension of an abstract argumentation framework F, then a is credulously accepted with
respect to the extension semantics o. If a is part of every o-extension of F, then a is skeptically accepted with
respect to the extension semantics 0. An argument a that is not part of any o-extension is rejected with respect
to the extension semantics o in F. We denote the set of credulously accepted, skeptically accepted and rejected
arguments in AF F with respect to the extension semantics ¢ as cred(F), skep(F) and rej (F), respectively.

3 Extension-ranking Semantics

In this section, we introduce a new kind of semantics that offers more expressiveness than binary classification.
We consider preorders over sets of arguments allowing us to state that one set of arguments is “closer” to being
accepted than another.
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DEFINITION 6. Let F = (A, R) € AF be an AF. An extension ranking on F is a preorder 3 over the power set

P (A) of all arguments. An extension-ranking semantics 7 is a function that maps F to an extension ranking 3}, on
F.

For an abstract argumentation framework F = (A, R) € AF, an extension-ranking semantics 7, an extension
ranking 27, consider sets E,E’ C A. If E O}, E’, we say that E is at least as plausible to be accepted as E’ with
respect to 7 in F. We introduce the usual abbrev1ations:

o E is strictly more plausible to be accepted than E’, denoted E j; E',ifE Q; E’ but not E’ Q; E;

o E and E’ are equally plausible to be accepted, denoted E =7 E' if E az E' and E’ a5 E;

e E and E’ are incomparable, denoted E = E’, if neither E 35 E’ nor E’/ J. E
Since it is not always reasonable to enforce a decision between two sets of arguments, we do not necessary
enforce totality for our relation, thus only utilise preorders.

ExaMmPLE 4. Consider again F, from Example 3. As previously shown E; = {a}, E; = {a,g}, Es = {a,c, g}, and
E4 ={a,d, g} are the complete extensions. However, all these sets are treated equally in a reasoning process based
on complete semantics. Only by employing a different extension semantics, such as preferred or stable extension
semantics, can these sets be differentiated in terms of their plausibility of acceptance.

When examining sets that are not accepted with respect to complete extension semantics, such as {d} or{a, b},
these sets are considered equal with respect to the complete extension semantics. However, {d} is an admissible set,
whereas {a, b} is not even conflict-free. Therefore, it is reasonable to assert that {d} is more plausible to be accepted
than {a, b}. Thus, for an extension-ranking semantics t:

{dy 3%, {a,b}.

The connection between extension-ranking semantics and extension semantics can be established. In fact,
extension semantics can be used directly to define a very naive instance of extension-ranking semantics, as
follows:

DEFINITION 7. Let F = (A, R) € AF be an AF. Given an extension semantics o, we define the least-discriminating
extension-ranking semantics wrt. o, denoted LD’ by:
o EOLP’ E’GifE € o(F) and E’ ¢ o(F);
e andE =" E',ifE,E’' € o(F) orE,E’ ¢ o(F).
The least-discriminating extension-ranking semantics always gives a binary classification between o-extensions

and not o-extensions. Thus, LD? always has only two layers, each o-extension is ranked above every non-accepted
set with respect to LD and sets on the same layer are equally as plausible to be accepted.

ExampLE 5. Consider AF F, from Example 3, with the complete extensions E; = {a}, E, = {a, g}, Es = {a,c, g}, and
Eq ={a,d, g}. These complete extensions are equally plausible to be accepted with respect to the least-discriminating
extension-ranking semantics regarding co, i.e.:

{a} =" {a.9) =" {a.c.q) =" {a.d.g).
All other sets are not accepted with respect to the complete extension semantics and are therefore ranked below all

co-extensions, but these sets are ranked as equally plausible to be accepted. For example, the two rejected sets {d} and
{a, b} are equally plausible to be accepted, i.e., {d} = —LDCO {a, b}. Thus, we can extend the ranking from above:

{a} = {a.g} =t>" {a.c.q} _LD {a.d.g) 35> {d} =" {ab}.

Note that the least-discriminating extension-ranking semantics is reflexive and transitive for o € {ad, co, gr, pr,
st, sst}.
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ProrosITION 1. LD? is reflexive and transitive for o € {ad, co, gr, pr, st, sst}. Proof: P. 41

To further explore the relationship between extension-ranking semantics and extension semantics, we identify
the most plausible sets of an extension ranking, or the highest-ranked sets in the preorder.

DEFINITION 8. Let F = (A, R) € AF be an AF. We denote by max,(F) the maximal (or most plausible) elements
of the extension ranking 2%, defined as:

max,(F) = {E C A | #E’ C A with E’ 3% E}.

A set E is among the most plausible sets with respect to an extension-ranking semantics 7 in an abstract
argumentation framework F, if there is no strictly more plausible set.

ExAMPLE 6. Continuing from Example 5, consider the least-discriminating extension-ranking semantics LD with
respect to the complete semantics co, we get:

maxipe (F2) = {{a}, {a, g}, {a,c. g}, {a,d, g}}.

Every other set is ranked below these sets, making the complete extension the most plausible sets. If we consider the
least-discriminating extension-ranking semantics LDP" with respect to the preferred semantics pr, we get:

maxLpr (F2) = {{a, ¢, g}, {a,d, g}}.

Again the most plausible sets coincide with the c-extensions.

In this section, we introduced the notion of extension-ranking semantics, which ranks sets of arguments within
an abstract argumentation framework. This ranking is more expressive than the binary classification of acceptable
and non-acceptable sets induced by extension semantics. Additionally, we demonstrated the connection between
extension-ranking semantics and extension semantics by defining an extension-ranking semantics based on an
extension semantics.

4 Principles

To assess and compare extension-ranking semantics, we introduce several general principles that describe various
aspects of an intuitively well-behaved extension-ranking semantics. Some of these principles are adapted from
existing literature on argument-ranking semantics, while others are specifically designed for extension-ranking
semantics.

4.1 Definitions of Principles

Classical extension semantics already possess many desirable properties for argumentative evaluation (Torre
and Vesic 2017). Therefore, the formalisation of extension-ranking semantics should align with these classical
extension semantics, ensuring that the constraints of acceptable and non-acceptable sets of arguments are
reflected in the extension ranking. We consider two aspects:

(1) For a given extension semantics o, we expect that only o-extensions can be among the most plausible sets.
(2) Since different o-extensions are indistinguishable by o, all o-extensions should be among the most plausible
sets.

We formalise the first requirement through a principle called o-soundness and the second through o-completeness.
Combining these two principles gives us the principle of o-generalisation.
DEFINITION 9. Let o be an extension semantics and T an extension-ranking semantics. T satisfies

e o-soundness if and only if for all AFs F: max.(F) C o(F);
e o-completeness if and only if for all AFs F: max,(F) 2 o(F);
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o o-generalisation if and only if T satisfies both o-soundness and o-completeness.

For an extension-ranking semantics that satisfies o-generalisation, the best-ranked sets, and thus the most
plausible sets, coincide with the set of o-extensions of the given abstract argumentation framework.

ExampLE 7. Consider F, from Example 3 and let T be an extension-ranking semantics. If T satisfies co-generalisation,
then the most plausible sets are:

maXT(FZ) = {{a}’ {a’ 9}> {aa c, g}! {a’ d! g}}

If T satisfies pr-generalisation, then the most plausible sets are:

max.(F2) = {{a, ¢, g}, {a,d, g}}.

Conflict-freeness is a desirable property in formal argumentation, as it ensures that no agent in a discussion
contradicts themself. We define the principle of respect conflicts which states that every conflict-free set should
be strictly more plausible to be accepted than conflicting ones. This principle is similar to the self-contradiction
principle of argument-ranking semantics, where self-contradicting arguments are considered the worst arguments.

DEFINITION 10. Let 7 be an extension-ranking semantics. T satisfies respect conflicts if and only if for all AFs
F = (A,R) withE,E" € A it holds that E € cf(F) and E’ & cf(F) implies E O}, E'.

ExamPLE 8. Consider AF F, from Example 3. The argument e is self-attacking, making the set {e} strictly less
plausible to be accepted than the grounded extension {a,c, g} with respect to an extension-ranking semantics T
satisfying respect conflicts, thus:

{a.c.g} Of, {e}.
Respect conflicts enforces a strict separation between conflict-free and conflicting sets, ensuring that cf-
soundness is satisfied.
PropPosSITION 2. If extension-ranking semantics t satisfies respect conflicts, then t satisfies cf-soundness.
Proof: P. 41
Respect conflicts does not imply cf-completeness, since cf-completeness only concern the most plausible sets,
while respect conflicts does not impose any relationship between two conflict-free sets, unlike cf-completeness.

ExaMPLE 9. Consider again F, from Example 3. Let T be the extension-ranking semantics that ranks all sets as
equally plausible. While t satisfies cf-completeness, it violates respect conflicts because the conflict-free set {a} is
equally plausible to be accepted with the conflicting set {e}:

{a} =}, {e}.

Next, consider the extension-ranking semantics LD, which satisfies cf-completeness because every most plausible
set with respect to LD is admissible and thus conflict-free. However, the conflict-free set {b} and the conflicting set
{e} are equally plausible to be accepted

ad
{b} =" {e}.
Thus, violating respect conflicts.
Finally, let T be an extension-ranking semantics such that for sets E,E’ C A, E O E' if E € cf(F) and E’ ¢ cf(F),

or if both are conflict-free and |E| > |E’|. Otherwise, E E; E’. This extension-ranking semantics satisfies respect
conflicts. Considering the admissible sets {a, c} and {a, c, g}, we have:

{a,c,g} :I}Z {a,c}.

However, for cf-completeness, it must hold that:

{a,c, g} EIT,Z {a,c}.
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Fig. 3. AF F3 from Example 10.

The plausibility of accepting a set of arguments should not be affected by arguments that are unconnected to
that set. This means that adding or removing unconnected arguments should not influence the plausibility of
accepting a set of arguments. A similar concept was proposed by Torre and Vesic (Torre and Vesic 2017) through
the principles of Crash-resistance and Non-interference for extension semantics.

When two unconnected abstract argumentation frameworks are combined into one, the relationships between
sets in the combined AF should mirror those in the original, smaller AFs. This requirement is formalised by the
composition principle. Additionally, when an AF is split into unconnected components, the relationship between
sets should remain unchanged. This requirement is captured by the decomposition principle.

DEFINITION 11. Let T be an extension-ranking semantics.
o 7 satisfies composition if for every AFF that can be split into Fy and F, such that F = F{UF, = (A1, R1)U(Az2, Ry)

withAy NAy =0,RiNRy =0 and E,E’ C A, U A,, it holds that
if{ EnNn A, Q;l E'NnA;

jT ’
ENA; 35 E'NA } then E 3 E'.

o 7 satisfies decomposition if for every AF F that can be split into F; and F, such that F = F; U F, = (A1, Ry) U
(A2, Ry) withAiNAy; =0,RiNRy =0 and E,E’ C A; U Ay, it holds that
ENA; 2;1 E'NA; }

] jT ’
ifEJp E' then { ENA, 35 E'N A

ExaMmpLE 10. Consider F, from Example 3 and F3 = ({h, i, j}, {(h, i), (i, j)}) as depicted in Figure 3.

Those two abstract argumentation frameworks are disjoint, so for any extension-ranking semantics t, the relation-
ships in F, U F3 should be the same as in F, and F3 individually. Consider the sets {a,c, g, h, j} and {b,c, h,i}. The
partition of {a,c, g, h, j} is conflict-free in both F, and F5 ({a,c, g} € cf(F,) and {h, j} € cf(F;)), while {b,c, h, i}
has conflicts in both F, and Fs. Therefore, it is reasonable to say that {a,c, g, h, j} is more plausible to be accepted
than {b,c, h,i} in both F, and F5 ({b,c} ¢ cf(F;) and {h, i} ¢ cf(F3)):

{a.c.g} 3, {b,c} and {h j} 3p, {hi}.
For composition to be satisfied, it must hold that:
{a,c.9.h j} 3F,F, {b.c hi}.
Next, we observe that {a,c, g, h, j} is conflict-free and {b, c, h,i} is not conflict-free in F, U F5. Thus, for any
extension-ranking semantics T that generalises LD, we get:
{a,c,g,h,j} ZIJTDZUF3 {b,c, h,i}.

To satisfy decomposition, the relationship between {a, c, g, h, j} and {b, c, h,i} has to remain the same in F, and F;,
thus:

{a,c.g} O, {b,c} and {hj} 3p {hi}

A crucial property of abstract argumentation is reinstatement, as discussed by M. Caminada (M. Caminada
2006). Reinstatement involves making an attacked argument acceptable by attacking its attacker. The complete
extension semantics implements this property strictly: “if an argument can be reinstated by a set of arguments, it
must be included in that set”. Thus, a set of arguments that includes an argument it defends is more plausible to
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be accepted than a set without that argument. We define two versions of this principle: weak reinstatement and
strong reinstatement. The weak version of reinstatement states that adding a defended argument (which does not
introduce further conflicts) does not reduce the plausibility of acceptance of any set of arguments. The strong
version ensures that adding a defended argument to a set strictly increases the plausibility of acceptance of that
set.

DEFINITION 12. Let T be an extension-ranking semantics.
o 7 satisfies weak reinstatement if and only if for all AFs F = (A, R) with E C A, it holds that a € §r(E),a ¢ E,
anda ¢ (E~ UE"), implies EU {a} 3} E.
o 7 satisfies strong reinstatement if and only if for all AFs F = (A,R) with E C A, it holds that a € §r(E),
a¢ E,anda ¢ (E” UE"), implies EU {a} O} E.

Note that the condition a ¢ (E~ U E*) is necessary to prevent adding additional conflicts to the set, which
could reduce the plausibility of acceptance of the set of arguments.

ExampLE 11. Consider Fs from Example 10. The argument j is defended by the argument h. For any extension-
ranking semantics T that satisfies weak reinstatement, it must hold that:

{h.j} 3E, {h}.
For strong reinstatement, the relationship between {h, j} and {h} must be strict, this means:
{h, j} 3, {h}
If we consider the set {h, i}, one might think that {h, i, j} IF, {h, i} should also hold, since j is defended by {h, i}.
However, adding j to the set creates more conflicts, because j € {h, i};@. Therefore, we cannot enforce the relationship

between {h, i, j} and {h,i}. In fact, one could argue that {h, i} I, {h, i, j} should hold, as {h,i} has fewer conflicts
than {h, i, j}.

Argumentation is inherently non-monotonic, meaning that changes in the abstract argumentation framework
can affect the conclusions drawn. However, these changes should align with intuitive reasoning. For instance,
adding an attacker to an argument should not strengthen that argument. An extension-ranking semantics should
reflect this behaviour, ensuring that if a set E is more plausible to be accepted than another set E’, adding attacks
from E to E’ should not make E less plausible to be accepted than E’. Thus, an extension-ranking semantics
should be robust to the addition of attacks, which intuitively should not diminish the plausibility of acceptance of
a set. A similar robustness concept was discussed by Rienstra, Sakama, et al. (Rienstra, Sakama, et al. 2020) for
labelling-based semantics.

DEFINITION 13. Let T be an extension-ranking semantics. T satisfies addition robustness if for all AFs F = (A, R)
and sets E,E' C A withE 35 E’, it holds that E ar E’ where F’ = (A,R’) withR’ = RU {(a,b)} such thata € E,
b¢E ,andbeE.

The principle addition robustness ensures that the relationship between two sets is not reversed by adding an
attack from a more plausible set to another.

ExAMPLE 12. Consider F, from Example 3 and the sets {a, c,g} and {b, c, e}. {a, c, g} is the stable extension, while
{b,c, e} is not even conflict-free. Let T be an arbitrary extension-ranking semantics such that:
{a,¢,g} ZIIT72 {b,c,e}.
If we create a new AF F; by adding an attack from a to e, this provides an additional reason to reject {b, c, e}. Therefore,
if  satisfies addition robustness, then:

{a,c, g} j;é {b,c,e}.
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Fig. 4. AF F4 from Example 13.

Table 1. Principles satisfied and violated by LD for ¢ € {cf, ad, co, pr, gr, st, sst}.

Principles LD LD2d LD LDe" LDP" [ LDt | LD
o-generalisation Vio=cf) | /(o=ad) |V/(c=co) | V(o=gr)|/(o=pr)| X | /(o=sst)
respect conflicts 4 X X X X X X
composition v 4 v v v v v
decomposition X X X X X X X
weak reinstatement v v v v v v v
strong reinstatement X X X X X X X
addition robustness v v X 4 X v X
syntax independence v v v v v v v

In abstract argumentation, the content of each argument is disregarded, focusing solely on the relationships
between arguments. It should not matter whether an argument is labelled a or b, as long as the abstract argu-
mentation framework’s structure remains the same. Argument-ranking semantics adheres to this requirement
through the principle abstraction (Amgoud and Ben-Naim 2013), which states that argument names are irrelevant
to the resulting argument ranking. For extension-ranking semantics, we define a principle similar in spirit to
abstraction, called syntax independence.

DEFINITION 14. An extension-ranking semantics T satisfies syntax independence if for every pair of AFs F = (A, R),
F' = (A’,R’), and for every isomorphismy : A — A’, it holds for allE,E’ C A, E 37 E" ifand only if y(E) 3, y(E’).

ExampLE 13. Consider again F5 from Example 10 and Fy = ({a, B, 8}, {(a, B), (B, 8)}) as depicted in Figure 4. It
is easy to see that F, is isomorphic to F3 and therefore, the extension rankings with respect to an extension-ranking
semantics T for these two AFs should coincide.

4.2 Axiomatic Investigation of Least-Discriminating Extension-ranking Semantics

Next, we analyse the least-discriminating extension-ranking semantics with respect to the previously defined
principles.

The least-discriminating extension-ranking semantics are designed to rank all o-extensions higher than non-
o-extensions. This implies that the o-extensions of an AF coincide with the most plausible sets with respect to
LD?. However, LD? usually does not satisfy o’-generalisation for ¢ # ¢’. For example, LD does not satisfy
co-soundness.

ExampLE 14. Consider F; from Example 3. The set {d} is admissible, implying {d} € max i (F2), but {d} is not
a complete set because the argument a is defended by {d}. Thus, LD*! violates co-soundness. Similarly, LD does
not satisfy ad-completeness. The set {d} is admissible but not among the most plausible sets with respect to LD,
violating the requirement that {d} should be among the most plausible sets.

ProrosITION 3. LD satisfies and violates the principles as depicted in Table 1 for o € {cf, ad, co, gr, pr, sst}.
Proof: P. 41
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Fig. 5. AF F5 from Example 15.

Note that LDt violates st-soundness. For abstract argumentation frameworks without a stable extension, there
should be no most plausible set. However, LD is still defined, though not very expressive, as every set is equally
plausible to be accepted and thus among the most plausible sets.

ExampLE 15. Consider the odd cycle Fs = ({a, b, c},{(a,b), (b,c),(c,a)}), as depicted in Figure 5. This AF has no
stable extension. Therefore, for any pair of sets E,E’ C {a, b, c}. Since E, E’ & st(Fs), it holds that:

E={"F.
Thus, every set is equally plausible to be accepted and considered among the most plausible sets.

In the literature (see (Baroni, Gabbay, et al. 2018) for an overview), there are more extension semantics o
where there are abstract argumentation frameworks without o-extensions, thus it is impossible to define an
extension-ranking semantics that satisfies c-soundness for these extension semantics.

PrOPOSITION 4. If o is an extension semantics such that there exists an AFF = (A, R) with o(F) = 0, then no
extension-ranking semantics can satisfy o-soundness. Proof: P. 46

4.3 Compatibilities of Principles

In Proposition 2, we have shown that respect conflicts implies cf-soundness, and in Example 9, we demonstrated
that the reverse is not true. It is also evident by definition that strong reinstatement implies weak reinstatement.

While respect conflicts implies cf-soundness and strong reinstatement implies weak reinstatement, there
are some incompatibilities between the principles for example ad-generalisation and strong reinstatement are
incompatible.

ExAMPLE 16. Consider AF F; from Example 10 and the sets {h} and {h, j}. Both sets are admissible, so for any
extension-ranking semantics T that satisfies ad-generalisation, we get:

{h} =5 {h,j}.
However, j is defended by {h} and can be added to {h} without creating new conflicts. Thus, strong reinstatement
implies:

{h.j} 3, {h}
This shows that we cannot satisfies both principles simultaneously.

For other pairs of principles (o-generalisation, respect conflicts, composition, decomposition, weak reinstate-
ment, strong reinstatement, addition robustness) we show that they are pairwise independent, meaning neither
principle implies the other, but they are still compatible with each other.

ProposiTION 5. The following holds:

(1) The principle respect conflicts implies cf-soundness;

(2) The principle strong reinstatement implies weak reinstatement;

(3) The principles ad-generalisation and strong reinstatement are incompatible;

(4) The principles o-generalisation for o € {co, pr, sst} and addition robustness are incompatible;
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(5) For the remaining pairs of principles p1, p; € {o-generalisation, respect conflicts, composition, decomposition,
weak reinstatement, strong reinstatement, addition robustness} where p1 # pz, p1 and p, are pairwise indepen-
dent. Proof: P. 51

In this section, we introduced several principles that a well-behaved extension-ranking semantics should satisfy.
We showed that most of these principles are independent of each other. These principles provide a comprehensive
overview of the behaviour of extension-ranking semantics. Additionally, we analysed the behaviour of the
least-discriminating extension-ranking semantics and found that this family already satisfies many of these
principles, serving as a good baseline for how an extension-ranking semantics should behave.

5 Base Relations

Next, we propose a general framework for defining extension-ranking semantics based on simple relations between
sets of arguments. Each of these relations models a single aspect of argumentative reasoning. Individually, these
relations are not very expressive, but by combining them, we can derive generalisations of various extension
semantics (as we will see in the next section).

We begin with set-based relations, where two sets of arguments are compared based on the set of conflicts
(Conflicts), the set of undefended arguments (Undef), the set of defended-and-not-contained arguments (Condef),
or the set of unattacked arguments (Unatt) that two sets induce. In the second part of this section, we discuss
cardinality-based variations of these base relations, along with other variations. The different between these two
variants is that the set-based relations compare two sets utilising a subset relation, while for the cardinality-based
variations the size of each computed set matter.

Before introducing the individual base relations, we define the general concept of a base relation. Note that a
base relation is not a preorder, meaning it is not necessarily reflexive or transitive.

DEFINITION 15. A binary relation t is called a base relation if and only if T assigns to each F = (A,R) € AF a
preorder on its powerset, i.e. ;. C P(A) X P(A).

In other words, a base relation 7 represents the relationship between two sets of arguments E and E” within the
context of an abstract argumentation framework F. This allows us to determine whether E is at least as plausible
to be accepted as E’, whether the two sets are equally plausible to be accepted, or if they are incomparable.

Every extension-ranking semantics is, by definition, a base relation, even if the base relation itself is not very
expressive, such as LD?.

5.1 Set-based Base Relations

In the evaluation of abstract argumentation frameworks, extension semantics implement central notions in a
binary fashion. For instance, conflict-freeness requires that extensions contain no conflicts. To achieve a more
fine-grained evaluation of the plausibility of acceptance of sets of arguments, we need a more detailed assessment
of these notions. Below, we define base relations that model key aspects of conflicts, admissibility, completeness,
and stability by evaluating how well a given set satisfies each aspect.

The first aspect we consider is conflicts, the absence of which is typically seen as a desirable property in any
extension semantics. Acceptable sets of arguments should be internally consistent and free from self-contradiction.
Specifically, a conflict-free set of arguments is considered more plausible to be accepted than a conflicting set.
Extending this idea, we regard a set E to be more plausible to be accepted than another set E’ if E has strictly
fewer conflicts than E’ (in terms of set inclusion). This is modelled by the 2€°"flits pgse relation.

DEFINITION 16. Let F = (A, R) € AF be an AF and E C A. Define Conflicts via:
Conflictsg(E) = {(a,b) € R|a,b € E}.
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Fig. 6. Recalled AF F, from Example 3.

The corresponding Conflicts base relation ;I%""ﬂids via:
E Q%"”mds E’ if and only if Conflictsp(E) C Conflictsp(E").

ExampLE 17. Consider F, from Example 3 (depicted again in Figure 6). Let the sets be {b,c} and {b,c,d}. We
have Conflictsg, ({b, c}) = {(b, ¢)} and Conflictsg, ({b,c,d}) = {(b,c), (c,d), (d, c)}. Thus, it is more plausible that
{b, c} is accepted than {b, c,d} in terms of conflicts:

{b,C} jl(%zonflicts {b, c, d}

Another generally desirable property is admissibility. Sets of arguments should defend themselves against any
threat. Specifically, a set of arguments that defends all its elements is considered more plausible to be accepted
than a set containing at least one undefended argument. Thus, a set E is more plausible to be accepted than
another set E’ if E has strictly fewer undefended arguments than E’ (in terms of set inclusions). This is captured
by the 2V base relation (Undef stands for “undefended”), where & is the characteristic function.

DEeFINITION 17. Let F = (A, R) € AF be an AF and E C A. Define Undef via:
Undefr(E) = E\ &r(E).
The corresponding Undef base relation Qg”def via:
E 32U £’ if and only if Undefr(E) € Undefr(E’).

ExampLE 18. Consider F, from Example 3 and the sets {b} and {b, f'}. Both arguments b and f are not defended
by {b} and {b, f}, respectively. However {b} contains fewer undefended arguments, so:

{b} 2" {b, f).

A complete extension includes every defended argument. Thus, a set that contains all its defended arguments
(without adding conflicts) is more plausible to be accepted than a set that does not include all the arguments it
defends. More generally, a set E is more plausible to be accepted than another set E’ if there are fewer arguments
consistently defended by E and not contained in E than there are for E’ (in terms of set inclusion). With consistent
defence, we denoted arguments that are defended by a set of arguments E and neither attack E or are attacked
by E. To adequately model this notion, we need a more general notion of defence than that provided by the
characteristic function Jr.

ExaMPpLE 19. Consider AF Fq depicted in Figure 7 and the set {b}. We ask:
What arguments are defended by {b}?
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Fig. 7. AF Fs from Example 19.

Observe that §r, ({b}) = {a, d}. Argument d is only defended because of b, but argument a is also defended by {b},
even though it attacks b. Thus, we lose argument b and therefore also the attack from b to c. If we look at the defended
arguments of {a, d}, we get §r, ({a,d}) = {a,c, f}. The defence of argument d is lost. Again we have an argument f
whose defence depends on the acceptance of b, but this argument is not part of the set of defended arguments. The
fixed point of this procedure is the grounded extension, {a, c, e}.

Example 19 illustrates the need for a different definition of the characteristic function: any incoming attack
on the set under examination has to be ignored. In the example, the attack from argument a has to be ignored,
and then we compute the defended arguments, assuming that the set {b} is acceptable. The expected result is
then {b, d}. If we iterate this notion of consistent defence, we end up with the set {b, d, f}. This set models the
intuition that d and f are consistently defended if we assume that {b} is accepted. We call this notion §*.

DEFINITION 18. Let F = (A,R) € AF be an AF. The function . : P(A) — P(A) is defined via withi > 1:
§rE) =T (B).
i=1

with
§ir(E) = E.
B () = §0p(B) U (8 (0 (B)) \ E7).

With §*, we get our desired results in Example 19, i. e. c{\;;iﬁ({b}) ={b,d, f}.

To describe §* in other words: §* is defined iteratively. We start by assuming that the set to be investigated,
E, is admissible. We iteratively add every argument defended by E, and remove every attacker of E. Defended
arguments are added until a fixed point is reached.

PROPOSITION 6. Let F = (A, R) € AF be an AF and E C A. Then exists a k € N with:
ECEp(E) C&p(E) -+ &y p(BE) €&y p(E) =Ty p(E) =
Proof: P. 53

Next, we discuss §* further and analyse its behaviour. Since §* is a generalisation of Dung’s characteristic
function, these two functions should give the same results if the input is admissible.

ProOPOSITION 7. Let F = (A,R) € AF be an AF, E C A such that E € ad(F). Then &r(E) = §p(E). Proof: P. 53

A key property of the characteristic function §r is that the grounded extension is the least fixed point of that
function and this property carries over to .

PrROPOSITION 8. Let F = (A,R) € AF be an AF and E = gr(F), then E is the least fixed point of §. Proof: P. 53

Using Proposition 7, we can show that every complete extension of an abstract argumentation framework F is
also a fixed point of §.

ProPOSITION 9. Let F = (A,R) € AF be an AF and E € co(F). Then §7(E) = E. Proof: P. 54

To conclude the discussion on F*, we provide a detailed example to illustrate its behaviour more thoroughly.
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ExampLE 20. Consider F, from Example 3 and the set {b}. Argument b is attacked by argument a, so b, = {a}.
To compute all consistently defended arguments by {b}, we use Ty;z({b}). By definition, we have & . ({b}) = {b}.

Since arguments a and d are defended by {b} and argument b is not defended, we have &r,({b}) = {a,d} and
therefore &, . ({b}) = {b} U ({a,d} \ {a}) = {b,d}. For the next iteration of 8y, we see that a, d and g are defended
by {b,d}, &r,({b,d}) = {a,d,g}. Therefore, %;Fz({b}) = {b,d} U ({a,d, g} \ {a}) = {b.d, g}. Since {b,d, g} also
defends arguments a, d, and g, we reach a fixed point, §;  ({b}) = {b,d, g}. Combining each iteration, we get:

&, ({b}) = {b.d.g}.

Finally, we define the 2°"*f base relation, which models the concept of consistent defence (Condef meaning
“consistently defended and not in").

DEFINITION 19. Let F = (A, R) € AF be an AF and E C A. We define Condef via:
Condefr(E) = r(E) \ E.
The corresponding Condef base relation ngdef via:
E Q%O“def E’ if and only if Condefp(E) C Condefp(E’).

ExampLE 21. Continuing with Example 20, using F; from Example 3, we have already calculated &, ({b}) =
{b,d, g}, so using Condef, we get Condefr, ({b}) = {d, g}. Next, we examine the set {b,d}, where 8';2({1” d}) =
{b,d, g}, so Condefg, ({b,d}) = {g}. Therefore, we have:

{b.d} 25" {b}.
The final property we examine is stability. A set is considered stable if it attacks every argument not contained
within it. To generalise this concept, we assert that a set E is more plausible to be accepted than another set E’ if

E strictly attacks more arguments than E’ (in terms of set inclusion). We capture this aspect with the 2V pase
relation (Unatt stands for “unattacked”).

DEFINITION 20. Let F = (A,R) € AF be an AF and E C A. Define Unatt via:
Unattp(E) = A\ (E U E}).
The corresponding Unatt base relation Q}J”m via:
E 2P E’ if and only if Unattp (E) C Unattp(E').

ExampLE 22. Consider F, from Example 3 and the two sets {a, c} and {a, d}. Argument b is attacked by a, and f
is attacked by both ¢ and d, while argument g is not attacked by either set. Argument e is only attacked by c. To
summarise:

Unattp,({a,c}) = {9} and Unattp,({a,d}) = {e, g}
This shows that :
{a,c} 2p™" {a,d}.

We will now delve deeper into the behaviour of the base relations. We will demonstrate that these base relations
are both reflexive and transitive.

PropPOSITION 10. The base relation 17, is reflexive and transitive for v € {Conflicts, Undef, Condef, Unatt}.

Proof: P. 54

The base relations Q; for r € {Conflicts, Undef, Condef, Unatt} induce extension rankings. We are interested
in investigating the satisfied and violated principled of the induced extension rankings.
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Table 2. Principles satisfied and violated by 3% for r € {Conflicts, Undef, Condef, Unatt}.

Principles ;Conflicts gUndef QCOndef ;Unatt

o-generalisation
respect conflicts
composition
decomposition

weak reinstatement
strong reinstatement
addition robustness
syntax independence

AR N N NN

R NN
RN NN
NN

PropPosITION 11. 17 satisfies and violates the principles as depicted in Table 2 for r € {Conflicts, Undef, Condef,
Unatt}. Proof: P. 54

5.2 Cardinality-based Base Relations

So far we have used subset comparisons to compare sets of arguments with the base relations. However, other
comparison methods are imaginable. A typical alternative to subset comparisons is cardinality. Thus, instead of
comparing two sets based on set-inclusion, we compare them by the amount of elements these sets contain. For
example, c-Conflicts compares two sets based on the number of conflicts. To avoid repeating each definition in
detail, we define a generalised cardinality-based base relation 27 for 7 € {Conflicts, Undef, Condef, Unatt}.

DEFINITION 21. Let F = (A,R) € AF bean AFand E,E’ C A. We define c-t for t € {Conflicts, Undef, Condef,
Unatt} as the cardinality-based base relation J3™ via:

E 357 E' ifand only if |tp(E)| < |tr(E")|.

ExAMmPLE 23. Consider AF F, from Example 3 and the sets {c, g} and {b, f’}. Argument g is defended by {c, g},
while c is not defended, and both b and f are not defended by {b, f}. These two sets are incomparable with respect to
Undef, because {c} is not a subset of {b, f }. However, using the cardinality-based version c-Undef, these two sets
can be compared, and we get:

{c.g} aEU"" {b, f}.

Next, we discuss the relationship between the cardinality-based base relations and the subset-based ones. We
show that the cardinality variants c-7 are generalisations of 7 for 7 € {Conflicts, Undef, Condef, Unatt}.

ProrosITION 12. For AFF = (A, R) € AF, sets E,E’ C A, and T € {Conflicts, Undef, Condef, Unatt}, it holds
that if E J7 E' then E 27" E'. Proof: P. 56

In other words, if the subset variant of a base relation can determine the relationship between two sets of
arguments, then the subset variant will give us the same result. In Example 23, we saw that two sets which are
incomparable with respect to ngndef are comparable with respect to Qﬁ;undd.

ProprosITION 13. The base relation 2;" is reflexive and transitive for r € {Conflicts, Undef, Condef, Unatt}.
Proof: P. 56

Consequently, 3“7 induces extension rankings. Next, we examine the principles of the induced extension
ranking.
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Table 3. Principles satisfied and violated by 37 for r € {Conflicts, Undef, Condef, Unatt}.

Principles ;c-Conflicts ;c-Undef ;c—Condef ;c—Unatt

o-generalisation
respect conflicts
composition
decomposition
weak reinstatement

strong reinstatement
addition robustness
syntax independence

NN X N x N\ %
N X XN\ %N\ % X%
WX NN X N X X%
NSNS XN\ % X%

ProposITION 14. O satisfies and violates the principles as depicted in Table 3 for r € {Conflicts, Undef, Condef,

Unatt}. Proof: P. 57

The difference between the two variants of base relations is that 37 violates decomposition for 7 € {Conflicts,
Undef, Condef, Unatt}, while 37 satisfies this principle. Thus, we trade totality with decomposition.

Konieczny et al. (Konieczny et al. 2015) use comparisons of extensions to restrict the credulous or skeptical
acceptance of arguments to only the “best” extensions. We extend their definitions to apply to arbitrary pairs
of sets of arguments, not just o-extensions, and define new base relations. First, we recall the concept of strong
defence. The standard notion of defence suggests that arguments can defend themselves against their attackers.
However, this self-defence has been criticised by Baroni and Giacomin (Baroni and Giacomin 2007), leading to
the proposal of a stronger notion.

DEFINITION 22. Let F = (A,R) € AT bean AF, a € A, and E C A. An argument a is strongly defended by E
(denoted as sdp(a,E,E")) from E' C A if and only if for every argument b € E’ with (b,a) € R, there is an argument
c € E\ {a} such that (c,b) € R and sdp(c,E \ {a}, E’).

In other words, an argument a is strongly defended by a set E if E contains a defender of a, which is not q, for
every attacker of a, and each defender ¢ must be defended by E without including a and itself. By sdr(E, E’), we
refer to the strongly defended arguments by E from E’ in abstract argumentation framework F. Using the notion
of strong defence, extension semantics like strongly preferred semantics can be defined similar to Definition 4
(Baroni and Giacomin 2007; M. Caminada 2014).

Next, we define two base relations based on notions of Konieczny et al. (Konieczny et al. 2015).

DEFINITION 23. Let F = (A, R) € AF be an AF, and E,E’ C A be two sets of arguments. We define t €
{nonatt, strdef} as base relations t as follows:
o EQPMENIfIEN (Ep NEN| > |E"\ (Ef NE)|;
o E 33ef E7 if |sdp(E, E')| > |sdp(E',E)|.

Intuitively, sets with more unattacked arguments are more plausible to be accepted. The nonatt relation models
this idea directly for a pair of sets of arguments. If a set E is attacked less by E’ than vice versa, it means E faces
fewer threats from E’ than vice versa, making E more plausible to be accepted than E’. The strdef relation extends
this idea by requiring strong defence instead of merely considering unattacked arguments.

ExampLE 24. Consider F, from Example 3. The sets {a,c, g} and {a,d} are both admissible sets. {a, c, g} attacks
the argument d, while {a,d} only attacks c. This means {a, ¢, g} contains more unattacked arguments than {a, d},
leading to:

{a,c, g} :Ilr.l/:’"altt {a,d}.
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For strdef, consider the sets {a, b, f} and {g}. {g} is an admissible set, while {a, b, f} is not conflict-free. However,
argument a is strongly defended by {a, b, '} against {g}, whereas g is not strongly defended by {g} against the attack
of argument f. Thus, the number of strongly defended arguments in {a, b, f} is higher than in {g}, resulting in:

{a.b, f} 33 {g}.

In Example 24, we see that 2"°"2% and Tt hehave differently from 2U"ef, For 2Udef we have {a, c, g} Egzndef

{a,d} and {g} :Ill:JZ"def {a,b, f}.
Note that 3"°att and Tstdef are not transitive, so these two base relations do not inherently induce extension
rankings.

ExampiE 25. Recall Fs = ({a, b, c},{(a,b), (b,c), (c,a)}) from Example 15. Consider the sets {a}, {b} and {c}. If
we compare these sets with nonatt, we get:

{a} 2" (b} and  {b} T {c}.

Assuming transitivity, it must hold:
nonatt
{a} 25" {c}.

However, this is false because c is not attacked by a, while ¢ attacks a, leading to:
nonatt
{c} ™ {a}.
This violates transitivity, and the same behaviour applies to Q}f’d“.

Besides violating transitivity, 2"°"% and 2°t"%f have another drawback: they ignore internal conflicts within

sets, making it irrelevant whether a set is conflict-free or not. Even worse, the set containing every argument A is
ranked “better” than any other set.

ProPOSITION 15. For AFF = (A,R) € AF, A J E for any E C A with t € {nonatt, strdef}. Proof: P. 59

The set A is always among the most conflicting sets (for any AF with attacks) and should therefore be among
the least acceptable sets, as conflict-freeness is a desirable property in formal argumentation. All o-extensions
according to Dung’s extension semantics are conflict-free. Other extension semantics, such as naive, stage or CF2
(Baroni, Gabbay, et al. 2018; Baroni and Giacomin 2003; Baroni, Giacomin, and Guida 2005; Verheij 2003, 1996)

are also based on conflict-freeness.

—nonatt jstrdef

We have not explored a subset variant of the and , since these variants do not align with their

underlying motivations.

EXAMPLE 26. Consider AF F, from Example 3 and the sets {a,c} and {a, g}. Neither set attacks the other, so
{a,c} \ ({a, ¢}z Nn{a,g}) = {a.c} and {a, g} \ ({a. g} N{a c}) = {a g}. With the base relation nonatt, we can
compare these sets. Despite sharing on argument (a), we cannot compare them using subset comparison because they
are not subsets of each other.

Example 26 highlights the limitations of a subset variation of 2" and 2°t"*f, Although we can easily identify
the unattacked arguments in each set, the sets can still be incomparable.

In this section, we have introduced the notion of base relations to compare two sets of arguments. Each
base relation models a simple aspect of argumentative reasoning within an abstract argumentation framework,
whether it is comparing sets based on their conflicts, undefended arguments, consistently defended arguments,
or unattacked arguments.
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Fig. 8. Recalled AF F3 from Example 10.

{h.ij} {i./}
— . 7N
0 {h} {i} {j} {h. j} 0 {h} {h. j}

Fig. 9. Lattices depicting Q%’"ﬂms (left) and ;gzndef (right) from Example 27, where E — E’ means E’ O
means E' =}, E.

’
}T,SEandE—E

6 Combinations

The base relations from the previous section focus on individual aspects of argumentative reasoning, such
as minimising conflicts or maximising self-defence. However, these base relations alone do not fully capture
extension-based reasoning for abstract argumentation frameworks. To comprehensively model argumentative
reasoning, we need to combine the base relations.

EXAMPLE 27. Recall F; from Example 10 (depicted again in Figure 8). Since {j} is conflict-free and {h, i, j} is not,
we argued that {j} is more plausible to be accepted than {h,i, j}. Using the base relations Qg’”ﬂids gives us the
intended result:

{]} jg:)nflicts {h, i ]}
However, 2°°"1<ts does not fully model argumentative reasoning about this AF, since {j} is equally as plausible to
be accepted as the admissible set {h, j} with respect to Q%O”ﬂids. We argue that this should not be the case, as {j} is

not as plausible to be accepted as any admissible set. Using Qgsndef gives us the intended result of:

{h, j} 2" {j}.
But, the sets {j} and {h, i, j} are incomparable with respect to Undef. Thus, both Q%}O”ﬂids and Q%S”dEf alone are not
sufficient to fully capture argumentative reasoning. Figure 9 depicts Qg:”ﬂids and QlFJ}"def as lattices.
By combining the two base relations of;lg:’”f“ds and Qgﬁndef, using one base relation after another, we can model
the reasoning process for F5 better. Figure 10 depicts the preorder QS:nfliCts’UndEf, where Q%’"ﬂi‘:ts is used first, and if it

Undef
F3

returns equality, 3 is used next.

The admissible sets 0, {h}, and {h, j} are the most plausible sets with respect to ngnﬂids’undef. Additionally, we

can also state that the set {i} is more plausible to be accepted than {h,i}. Thus, ngnf[iCts’U"def models a ranking of

the sets of arguments in Fs based on their plausibility of acceptance with respect to admissibility.
We propose a general framework for defining extension-ranking semantics using a sequence of base relations.
DEFINITION 24. Let F = (A,R) € AF be an AF and (1y,. .., 1,) a sequence of base relations. A combination

method Q takes (11, ..., 1,) and returns an extension-ranking over P (A).
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{hi, j}

— .

{h.i} {i.j}

P

{1} ()

e

{h.j} 0 {h}

Fig. 10. ngnﬂids’undef from Example 27 depicted as a lattice.

In the rest of this section, we discuss two combination methods (Lexicographic Combination in Section 6.1 and
Voting Methods in Section 6.2) and analyse the resulting extension-ranking semantics.

6.1 Lexicographic Combination

In Example 27, we combined J¢°"licts and QUndef by applying these two base relations sequentially. This type of
combination is known as lexicographic combination.

DEFINITION 25. Let F = (A,R) € AF be an AF, E,E’ C A and (;I?, ce Q;") be sequence of base relations. The
lexicographic combination lex(3, ..., 37") is defined as follows:

o FE :lllfx(fl""’f”) E’ if and only if there exists i such that E 37 E’ and forall j < i, E E;,j E’;

In other words, we first compare two sets of arguments according to 7. If they are equally plausible to be
accepted with respect to 7;, we move on to the next base relation 7,, continuing until we either find a difference
or run out of base relations.

ExampLE 28. Consider again Example 27. Formally, the lattice in Figure 10 is produced by the lexicographic
combination ofggf“ﬂ'ds and Q%}“def, ie., Iex(ng“f"Cts, ;I%”d‘“'f). For the three sets {h, i}, {i}, and {h, j}, we have:

(h ) EC:nflicts (i) :Ig;)nflicts (hi}.
To differentiate between {h, j} and {i}, we use Q?}”def next. Therefore, we get:
{h, j} 2" (i}
We get the final preorder:

{h,]} :II}ZX(Coanicts,Undef) {l} ij(Conflicts,Undef) {h, i}.

6.1.1 Admissible Extension-ranking Semantics. Revisiting the definition of admissibility, a set E is admissible if
and only if E has no internal conflicts and contains no undefended argument. These two aspects are captured by
Conflicts and Undef, respectively.

DEFINITION 26. Let F = (A,R) € AF be an AF and E,E’ C A. Define the admissible extension-ranking
semantics r-ad via:

E g;‘-ad E/ ifand only le g;zx(Conﬂic‘[s,Undef) EI.
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Fig. 11. Recalled AF F, from Example 3.

In other words, the set E is more plausible to be accepted than E’ with respect to 224, if E is more plausible to
be accepted than E’ with respect to 2"t or in the case of equality, E is more plausible to be accepted than E’
with respect to 2U"f in an abstract argumentation framework F. We rename lex(2¢°nflicts) JUndef) 4 r-ad to
clarify the behaviour of the preorder.

ExXAMPLE 29. Consider F, from Example 3, depicted in Figure 11. When comparing the sets {a, b}, {b}, and {b, f},
we see that {b} and {b, f} are conflict-free, while {a, b} is not. Using Q}%"nf““s, we compare these sets using the
conflicts base relation. Further comparing {b} and {b, f}, we see that neither of these sets is admissible. Utilising
ng"def, we get:

Undefr, ({b}) = {b} and Undefg,({b, f}) ={b, f}.
Thus, we get:
(b} 352 1. ).
This indicates that {b} is closer to being admissible than {b, }. Extending our investigation to the three sets, we
et:
’ {b} 252 {b. f} 252 {a, b}
For the admissible sets {a, c, g} and {a,d, g}, we have:
Conflictsp,({a, ¢, g}) = Conflictsp,({a,d,g}) =0 and
Undef, ({a, ¢, g}) = Undefr, ({a,d, g}) = 0.
This implies:
{a,c.g} =f** {a,d, g}.

Importantly, {a, c, g} and {a,d, g} are among the most plausible sets, {a, ¢, g},{a,d, g} € max,4(F>).

For the two conflict-free sets {b, g} and {a, f}, we get:

Undefr, ({b,g}) = {b} and Undefg,({a f}) = {f}.
Therefore, these two sets are incomparable:
{b.g} =i {a f}.

The full preorder ofg;j‘d from Example 27 can be found in Figure 10. The three admissible sets {h, j}, 0, and {h}

are the most plausible sets, with every non-admissible set ranked lower. The set {i} is closer to being admissible than

(h,i}.

Next, we show the compliance of the admissible extension-ranking semantics with the principles defined in
Section 4.

PROPOSITION 16. r-ad satisfies ad-generalisation, respect conflicts, composition, decomposition, weak reinstatement,
addition robustness, and syntax independence. r-ad violates strong reinstatement. Proof: P. 59
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Fig. 12. AF F; from Example 31, the attack (a, b) is added later to obtain F;

For r-ad, we apply 2°°"lits and then 2U"4f to generate the final preorder. However, if we reversed the order
and apply 2V first and then 2¢°"flicts | conflicting sets like A would be ranked quite high.

ExampLE 30. Consider F, from Example 3. For any admissible set E, we still get:
Undefp, ({E}) =0 and Conflictsg,({E}) = 0.

So, E is among the most plausible sets for lex(Undef, Conflicts).
If we consider the sets {a,b,c,d, e, f, g} and {b, f}, then:

Undefg,({a,b,c,d,e, f,g}) = {b} and Undeff,({b,f})={b, f}.
This implies:
{(1, b, c d, e, f,g} :sz(Undef,Conf[icts) {b,f}

Although {b, f} is conflict-free, {a, b, c,d, e, f, g} is not, meaning that respect conflicts is violated by
lex(Undef, Conflicts).

Respect conflicts is not the only principle violated by lex(Undef, Conflicts), which is satisfied by
lex(Conflicts, Undef). The principle addition robustness is also violated.

ExampLE 31. Consider AF F; = ({a,b,c,d, e}, {(a,a), (b,c), (b,d), (c,e), (e,d)}), as depicted in Figure 12, and
the sets {a,d} and {a, b, c,d}. We have seen that:

{a,b} 3™ {a,b,c.d}.
We add the attack (a, b) to create F;. However, in this AF, we get:

{a,b,c d} :g;def {a,b}.
So, addition robustness is violated by lex(Undef, Conflicts).

By applying the base relation 2°"lts first, we enforce that conflicting sets are less plausible to be accepted
than conflict-free sets.

6.1.2 Complete Extension-ranking Semantics. Complete extensions are admissible sets in which every defended
argument is included. A generalisation of the complete extension semantics should be based on the admissible
extension-ranking semantics and refined by favouring sets that contain more defended arguments. This behaviour
can be modelled with a lexicographic combination of gConflicts Undef 54 ZCondef

DEFINITION 27. Let F = (A,R) € AF bean AF and E,E' C A. Define the complete extension-ranking semantics
r-co via:
E J'co E/ lfand only le :I[ex(Conf]icts,Undef,Condef) E;
) e .
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{h.i, j}

—

{hii} {i’lj}
{1} >< {}
\ 0 /

!
{h)
!

{h,j}

Fig. 13. 3 from Example 33 depicted as a lattice, where E — E’ means E’ 27 E.
3 3

If E is strictly more plausible to be accepted than E” with respect to 224, then this relation also holds for r-co.
If both sets are equally plausible to be accepted with respect to 2729, then the base relation 2¢°"4f is used.

ExampLE 32. Consider F, from Example 3 and the sets {b}, {g}, and {d}. While {g} and {d} are both admissible,
the set {b} is not admissible. Using 224, we get:

{g} aE° {b} and {d} 25 {b}.

To further compare {g} and {d}, we examine 3°°"%¢f, Argument a is defended by both sets, while {d} defends g in
addition to a. Thus, we get:

Condefg,({g}) = {a} and Condefg, ({d}) = {a,g}.
Therefore, we get:
{9} 2R ° {d}.
Since 37° is built on top of 2729, we can further extend the result of Example 29:
{g) TE° (d} TE° {b) 35 (b, f) T5° {a.b).
Among these sets, {g} is the closed set to be a complete extension, although it is not complete itself.

ExampLE 33. Consider again F; from Example 27. The lattice in Figure 13 depicts the preorder 3. The first three
levels are the same as in the preorder Q;:d, thus {h, i, j} is the worst ranked set, then we have {h,i} and {i, j}, which
are incomparable with each other. After these sets, we get the two singleton sets {i} and {j}. With Q;:;O, we can
distinguish the sets 0, {h}, and {h, j}. These were the sets for which both Conflicts and Undef returned the empty
set and were therefore the most plausible sets. For J;°° we get, that the complete set {h, j} is the most plausible set,
and between the two admissible sets ) and {h}, we can say that {h} is closer to being complete than (.

The complete extension semantics is a refinement of admissibility, thus we should refine 224 with an additional
base relation. In this case, we use 23°°"f and this combination indeed serves as a generalisation of the complete
extension semantics.

PROPOSITION 17. r-co satisfies co-generalisation, respect conflicts, composition, decomposition, weak reinstatement,
strong reinstatement, and syntax independence. r-co violates addition robustness. Proof: P. 60
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Fig. 14. AF Fg from Example 35.

6.1.3 Grounded Extension-ranking Semantics. The grounded extension is defined as the minimal complete
extension. It is natural to refine the complete extension-ranking semantics by incorporating a notion of minimality
to obtain a generalisation of the grounded extension semantics. The subset relation C directly models this notion
of minimality and can be used as a base relation. In other words, a set E is more plausible to be accepted than
E’ if E is smaller (with respect to the subset comparisons) than E’. Note that this base relation is only useful in
combination with other base relations, as the structure of the underlying abstract argumentation framework is
completely irrelevant for determining the plausibility of acceptance of a set with respect to C.
Now, we can define a generalisation of the grounded extension semantics by refining 37 with C.

DEFINITION 28. Let F = (A,R) € AF be an AF and E,E’ C A. Define grounded extension-ranking semantics
r-gr via:
E gll;?—gr E/ ifand only le g;ex(Conﬂicts,Undef,Condef,g) E/.

ExAMPLE 34. Consider F, from Example 3 and the sets {g}, {a, g}, and {a, c,g}. {a, g} and {a,c, g} are both
complete extensions, while {g} is not complete. Hence, 2"° gives us:

{a.g} 2% {9} and {a,cg} 3.7 {g}.
{a, g} and{a,c, g} are not the grounded extension, however {a, g} C {a, c, g}, which means:
{a,9} 357 {a,c.g}.
Using the results from Example 32, we can extend the ranking:
{a.g} 35 {ac.gh 35 {g} 2% {d} 25 (b} 35 (b, £} 3 {a.b}.

ExaMmPLE 35. Let Fs = ({h,i, j}, {(h i), (i, h), (i, j), (j, j)}) be an AF, as depicted in Figure 14. The full preorders
of 25 (left) and Qgggr (right) are depicted as lattices in Figure 15. The main difference between these two preorders is
that O ranks better than {h} and {i} in Q;:Sgr. Although {h} and {i} are not the grounded extension, these two sets
are still considered more plausible to be accepted than every other set except ) because they are complete extensions.

A set of arguments E that is more plausible to be accepted than another set E” with respect to the complete
extension-ranking semantics is also more plausible to be accepted than E’ with respect to the grounded extension-
ranking semantics. Thus, these two extension-ranking semantics mirror the behaviour of Dung’s complete and
grounded extension semantics.

The unique grounded extension is the smallest set among the complete extensions. Creating a preorder
based on J7, which is then refined based on the size of the sets, entails a generalisation of the grounded
extension semantics. We can infer the properties of r-gr via r-co. Since r-co satisfies respect conflicts, composition,
decomposition, and strong reinstatement, we know that r-gr satisfies these principles as well, and also violates
addition robustness.

PROPOSITION 18. r-gr satisfies gr-generalisation, respect conflicts, composition, decomposition, weak reinstatement,
strong reinstatement, and syntax independence. r-gr violates addition robustness. Proof: P. 61
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{ha i’ ]}
/ \
{hi,j} {j, i} {h,i}
/ \
(i, j} {h i} {J}
|
(U} {h i
|
{h, j} {h}
é) {h} (i} \ /

Fig. 15. Lattices depicting er 0 (left) and er 8" (right) from Example 35.

6.1.4  Preferred Extension-ranking Semantics. The preferred extension semantics uses a maximisation approach
to reason. More precisely, the preferred extensions are the maximally admissible sets. We can model this using
the superset relation 2, where a superset E is more plausible to be accepted than its subset E’.

To define a generalisation of the preferred extension semantics, we lexicographically combine 2729 with 2.

DEFINITION 29. Let F = (A, R) € AF be an AF and E,E’ C A. Define preferred extension-ranking semantics
r-pr via:
E g;—pr E ifand only le g;ax(Conf[icts,Undef,2) B

ExampLE 36. Continuing with Example 3, consider the sets {b}, {a}, and {a, g}. {a} and {a, g} are admissible sets,
while {b} is not admissible. Based on r-ad, we have:

{a} :I;;IDr {b} and {ag} :I;;pr {b}.
Additionally, both {a} and {a, g} are not preferred, but {a} C {a, g}, so:
{a.g} 357" {a}.
This means {a, g} is closer to being preferred than {a}. Extending the ranking from Example 29, we get:

(a9} 3 {a) T b} 35 (b1} 35 {ab).

ExampLE 37. Consider Fs from Example 35. The preorder Qgpr is depicted in Figure 16. If we compare the lattice
for3 er P with the lattice for 5%, we see that the most plausible sets with respect to I are split. 0 is ranked worse
than {h} and {i}, which aligns with the preferred extension semantics, as 0 is not a preferred extension, while {h}
and {i} are.

The preferred extensions can also be characterised as maximally complete extensions. For extension semantics,
this change in definition does not alter the acceptance of any set, since every preferred extension is also a complete
extension (Baroni, Gabbay, et al. 2018). However, defining the preferred extension-ranking semantics based on
completeness rather than admissibility yields different extension rankings.
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{hi j}
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{i.j} {h.i}
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l /
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Fig. 16. Lattices depicting g;:spr from Example 35.

DEFINITION 30. Let F = (A,R) € AF and E,E’ C A. We define the complete-preferred extension-ranking
semantics r-co-pr via:

E gIr:—co—pr E lfand only le gIlfx(Conﬂicts,Undef,Condef,Q) E.
ExampLE 38. Consider F, from Example 3 and sets {d} and 0. Using r-pr, we obtain:
{d} :Ilr,;pr 0.
since both sets are admissible and {d} is the larger set. However, using 2"°P", we get:
0 :I;;co-pr {d}.

Since these two sets are not complete, but Condefg, ({d}) = {a, g} and Condeff, (0) = {a}. Switching from admissi-
bility to completeness changes our rankings.

As another example, consider the sets {a, g}, {a, c}, and 0. All three sets are admissible, so they are equally plausible
to accept with respect to Qr';‘d. However, 0 C {a,g} and 0 C {a, c}, therefore:

{a, g} j;,;pr 0 and A{ac} :I;,;Pr 0.
But {a, g} and {a, c} are incomparable with respect to C. We get:
{a.g} =" {acy 3. 0.
r-co-pr

For 3", we compare {a,g}, {a, ¢}, and © with 2"\ {q g} is a complete extension, so Condefr,({a,g}) = 0.
Since Condef, ({a, c}) = g and Condefg, (0) = a, the other two sets are not complete. Among these three sets, {a, g}
is the closest one to be preferred, while the other two are incomparable.

r-co-pr r-co-pr
{a.g} 2p " {a,c} =F, Pro.

Example 38 shows that r-pr and r-co-pr are not refinements of each other and produce different rankings.
Despite the differences between r-pr and r-co-pr, both satisfy pr-generalisation.

PROPOSITION 19. r-pr and r-co-pr satisfy pr-generalisation, respect conflicts, composition, decomposition, strong
reinstatement, syntax independence, and violates addition robustness. Proof: P. 62
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The extension-ranking semantics r-pr and r-co-pr satisfy the same principles. Therefore, depending on the
context and application, either version can be used as a generalisation of the preferred extension semantics.
When deciding which version to use, the importance of completeness of sets must be considered. If sets that are
consistently defended and contain more arguments are to be favoured, then r-co-pr should be used; otherwise
r-pr can be used instead.

6.1.5 (Semi-)Stable Extension-ranking Semantics. For a set of arguments to be stable, it must be conflict-free
and attack all arguments not contained in that set. We have already shown in Proposition 4 that there is no
extension-ranking semantics that satisfies st-soundness, and therefore st-generalisation is impossible to satisfy.
Although we could consider defining an extension-ranking semantics by lexicographically combining J¢onflicts
and JY"att the resulting semantics will not be st-sound. However, a generalisation of the semi-stable extension
semantics is possible. Recall that a set E is semi-stable if it is complete and maximises E U E*. We achieve a
generalisation by lexicographically combining JC¢onflicts gUndef ' 5Condef 5,4 qUnatt,

DEFINITION 31. Let F = (A,R) € AF be an AF and E,E’ C A. We define the semi-stable extension-ranking
semantics r-sst via:
E Q;SSt E lfand only le gl;x(Coanicts,Undef,Condef,Unatt) E.

ExaMmPpLE 39. Consider F, from Example 3 and the sets {a, g}, {a,d, g}, and {g}. {a, g} and {a,d, g} are both
complete extensions, while {g} is not complete. With I, we get:

{a.9} 25" {9} and {ad g} 25 {g}.
To further compare {a, g} and {a, d, g}, we use ng”a“. Both sets are not semi-stable, but:
Unattr,({a,g}) = {c.d,e} and Unattg,({a,d,g}) = {e}.

Thus, we get:
{a,d, g} 25" {a, g}.
If we compare the semi-stable extension {a, c, g} with {a, d, g}, we get:

{a,c, g} :Ilr;ZSSt {a,d, g}.
because Unattg, ({a, c,g}) = 0, implying {a,c,g} € max,sst(F2). Since Q;’;St is based on QF;O, we can extend the
ranking computed in Example 32:
{a, C,g} :llr:;SSt {a’ d,g} :llr:;SSt {a’ g} :IE:—Zsst {g}
j;‘—:st {d} j;;sst {b} j}r:;sst {b,f} :l;:zsst {a, b}

ExampLE 40. Consider Fs from Example 35. The corresponding lattice to Q;;S“ is depicted in Figure 17. Comparing
QF;“ with 350, we see that these these two semantics coincide for {h,i, j},{i, j},{h,i},{j} and {h, j}. The most
plausible sets of I are refined in ;Ir’;St. The sets {h} and {i} are both more plausible to be accepted than 0 and
{i} is more plausible to be accepted than {h}, and {h} is more plausible to be accepted than (). Both {h} and ( are

complete extensions, but neither is a semi-stable extension. However, we show that {h} is closer to being semi-stable
than 0.

An important property of the semi-stable extensions is that these extensions coincide with the stable extensions
as long as stable extensions exist. A similar behaviour can be observed for the semi-stable extension-ranking
semantics: if stable extensions exist, then the most plausible sets of the semi-stable extension-ranking semantics
are the stable extensions.

PROPOSITION 20. Let F = (A, R) € AF be an AF with st(F) # 0, then max,sst(F) = st(F). Proof: P. 63
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Fig. 17. Lattices depicting Q;Z;St from Example 40.
Table 4. Principles satisfied and violated by r-o for o € {ad, co, gr, pr, co-pr, sst}.

Principles r-ad r-c r-gr r-pr r-co-pr r-sst
o-generalisation V(oc=ad) | V/(c=co) | V(o=gr) | /(c=pr) | /(oc=pr) | /(o=sst)
respect conflicts v v v v v v
composition v v v v v v
decomposition v v v v v v
weak reinstatement v v v v v v
strong reinstatement X v 4 v v 4
addition robustness v X X X X X
syntax independence v 4 v 4 v 4

Proposition 20 also implies that r-sst satisfies st-completeness, even if the abstract argumentation framework
has no stable extension.

PROPOSITION 21. r-sst satisfies st-completeness. Proof: P. 63

Next, we show the satisfied and violated principles by r-sst.

PROPOSITION 22. r-sst satisfies sst-generalisation, respect conflicts, composition, decomposition, strong reinstate-
ment, and syntax independence. r-sst violates addition robustness. Proof: P. 63

Table 4 summarises the results of this section up to this point. For o € {ad, co, pr, sst}. Since ad-generalisation
and strong reinstatement are incompatible there is no extension-ranking semantics, which satisfies a bigger set of
principles than r-ad. Similar for r-o for o € {co, gr, pr, co-pr, sst}, here are o-generalisation for o € {co, pr, sst}
and addition robustness are incompatible.
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Fig. 18. AF Fo from Example 42.

6.1.6  Cardinality-based Instances. We can utilise the cardinality-based variations of the base relations from
Section 5.2 to define generalisations of extension semantics, similar to the extension-ranking semantics in the
preceding sections. Instead of detailing each sequence of base relations, we will provide a summary.

DEFINITION 32. Let F = (A,R) € AF and E,E’ C A. The cardinality-based extension-ranking semantics r-c-o

for o € {ad, co, gr, pr, co-pr, sst} are defined as follows:

o E ;;:C'ad E’ if and only if E ;I;fx(c_conﬂim’c'undef) E';

e E ;;OCO E lfand only le ;I;x(c—Coanicts,c-Undef,c—Condef) E:

o E ;;c-gr E 1fand only le glsx(c—Coanicts,c—Undef,c—Condef,Q) E;

o E Q;:C-pr E lfand only le ggsx(c-COanicts,c-Undef,2) E';

o EZ°P E ifand only if E QIISX(c-Coanicts,c-Undef,c-Condef,Q) .

o E g;—c—sst E ifand only le g];x(c-Coanicts,c-Undef,c-Condef,c-Unatt) B

For each base relation, the cardinality-based variant is used to generalise the corresponding extension semantics

similarly to the subset comparison variant. For example, to generalise admissibility, we lexicographically combine
—c-Conflicts and jc-Undef.

ExaMPLE 41. Consider F, from Example 3 and the sets {c, g} and {b, f}. Argument g is defended by {c, g}, while c
is not defended, and both b, f are not defended by {b, f}. Q;;:‘d returns incompatibility between these two sets, since
{c} is not a subset of {b, f}. However, using the cardinality-based variant of r-ad, we can compare these two sets and
say that:

-ad
{c.g} 2 {b f}.
Consider the sets {a,b}, {b} and {b, f}. The set {a, b} is not conflict-free, so:

{6} 252 {a,b}  and  {b, f} 257 {a,b}.

To further compare {b} and {b, '}, we examine qundef. Argumentb is not defended by {b}, meaning |Undefr, ({b})| =
[{b}| = 1. For {b, f}, we have |Undefr,({b, f})| = |{b, f}| = 2, which gives us:

r-c-ad

{b} 2 {b. f}-

The resulting extension ranking between these three sets coincides with the one for Q;;ad
(B} 3 (. £} 9 {a b).

ExXAMPLE 42. Consider Fy = ({h, i, j},{(h,i), (i,h), (i, j)}) as depicted in Figure 18. The extension rankings for
Qﬁad and er,f'ad are depicted in Figure 19. The key difference between the two rankings is that {h, i} and {i, j} are

as shown in Example 29.

incomparable for ;Ilr;gad, whereas for Qr’:’ad, these two sets are comparable, and {i, j} is more plausible to be accepted
than {h, i}.

In Example 41, we observed that ;;jd and Qggc'ad coincide in the upper two levels. We can generalise this
observation further.
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{h.ij}
|
{hi, j} {h,i}
{i.j} {h.i} {i.j}
T ) — {i‘}
e /
{h.i} ‘4 \o\ {h} {h,j} ‘4 \@\ {n)
Fig. 19. Lattices depicting ;!;:‘qad (left) and ;I;:'ad (right) from Example 42.
Table 5. Principles satisfied and violated by r-c-o for o € {ad, co, gr, pr, co-pr, sst}.
Principles r-c-ad r-c-co r-c-gr r-c-pr r-c-co-pr r-c-sst
o-generalisation V(o=ad) | V(c=co) | V(c=gr) |V/(c=pr)| /(c=pr)| /(c=sst)
respect conflicts v v v v v v
composition 4 v 4 v v 4
decomposition X X X X X X
weak reinstatement v v v v v v
strong reinstatement X v 4 v v v
addition robustness v X X X X X
syntax independence v v v v v v

PROPOSITION 23. Let F = (A,R) € AF be an AF and E,E' C A. IfE 23° E, then E J;° E’ foro €
{ad, co, gr, pr, co-pr, sst}. Proof: P. 64

In other words, the family of extension-ranking semantics r-c-o is a refinement of r-o, as it resolves the
non-totality of 3¢ for o € {ad, co, sst}, but coincides with 37 when this extension-ranking semantics can
compare two sets.

Next, we examine the principles that the r-c-o extension-ranking semantics satisfy. Starting with the o-
generalisation principle, we see that the cardinality-based variants of the extension-ranking semantics r-c-o are
also generalisations of the extension semantics.

PROPOSITION 24. r-c-o satisfies and violates the principles as depicted in Table 5. Proof: P. 64

The cardinality-based extension-ranking semantics behave similarly to their subset variants, but they trade
decomposition for totality. Depending on the task at hand, we can choose the appropriate variant by evaluating
between totality and decomposition.

6.2 Voting Methods

Voting theory is an area of research that explores methods and processes for collective decision-making within a
group of individuals. A common application are elections, where voters collectively choose the best alternative
from a set of alternatives. This selection process aims to be fair by reflecting the voters’ preferences. Besides
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analysing voting systems, voting theory also examines paradoxes and limitations, such as the Condorcet para-
dox, which demonstrates that majority votes can be inconsistent. We begin by recalling essential background
information on voting theory and then discuss how it can be applied to rank sets of arguments.

6.2.1 Voting Theory. We start with a formal definition of an election.

DEFINITION 33. An election (A, N) consists of a set alternatives A = {ay,...,am}, and a set of voters N =
{01,...,0n}.

To collectively decide on the alternatives in A, each voter i casts a vote.
DEFINITION 34. In an election (A, N), a voterv; € N cast a vote as a linear ordering z; of A.

The linear order %; represents the voter’s preference over the alternatives, where a x; b means voter i prefers
or votes for alternative a over alternative b'.

A voting rule determines the winner(s) of an election, the most preferred alternative based on the votes. Note
that we are considering a special case of voting rules that produce a preorder rather than a single best candidate.

DEFINITION 35. Let (A, N) be an election and (z1, . .., xn) the votes of N. A voting rule VR returns a preorder
>VR over the alternatives A with respect to (21, ..., %n)-

A number of voting rules can be found in the literature, such as the plurality voting rule, where the alternative
with the most top votes wins, or the Borda rule, where alternatives receive points according to their position in
each vote, and the one with the highest total points wins the election. For more information on voting theory
and other voting rules, we refer interested readers to (Brandt et al. 2016).

This work focuses on the Copeland rule, which considers the number of pairwise comparisons that an alternative
wins versus the number of pairwise comparisons that the alternative loses. The alternatives with the best win/loss
record are the overall winners. We choose the Copeland rule because of its simplicity and its ability to handle
multiple candidates very well.

DEFINITION 36. Let (A, N) be an election and (1, ..., x,) the votes of N. The Copeland Score Copeland(x)
for alternative x € A is defined as:

n
Copeland(x) = Z HyeAlxziy-HyeAlyxzix}
i=1
The Copeland Rule Copeland for two alternatives x,y € A is then:
x >Copeland 4 i and only if Copeland(x) > Copeland(y).

ExaMPpLE 43. Consider a small mayoral election with four candidates: Ali, Bea, Cleo, and Dennis. Four voters
participating (v1,v2, s, vy), casting the votes as follows:

vy : Ali > Bea > Cleo » Dennis;
vy : Cleo =5 Ali >, Bea >, Dennis;
v3 : Dennis =3 Cleo =3 Bea >3 Ali;
vy : Cleo =4 Bea >4 Dennis =4 Ali.

Note that voter’s preferences in voting theory are considered strict, however for our definition, we allow weak preferences.
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Ali is ranked above Cleo by vy, but below by the other three voters. Ali is ranked above Bea and Dennis by v, and
v, but below by vs and vy, resulting in a Copeland Score of Copeland(Ali) = —2. The Copeland Scores for the other
candidates are:

Copeland(Bea) =0 Copeland(Cleo) = 6 Copeland(Dennis) = —4.
The final ranking with respect to the Copeland Rule is:

Cleo ZCopeland Bea ZCopel(md Ali ZCopeland Dennis.
Thus, Cleo is the winner of the election.

6.2.2 Copeland-based Combination. A voting rule takes a number of votes, presented as linear orders, and
returns a preorder over the alternatives. The input-output structure is analogous to extension-ranking semantics,
where a sequence of base relations is used to construct a preorder over the powerset of arguments. In this context,
the sequence of base relations serves as the votes, and the powerset of arguments represent the alternatives in an
election. Thus, a voting rule can be seen as an combination method, forming the basis for a general family of
extension-ranking semantics.

DEFINITION 37. Let F = (A,R) € AF bean AF, E,E’ C A and (Q;‘, e ;I;") being a sequence of base relations.

Consider (P(A),{r1,...,tn}) as an election and VR as a voting rule. We define the ‘VR-based combination
VR, ..., 37) as follows:

E ;IIYR(TI"“’T”) E' ifand only if E >VR E'.

Note that our votes are binary relations rather than linear orders. Therefore, for voting rules requiring totality
and antisymmetry, we must define how to handle these cases separately.

Inspired by the Copeland rule, Konieczny et al. (Konieczny et al. 2015) proposed methods for comparing o-
extensions using pairwise comparison criteria, where a o-extension E is favoured over E’ if E has a better win/loss
record than E’ with respect to these criteria. We generalise these definition to introduce the Copeland-based
combination as an instance of the VR-based combination.

DEFINITION 38. Let F = (A,R) € AF be an AF, E,E’ C A and (Q;}, e, Q;”) be a sequence of base relations. We
define the Copeland-based combination cope(2y, ..., 25") via:

E ;I}c:ope(fl,...,rn) E lfand only le ZCopelanal E.

In other words, a set E is more plausible to be accepted than E’ if the number of sets ranked worse than E
is greater than those ranked worse than E’. This means E has a better balance of wins and losses than E’ with
respect to the selected base relations.

ExampLE 44. Consider F5 from Example 10 and the sets {h, i} and {i}. {h, i} wins only against {h, i, j} with respect
to Q%f”f““s and loses against five other sets ({h}, {i}, {j}, {h, j}, 0), resulting in a value of —4, while {i} receives a
value of 3. Thus, we get:

{l} j;(;pe(Conf]lcts) {h, l}

For Q%”def, both {h,i} and {i} receive a value of —2, leading to:

{h, i} E;f:pe(Undef) {l}
The base relations individually rank these two sets differently. Combining these scores, we get —6 for {h, i} and 1
for {i}, resulting in:
{l} :Icope(Conflicts,Undef) {h l}
F; > :
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cope(Confhcts Undef) (

Fig. 20. Lattices depicting jr -ad (left) and Ir right) from Example 44.

cope(Conflicts,Undef)

The full extension ranking of 3, is depicted as a lattice in Figure 20 on the right. Comparing this

extension ranking with J;° 2 We observe the set containing every argument {h, i, j} is more plausible to be accepted

than {i, j} with respect to Zlmpe(conﬂ]ds Undef) , whereas for 2% ad ,{h,i, j} is the least plausible set.

The two different combmatzon methods induce different extension rankings.

The extension-ranking semantics J°°P("onatt) and geope(strded) are refinements of the Copeland-based extensions
CBE,,, defined by Konieczny et al. 2015.

DEFINITION 39 ((KONIECZNY ET AL. 2015)). Let F = (A,R) € AF be an AF, o an extension semantics, and
Yy € {nonatt, strdef}. The set of Copeland-based extensions CBE,,, is defined as:

CBE,, = argmaxges(r) {E' € o(F) | E 2} E'}| - {E" € o(F) | E' 3}, E}.

Copeland-based extensions are the o-extensions that rank highest among all o-extensions with respect to
y € {nonatt, strdef}. The extension-ranking semantics J°°P*(¥) can compare all possible sets in #(A), not only
the o-extensions.

Although the relations 2"°"" and Jstrdef gre not transitive, JeoPe(nonatt) 4 Jeope(strdef) 5re transitive and
reflexive. We can generalise this observation:

PropOSITION 25. Let F = (A,R) € AF be an AF. Q;OPE(TI""’T") is reflexive and transitive for any sequence of base
relations (11, ..., Tn). Proof: P. 66

While the lexicographic combination lex fully preserves the input relation, when applied to a single base
relation, for any abstract argumentation framework F = (A, R) it holds that lex(J7) =3F, this behaviour does
not always hold for cope.

ExAMPLE 45. Consider F, from Example 3 and sets {b,d} and {c, f}. Argument b is not attacked by {c, '}, while
d attacks both ¢ and f, meaning:

{b.d} 2" (e, £}
However, using cope, we get:
(e f} :I;jpe(nonan) (b.d).
Changing the relationship between {b,d} and {c, f}.
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Next, consider the sets {b, f} and {c, f}. Arguments b and f are strongly defended by {b, f} against {c, f}, while
c and f are not strongly defended by {c, f} against {b, f}, so:
{b, £} 357" {c, ).
However, using cope, we get:
{C, f} :I;jpe(strdef) {b,f}
Again altering the relationship between the two sets.

ExAMPLE 46. Consider F5 from Example 10 and the sets {h, i} and {i, j}. These two sets are incomparable with
respect to Conflicts, i. e.:

{h, i} x}(%onfli(:ts {l,_]}
However, using cope, these two sets are comparable and equally plausible:

{h, i} Ej:('j)pe(Conﬂicts) {l,]}

Using cope we can now compare two previously incomparable sets, but the relationship between these two sets has
changed.

The two examples demonstrate that cope is not an identity function for every base relation. We know that
gronatt gstrdef 5y d gConflicts Jack important properties, namely transitivity (I"°"2t, Jstrdef) and totality (2C°nflicts),
If the underlying base relation 7 satisfies these two properties, then cope(27) coincides with 27.

PROPOSITION 26. Let F = (A,R) € AF be an AF. If base relation I is total and transitive, then cope(3dy) =3}.
Proof: P. 66

Next, we explore how the combination method cope complies with our principles when applied to simple
sequences of base relations.

PROPOSITION 27. cope(Z¢onflicts gundef) "cope(anonatty and cope(2%174¢f) satisfy and violate the principles as
depicted in Table 6. Proof: P. 66

Table 6. Principles satisfied and violated by cope(;conmas, QUndefy cope(a°natty and cope(;lStrdef).

Principles COpe(QconﬂiCts, gUndef) Cope(gnonatt) Cope(QStrdef)
o-generalisation V(o = ad) X X
respect conflicts X X X
composition X X X
decomposition X X X
weak reinstatement v v v
strong reinstatement X v v
addition robustness X X X
syntax independence v v v

Throughout this section, we have combined previously defined base relations to construct extension-ranking
semantics and analysed their behaviour by examining the principles they satisfy. We have demonstrated that
when subset-based base relations are combined lexicographically, there is no extension-ranking semantics that
satisfies a bigger set of principles than the resulting extension-ranking semantics. Using the Copeland-based
combination allows us to generalise Dung’s extension semantics. However, this approach comes at the cost of
violating other desired principles.
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7 Conclusion and Related Work

In this paper, we presented a general framework for ranking sets of arguments based on their plausibility of
acceptance such that we can say that one set is “closer” to being acceptable than another set. For this purpose,
we introduced extension-ranking semantics, which are functions that induce a preorder over the powerset
of arguments, allowing us to say that set E is more plausible to be accepted than E’. We also introduced a
number of principles for evaluating extension-ranking semantics, and also for guiding the development of new
extension-ranking semantics.

In order to define a general framework for the development of extension-ranking semantics, we considered
several central aspects of argumentative reasoning and defined these aspects as simple base relations, each of
which models one of these aspects. By combining these base relations, we propose a family of extension-ranking
semantics, which turn out to be generalisations of Dung’s classical extension semantics.

If we compare the extension-ranking semantics discussed on the basis of the principles satisfied, we see that
LD, r-0, and r-c-o all satisfy their respective o-generalisation principles. In addition, cope(Z¢onflicts gUndef)
satisfies ad-generalisation, showing that the proposed base relations JConflicts qUndef Condef 54 gUnatt 44
actually model our intended behaviour.

7.1 Related Work

Several works have addressed the problem of refining reasoning in abstract argumentation. Konieczny et
al. (Konieczny et al. 2015) focus on refining the acceptance conditions of individual arguments by restrict-
ing when a set of arguments is considered acceptable. Bonzon et al. (Bonzon et al. 2018) and Yun et al. (Yun et al.
2018) use argument-ranking semantics to refine extension semantics in order to restrict the acceptance of a set of
arguments. These works restrict their refinement on only acceptable sets and completely ignore non-acceptable
sets. However, this restriction is not always recommended. For some semantics, such as the stable semantics of
Dung, there are AFs without any acceptable set. Nevertheless, we wish to reason with these AFs. While these
works present approaches to restricting sets, neither of them attempt to rank sets based on their plausibility of
acceptance. Furthermore, neither approach distinguishes between two not acceptable sets.

Another area, where the “best” extensions are selected, is that of preference-based argumentation frameworks
(PAF) (Alfano, Greco, et al. 2025; Amgoud and Cayrol 2002, 1998; Amgoud and Vesic 2011, 2014; Cyras 2016; Kaci
et al. 2018; Silva et al. 2020). These frameworks are argumentation frameworks that have been extended with a
preference over the arguments, given by an agent. Here, the lifting-based approach aims to select a subset of
extensions of an AF that are considered the “best” extensions according to some semantic notions. There are two
key differences between the research on PAFs and our work. Firstly, in the case of PAFs, the preference relations
are part of the input and are based on the agents’ opinions rather than being computed based on the AF alone.
Secondly, our work focuses not only on the extensions, but also on general sets of arguments, providing a broader
perspective.

The labelling-based semantics are a variation of extension semantics, where each argument gets a label of
in, out, undec. If an argument is labelled in it means that it is part of an o-extension, while out means that
the argument is attacked by an accepted argument and is therefore definitely not part of the extension. undec
(short for undecided) means that no clear decision can be found. Based on these labels, an extension can be
constructed by taking every argument labelled as in. The papers (Arieli and Rienstra 2014), (Rienstra 2014) and
(Rienstra and Thimm 2018) considered ordering over labellings. The latter two papers discussed some general
principles for these orders, namely conditional directionality and SCC stratification, which are the counterparts of
the directionality and SCC decomposability principles used in abstract argumentation (Baroni, M. Caminada, et al.
2011). These approaches can be extended to define a new family of extension-ranking semantics.
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In this paper, we generalised the extension-based approaches of Dung. While these approaches are well-
known and heavily researched, in the area of formal argumentation we can find a different family of reasoning
approaches, the argument-based approaches. Instead of focusing on the sets of arguments, these approaches rank
the individual arguments based on their strength. Thus, we can say that an argument a is “stronger” than argument
b, see (Amgoud and Ben-Naim 2013; Bonzon et al. 2016a, 2023) for overviews. The argument-based approaches
and extension-ranking semantics share the goal of ranking elements, while argument-based approaches rank
individual objects, extension-ranking semantics rank sets of objects. In (Bengel et al. 2025), the authors discussed
how to transform a ranking over sets of arguments into a ranking over arguments. They present necessary and
sufficient conditions the transformation and the extension ranking have to satisfy in order to for the resulting
argument ranking to have certain properties. The opposite direction, i.e., transforming a ranking over arguments
into a ranking over set of arguments, was discussed in (Skiba 2026). Thus, these two works have shown, that
these two formalisms are related. However, we have to note that we cannot apply these two transformation one
after another, as the resulting ranking would be a flat ranking.

Already Aristotle categorises arguments into logic, dialectic, and rhetoric types (Eemeren et al. 2014). Logical
strength of an argument can be divided into two parts inferential and contextual strength. The inferential strength
is concerned with how well the premise of an argument supports its conclusion. Contextual strength is concerned
with how well the conclusion is supported in the context. With dialectic strength we identify how attackable
an argument is in the context of a discussion. The final notion of rhetorical strength is concerned with how
well an argument can persuade an agent. Prakken’s recent works (Prakken 2024, 2022, 2021, 2023) discuss these
strength notions, arguing that formal argumentation typically focuses on contextual strength (within the abstract
argumentation framework). Prakken discusses what dialectical strength looks like in formal argumentation. The
author presents an argument-ranking semantics and investigates the properties of this semantics. It turns out
that the principles from Section 4 are only concerned with the contextual strength of arguments. In this paper,
we interpret the strength of arguments and sets of arguments as contextual, since this is the most appropriate
interpretation in our context. The strength of arguments and sets of arguments should be evaluated in the context
of an abstract argumentation framework.

7.2 Future Work

In Example 30, we have shown that the order between and is important for the lexicographic
combination, i.e., first applying 2°"li's ensures that respect conflicts is not violated. However, we have not
discussed any other orders. Does applying 2°°"¢f before 2U"def entail a different variation of the complete
extension-ranking semantics? An in-depth investigation of different orders will be done in future work. However,
note that for the Copeland-based combination the order of the base relation is not relevant. The extension-ranking
semantics 3"P" and J"“°P" have shown that different combinations of base relations can yield to a generalisation
of the preferred extension semantics. It is interesting to check whether we can find more such examples, where
different combinations of base relation yield to the same generalisations.

Besides the extension semantics discussed in this paper, there are lot more semantics such as the stage (Verheij
2003, 1996) or ideal (M. Caminada and Pigozzi 2011) extension semantics. Defining generalisations of these
extension semantics is another interesting avenue for future work.

An application of extension-ranking semantics is extension enforcement (Baumann, Doutre, et al. 2021; Coste-
Marquis et al. 2015; Haret et al. 2018; Wallner 2018, 2020; Wallner, Niskanen, et al. 2016, 2017). The goal is to
modify the abstract argumentation framework so that a selected set becomes a o-extension in the modified AF.
Thimm (Thimm 2024) suggested that a set of arguments “close” to being stable might be easier to enforce than a
less “close” set. Extension-ranking semantics can model this notion of closeness, with better-ranked sets being

;Conflicts ;Undef
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“closer” to acceptance. Investigating whether the assumption of Thimm 2024 holds is an interesting direction for
future research.

Extension-ranking semantics allow us to state that a set of arguments is “closer” to being acceptable than
another set of arguments. This notion of closeness can help agents in a debate or persuasion case to find their
optimal positions. Some times it is not possible for an agent have a optimal strategy, thus they try to find
the “closest” strategy to a optimal strategy in a debate. A investigation of the application of extension-ranking
semantics in a debate or persuasion setting will be done in future work.

Our proposed base relations can help identify reasons for the non-acceptance of sets of arguments. For instance,
if the base relation Undef highlights an argument a for a set E, it indicates that E does not defend a, explaining
why E cannot be admissible. This aligns with the growing interest in explanations for Al approaches, known as
XAI (Adadi and Berrada 2018; Guidotti et al. 2019; Samek et al. 2017). Explanations of formal argumentation have
also gained attention (Alfano, Calautti, et al. 2020, 2023; Baumann and Ulbricht 2018; Booth, M. Caminada, et al.
2014; Borg and Bex 2021a, 2022, 2021b; Cyras et al. 2021; Fan and Toni 2014, 2015; Potyka et al. 2023; Sakama 2018;
Saribatur et al. 2020; Seselja and Straer 2013; Timmer et al. 2015). It would be valuable to compare explanations
based on our base relations with other explanation approaches and explore how extension rankings can provide
explanations for settings with nonsensical constraints, offering more informative answers than mere rejection.
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A Technical Proofs

A.1 Technical Proofs for Section 3

Proposition 1. LD? is reflexive and transitive for o € {ad, co, gr, pr, st, sst}.

Proor. Let F = (A,R) be an AF, E C A, and o € {ad, co, gr, pr, st, sst} an extension semantics.

reflexive By definition, E EI'EDG E’ for E = E’. This holds because if E € ¢(F), then E’ € ¢(F) and if E ¢ o(F),
then E’ ¢ o(F).

transitive Consider E’, E” C A such that E ;II';Dfr E’ and E’ Q;DU E” . IfE ¢ o(F), we know that E’ ¢ o(F)
and E” ¢ o(F), thus E QIL,DU E”.If E € o(F), there is no set ranked strictly better than E with respect to
LD?, hence E Q;Dc E”. O

A.2 Technical Proofs for Section 4

Proposition 2. If extension-ranking semantics t satisfies respect conflicts, then t satisfies cf-soundness.

Proor. Let 7 be an extension-ranking semantics that satisfies respect conflicts, and let F = (A, R) be an AF
with E C A and E € max.(F). Since 0 is always conflict-free and we know that E 37, 0, it follows that E has to be
conflict-free as well. Otherwise, respect conflicts would be violated.

Now, consider E” ¢ cf(F), then respect conflicts implies @ 37 E” and therefore E” ¢ max, (F). Thus, we conclude
that max.(F) C cf(F), satisfying cf-soundness. O

Proposition 3. LD satisfies and violates the principles as depicted in Table 1 for o € {cf, ad, co, gr, pr, sst}.

Proor. We consider each principle as follows.
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Fig. 21. Recalled AF F, from Example 3.

LEmMA A.1. LD satisfies o-generalisation for o € {cf, ad, co, gr, pr, sst}.

PROOF. Let F = (A, R) be an AF and o € {cf, ad, co, pr, gr, sst}. For every set E € o(F), by definition, E :II';DU E
for every E’ ¢ o(F). Since LD produces only a binary classification, this implies that every o-extension is among
the most plausible sets, and every non-o-extension is not among the most plausible sets. Hence, o-generalisation
is satisfied. ]

LeEmMA A.2. LD? violates respect conflicts for o € {ad, co, gr, pr, sst}.

ExAMPLE 47. Consider F, (recalled in Figure 21 and the sets {b} and {e}. Both these sets are not admissible, but
{b} is conflict-free, while {e} is not. For o € {ad, co, pr, gr, st, sst}, we get:

{b} =5>7 {e}.
Therefore, LD wviolates respect conflicts for o € {ad, co, gr, pr, st, sst}.

LEmMA A.3. LD satisfies respect conflicts.
Proor. Let F = (A,R) be an AF and E, E’ C A with E € cf(F), and E’ ¢ cf(F). By definition, E :IILEDCf E'. O
LEMMA A.4. LD satisfies composition for o € {cf, ad, co, gr, pr, st, sst}.

PROOF. Let F = F{UF, = (A1, R1) U (A2, R;) with A;NA; = 0 be an AF. To prove the theorem for E, E’ C A; UA,,
it must hold that if .
{ ENA, g},? E'NA;

- hen E 2-°° F’.
ENA, 327 E' N A, } then £ I

We examine each semantics case by case, starting with conflict-freeness and then admissibility. Since 37 is
only a binary classification, it is sufficient to show that if E N A; satisfies o in F; and F, for i € {1, 2}, then it also
satisfies o in F and if E N A; violates o in F; or F, for i € {1, 2} then E also violates o in F. Since if E satisfies
o in F, then there cannot be any set S ranked strictly better than E. If E N A; violates ¢ in either F; or F, and
ENA; QHJO E'NnAjorENA, 21",30 E’ N Ay, then E’ N A, violates ¢ in F; or F, aswell for i € {1, 2}. So, if both E
and E’ are violating o in F, then neither of these sets can be ranked strictly better.
“o=cf”: If EN A; and E N A, are conflict-free in F; and in F,, then E is conflict-free in F, since the union of
F; and F, does not introduce new conflicts.
If EN A; or EN Aj; is not conflict-free in F; or F;, the responsible conflict (a,b) € Ry, with a,b € E is
also present of F. Hence, E is not conflict-free in F.
“oc=ad”: If EN A; and E N A, are admissible in F; and in F, then every argument in E is defended in
F. Otherwise, there has to be an argument attacking an argument in E in F that is not counterattacked,
however this attacker has to exists in either F; or F; as well, implying that ENA; can no longer be admissible
in the respective F; for i € {1,2}. Since, E also has to be conflict-free, E is admissible in F.
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W.Lo.g. assume E N A; is not admissible in F;, then there exists an argument a € E for which there is
no defender in E and since F; and F, are disjoint argument a remains not defended in F. Thus, E is not
admissible in F.

“o = co”: Assume E N A; and E N A, are complete in F; and F,. If E is not complete in F there has to be an
argument, which is defended by E and not contained. However, this argument must exists in either F; or F,
as well, making E N A; no longer complete in the respective F; for i € {1, 2}.

W.lo.g. assume E N A; is not complete in F;, then there exists an argument a which is defended by E and
not contained in E. However, since F; and F, are disjoint this argument remains defended in F by E. Thus,
E cannot be complete in F.

“o = gr”: Assume E N A; and E N A; are grounded in F; and F;, E is the least fixed point of the characteristic
function in both these AFs. Since F; and F, are disjoint, every argument defended in F; and F, is also
defended in F. So, E is a fixed point of the characteristic function in F. Since, the set of unattacked arguments
in F is the same as the union of unattacked arguments in F; and F;, E is minimal, proving that E is grounded
in F.

W.lo.g. assume E N A; is not grounded in Fy, then there is a set S C E, i. e., there is an argument a € E and
a ¢ S,but S U {a} defends a. This argument a is also part of F, since F = F; U F, holds as well as F; and F,
are disjoint. Thus, E is not minimal in F and therefore, not grounded.

“o = pr”: Assume E N A; and E N A; are preferred in F; and F,, E is admissible in F. If E is not preferred in F,
then there has to be a preferred set S € A; U A; such that E C S. Meaning there is an argument a € S and
a ¢ E, which is defended by S and E. However, a has to exits in either F; or F, and therefore E N A; is not
maximal in that F; for i € {1, 2}.

W.lo.g. assume E N Aj is not preferred in Fy, so there is a preferred set S C A; such that E C S. Meaning
there is an argument a € S and a ¢ E, which is defended by S and E. Since F; and F, are disjoint, a must be
defended by E in F, therefore E cannot be maximal in F.

“o = st”: Assume E N A; and E N A, are stable in F; and F,, if E is not stable in F, then there has to be an
argument a € A; U A, that is not attacked by E and a ¢ E. However, this a has to exits in F; or F, making
E N A; not stable in that F; for i € {1, 2}.

W.lLo.g. assume E N A; is not stable in F, there must be an argument a € A; such that a ¢ E U E*. However,
a has to exists in F, since F = F; U F, and F; and F, are disjoint.

“o =sst”: Assume E N A; and E N A; are semi-stable in F; and F, E is complete in F. If E is not semi-stable
in F, then there must be a semi-stable set S C A; U A, such that E C S. Meaning there is an argument
aeSuU S;; and a ¢ E, which is attacked by S or in S. However, a has to exits in either F; or F, and therefore
E N A; cannot be semi-stable in that F; for i € {1, 2}.

W.lo.g. suppose ENA; is not semi-stable in Fy, so there is a semi-stable set S C A; such that E C S. Meaning
there is an argument a € SU S;l anda ¢ EU E;l. Since F; and F; are disjoint, a cannot be part of E U E}. in
F, therefore E U E; cannot be maximal in F. m]

LEmMA A.5. LD? violates decomposition for o € {cf, ad, co, gr, pr, st, sst}.

ExaMPpLE 48. Let Fig = ({a,b,c,d}, {(a,b), (c,d)}) be an AF and the two sets {a, b, c} and {a, c,d}, as depicted in
Figure 22.

Fio can be partitioned into two disjoint AFs: Fio; = ({a,b},{(a,b)}) and Fio2 = ({c,d},{(c,d)}). The sets
{a,b,c} and {a,c,d} are not conflict-free in Fy, so for any extension semantics based on conflict-freeness, o €
{cf, ad, co, gr, pr, st, sst}, it holds that:

{a,b,c} EIL:RJ {a,c,d}.
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Fig. 22. AF Fjo from Example 48.

@ ©

Fig. 23. AF Fi1 from Example 49.

However, {a, c,d} N {a, b} is conflict-free in Fio1, and {a, b, c} N {c,d} is conflict-free in Fyo 2. Thus:
{a,c,d} N {a b} :;ﬁj {a,b,cyn{ab} and {abc}n{cd} 3> {acd}n{cd}.
for o € {cf, ad, co, gr, pr, st, sst}. Thus, LD violates decomposition for o € {cf, ad, co, gr, pr, st, sst}.
LeEmMMA A.6. LD? satisfies weak reinstatement for o € {cf, ad, co, gr, pr, st, sst}.
ProoF. Let F = (A,R) be an AF and E C A any set. Assume a € Fr(E),a ¢ E,and a ¢ (E~ U E*). We will show
that E ﬂl';Dg E U {a}. Since J'P” is a binary classification, we only need to check for E € ¢(F) and E ¢ o(F).

(1) If E ¢ o(F): Since E ¢ max_pe (F), there is no set S C A such that E :II';DG S.

(2) If E € o(F): Then E € max pe(F). For ¢’ € {cf, ad, co, pr, st, sst}, adding a to E does not introduce any
conflict, so EU{a} remains acceptable with respect to 0. If E € gr(F), then E = &r(E), meaning there cannot
exists an argument a € A such that a € §r(E) and a ¢ E. Thus, every LD? satisfies weak reinstatement. O

LEmmA A.7. LD? violates strong reinstatement for o € {cf, ad, co, gr, pr, st, sst}.

ExXAMPLE 49. Let Fi; = ({a,b},{(a,a)}) be an AF, as depicted in Figure 23, consider E = {a}. Since E is not
conflict-free, E ¢ o(F1;1) for o € {ad, co, pr, gr, st, sst}. However, b € §p,,(E), b ¢ E andb ¢ (E~ U E"). Based on
strong reinstatement, it would imply
Eu{b} 25" E.

but E U {b} is not conflict-free. Hence, E U {b} ¢ o(F1), and therefore E U {b} ¢ max_pe (F1;) and:
EU{b} =i E.

Thus, LD? does violates strong reinstatement for o € {cf, ad, co, pr, gr, st, sst}.

LEmMA A.8. LD satisfies addition robustness for o € {cf, ad, gr, st}.

ProoF. Let F = (A,R) be an AF and E,E’ C Awitha € E,and b € E’ \ E. We extend F to F’ such that
F' = (A,RU {(a,b)}). To show that LD? satisfies addition robustness, it is enough to show that if E € o(F), then
E € o(F'),andif E’ ¢ o(F), then E’ ¢ o(F’). Since ;Il';Dcr is a binary classification, this implies if E satisfies ¢ in
F’, then E is ranked among the best sets with respect to Q}';PJ and E’ cannot be ranked strictly better then E.

Additionally, if E’ ¢ o(F’), then E cannot be ranked strictly worse than E’ with respect to QILDI,)G.

“o = cf”: Let E € cf(F), then E € cf(F’) since no conflict are added to E. Thus, for any set E” C A, E QI'EPCF E”.

Let E’ ¢ cf(F), then no conflicts are removed in F” with respect to E’. Thus, for any set E”” C A, E” QIL:PCf E'.
Therefore, if E is conflict-free this set stays conflict-free in F’ and if a set is not conflict-free, then this set

stays not conflict-free. Hence, the relationship between E and E’ is unchanged with respect to Q};Dd.
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Fig. 24. AF F;2 from Example 50, where the dashed attack between a and b, (a, b), is added later to obtain F{z.

“oc = ad”: Let E € ad(F), E is conflict-free in F’. We need to show that every argument in E is defended in F’.

Assume a’ € E is not defended in F’ by E, there is at least one attacker of a’ that is not defeated in F” and
we do not remove any attack, therefore the added attack (a, b) has to be the reason. Implying a’ = b, which
is impossible since b ¢ E. Hence, E has to be an admissible set in F’.
Let E’ ¢ ad(F) and assume E’ € ad(F’), there is one argument b’ € E’ which is not defended in F by E’ but
defended in F’. Let ¢ be the attacker of b’, then E” does not contain any attacker of ¢ in F, hence the addition
of (a, b) will create a new attacker for ¢ implying ¢ = b and a € E’, which implies that E’ is not conflict-free
in F’ and therefore also not an admissible set. If E is an admissible set in F it remains an admissible set and
if E’ is not an admissible set E’ remains not an admissible set implying that the relationship between E and
E’ is unchanged in F/, i.e.,, E ;II';',)ad E’.

o =gr”: Assume E’ € gr(F’) and E’ ¢ gr(F), since E’ is not empty there must to be an unattacked argument
¢ € E" and since a € b, ¢ # b. Additionally, for every ¢ # a, c. = c},, hence every argument defended by
cin F’ is also defended by c in F. Since E’ € gr(F’), every argument in E’ is part of the least fixed point
of & ({c}) and everything defended by {c} in F’ is also defended by {c} in F, therefore every argument,
which is part of the least fixed point of & ({c}) also has to be part of the least fixed of r({c}), implying
that E’ € gr(F) contradicting the assumption.

Let E € gr(F), since the grounded extension is unique, it holds that E’ ¢ gr(F) and therefore E’ ¢ gr(F’).

Hence, it is impossible that E’ :I};Pgr E.

“o =st”: Let E € st(F), then E € ad(F) and E € ad(F’). Additionally, no attack is removed by switching over

to F/, E; CEtf,andEU E; = A. Hence, it has to hold that E U E;;, = A, implying E € st(F’).

Next, we show that if E” ¢ st(F), then E’ ¢ st(F’). For contradiction assume E’ € st(F’). If E’ ¢ cf(F) or
E’ ¢ ad(F), we are done. Let E’ € ad(F) and therefore E” € ad(F’). There exist an argument b’ € E7 such
that b’ ¢ E7 and additionally it holds that E; C E7. Since, the only attack we add is (a, b), implying b = b’
and a € E’. However, this also implies that E’ is no longer conflict-free in F’ since b € E’. Therefore, b’
cannot exist and therefore E’ ¢ st(F”). O

«

LEMMA A.9. LD? violates addition robustness for o € {co, pr, sst}.

ExAMPLE 50. Let Fyp be the AF depicted in Figure 24. Consider the sets {a} and {b, c}, both of which are complete,
preferred and semi-stable. If we add the attack (a,b), then argument d is defended by {a}, making {a} not longer
complete, preferred, and semi-stable. Meanwhile, {b, c} remains complete, preferred and semi-stable. This shows that:

LD® LD®
{a} 35, {bc} but {bc} T, {a}.
for o € {co, pr, sst}, violating addition robustness.
LEmMMA A.10. LD satisfies syntax independence for o € {cf, ad, co, gr, pr, st, sst}.

Proor. Clear by definition. m|
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@ O

Fig. 25. AF Fi1 from Example 49.

O

Proposition 4. If o is an extension semantics such that there exists an AF F = (A,R) with o(F) = 0, then no
extension-ranking semantics can satisfy o-soundness.

Proor. Let o be an extension semantics and F = (A, R) an AF such that o(F) = 0. Let 7 be an extension-ranking
semantics. For 7 to satisfy o-soundness, it must hold that max.(F) € o(F). However, for any preorder there
always exists a maximal set, meaning max,(F) # 0. Since o(F) = 0, o-soundness is always violated. O

To show the pairwise independence between pairs of principles, we partially introduce some new extension-
ranking semantics. We start by recalling argument-ranking semantics, for more information we refer to (Amgoud
and Ben-Naim 2013; Bonzon et al. 2016b).

. . . . . _ p
DEFINITION 40. An argument-ranking semantics p is a function, which maps an AF F = (A, R) to a preorder =},
on A.

DEFINITION 41. Let F = (A, R) be an AF and a € A. A h-categoriser function cat : A — (0, 1] is a function that
satisfies:
1
1+ Ypeq- cat(b)
We define the h-categoriser argument-ranking semantics (Cat) as:

a =59 b if and only if cat(a) > cat(b).

cat(a) =

DEFINITION 42. Let F = (A, R) be an AF. Given an extension semantics o, we define a variation of the least-
discriminating extension-ranking semantics with respect to o, denoted LD°*, by:

E " E' ifE € o(F) and E’ ¢ o(F);
E =" E'ifE E' ¢ o(F);
and E =P7 E', if E,E’ € o(F).
LEmMA A.11. LD satisfies o-generalisation for o € {ad, co, gr, pr, sst} and violates weak reinstatement.

PRrROOF. Let F = (A, R) be an AF and ¢ an an extension semantics. Consider E C A such that E € ¢(F). Then E
is ranked better than any non-extension and ranked equal to every o-extension, so E € max po«(F).

Consider AF F;; from Example 49 and recalled in Figure 25. Suppose E = {a}, then {a} is not conflict-free,
implying {a} ¢ o(F1;) for o € {ad, co, pr, gr, st, sst}, and b € Fr, ({a}), b ¢ {a} and b ¢ ({a}~ U {a}*). However,
{a, b} is not conflict-free, thus:

{a} <" {a,b}.
Therefore, LD?* violates weak reinstatement. O

DEFINITION 43. Let F = (A, R) be an AF, p an argument-ranking semantics, and E,E’ C A. We define Kelly’s
extension-ranking semantics Kelly , via:

_Ke]ly
(1) fE=E thenE=, " E';
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Fig. 26. AF Fi3 from Lemma A.12.

Kell
(2) FE=0andE" + ( thenE :lFe Y pr,
Kell
(3) Otherwise E QFe o pr ifand only ifa >? bVae€E andVb e E .
LEmma A.12. lex(gcConflicts OKellyea) satisfies respect conflicts and violates composition.

Proor. Let F = (A,R) be an AF and E, E’ C A such that E € cf(F) and E’ ¢ cf(F). Then Conflictsg(E) = 0 and
Conflictsg(E’) # 0, so E :If;c‘)“f“ds E’ and therefore E :I;fx(ckconﬂms’Ke”y”‘) E’, hence respect conflicts is satisfied.

lex (¢ Conflicts gKellyer) yiolates composition.

Consider Fi3 = ({a,b,c,d,e},{(a D), (ec),(c d),(cc), (d,d)}) as depicted in Figure 26. F;5 can be partitioned
into two disjoint AFs Fi31 = ({a, b}, {(a,b)}) and Fi52 = ({c,d, e}, {(e, ¢), (¢, d), (c,c), (d,d)}). The corresponding
argument ranking with respect to cat is:

~cat cat cat cat
exp arp brp cxp d

Consider sets {a, c} and {b, d}, we get:

{a} :Ilfiel):(f»Conflicts,Kel]ycat) {b} and {C} jl}:t(;»Conflicts,Kel]ycat) {d}

However, since ¢ ;LIC:?; b, we have:

lex(c-Conflicts,Kelly,,)
{a,c} =F., v {b,d}.

Thus, violating composition.

Next, we discuss a variant of the least-discriminating extension-ranking semantics.
Lemma A.13. lex(2Conflicts € satisfies respect conflicts and violates weak reinstatement.

Proor. Let F = (A, R) be an AF.
Consider E,E’ C A such that E € ¢f(F) and E’ ¢ cf(F). Then Conflictsg(E) = 0 and Conflictsg(E’) # 0,
implying:
E :ICoanicts E
)= .

Therefore: )
E j;ex(COnfhcts,Q) E.

Thus, respect conflicts is satisfied.
Consider E C Aand a € Asuchthata ¢ EfUEL with a € §r(E). We know Conflictsp(E) = Conflictsp(EU{a}),
therefore:
E EI(;onflicts EU {a}
However, E is a subset of E U {a}, meaning:

Iex(;Conflicts Q)
F

EO EU{a}.
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Fig. 27. AF Fjo from Example 48.

Therefore, weak reinstatement is violated. m]

DEFINITION 44. Let F = (A,R) be an AF and a,b € A be two specific arguments. We define the exclusive-or
extension-ranking semantics XOR,; as follows:

Ifa,b € Eora,b € E' thenE xiéOR“‘b E';

XOR

Otherwise, E =}, “* E'.

LEMMA A.14. XOR, satisfies decomposition for any two arguments a, b and violates composition.

PrROOF. Let F = F{ UF, = (A1, R1) U (A2, R;) with A; N A, = 0 be an AF and two arguments a,b € A; U A,.

Assume E Q?OR“”’ E’. This means that a,b ¢ E and a,b ¢ E’. This also entails, a,b ¢ ENA;, a,b ¢ EN A,,

abé E'NA;,anda b ¢ E' N A,. Hence:
ENA Zp* E'NA; and ENA, 3,00 E'N A,
Showing that decomposition is satisfied.

Consider Fy, from Example 48 recalled in Figure 27. For XOR, . and sets {a, ¢} and {b, d} we get:
{a} =R (b} and  {c} =N {q).

“Fioa “Fioz
However, we get:
XORgc
{a.c} <% (b,d.

Thus, composition is violated. A similar example can be found for any two arguments. ]

DEFINITION 45. Let F = (A, F) be an AF, p an argument-ranking semantics and E,E' C A. We define Elitist
extension-ranking semantics Eli,, via:

Eli

(1) IfE=E' thenE =" E’; N

(2) fE=0andE # 0 then E :IF[” E’;

(3) Otherwise E QIE:]"’ E' ifand only if 3b € E’ s.t. Va € E we have a >4 b.

LEMMA A.15. Elicy; satisfies composition and violates weak reinstatement.

Proor. Let F = F{ UF, = (A1, Ry) U (A, Ry) with A; N A; = 0 and argument-ranking semantics Cat. Assume
E,E CA UA, withENA; QEIC‘” E'NnAjand ENA, Qgic“’ E’ N Aj,. Then there is an argument b; € E' N A;
such that foralla; € EN A, a; >1€1‘” by and for F,, there is an argument b, € E’ N A; such that for all a; € EN Ay,
as >gzat by. Wlo.g. assume by >g“t by, then, a, >1§“t by forall a, € ENAy. Foralla; € EN Ay, a; =r b; and
because of transitivity, we have, a; > b;. So, there is an argument b € E’ such that for all arguments a € E,
a >1/_f b and therefore E ZIIE“C”’ E’.

Consider F; from Example 10 and the h-categoriser argument-ranking semantics. The set {h} is the only most
plausible non-empty set for Q?jc‘”, every other set is ranked below it, therefore weak reinstatement is violated
by E“Cat- O

Journal of Artificial Intelligence Research, Vol. 86, Article 35. Publication date: July 2026.



Extension-ranking Semantics for Abstract Argumentation « 35:49

DEFINITION 46. Let F = (A,R) be an AF and a,b € A. We define the cardinality-based argument-ranking
semantics Cb as follows:

a tgb b if and only if |ag| < |bg|.

DEeFINITION 47. Let F = (A, R) be an AF and p be an argument-ranking semantics for AF. The numerical strength
value svg(a) : A — N of argument a € A in F with respect to p is defined as the length of the longest sequence of
arguments ay, ..., a; such that a; >1p,, e >§ a; >g a, then svg(a) = i. If there isnob € A such thatb >§ a, then

P
svp(a) = 0.

DEFINITION 48. Let F = (A R) be an AF, E,E’ C A, and Cb cardinality-based argument-ranking semantics. We
define the order-based extension-ranking semantics OBEcp, s, as follows:

E ;;)BECb,Sum E/ l_ﬁ stgb(a) < Z svgb(b).

acE beE’

LEMMA A.16. OBEch sum satisfies addition robustness. OBEch sym violates weak reinstatement and composition.

Proor. Let F = (A,R) be an AF, tgb the argument ranking with respect to Cb, and E,E’ C A such that
E Q?BE“’S“'" E’. Consider AF F/ = (A,RU {(a,b)} such thata € E, b ¢ E, and b € E’. For every argument
c € A\ {b}, cz =cp,, and for b, b, = b U {a}.
If b >-}(,:b ¢ then |by| < |c;| and therefore we have either b >I§
svgb(b) = svg,b(b) and the second case implies svgb(b) < sog,b(b).

Ifb z%b c thenc >g,b b and this implies svgb(b) < svg,b(b) and svgb(c) > svg,b(c).

b corb 2%,'” c. The first case implies that

Theses two cases show that for E, 3 .cx svgb(c) > DceE svg,b(c). Every time the value sog,b(c) is lower than in F,
svg,b(b) increases and ensuring . jc g sogb (d) £ Yger svg,b(d). Therefore:

OBE
E gF’ Cb,sum E/.

O

ExampLE 51. Consider AF F; from Example 10 and set {h}. Then argument j is defended by {h}, but j has one
attacker implying:
OBECh,sum .
{h} Q8 jy.
Thus, weak reinstatement is violated.
ExampLE 52. Let Fiy = ({a,b,c,d, e}, {(a,b), (b,a), (a,c), (b,c),(c,b),(c,c)}) be an AF as depicted in Figure 28.
We get the following argument ranking with respect to Cb:

_Cb Cb Cb Cb
d =p. e>p. a>rp b >F, C.

Sinced and e have no attackers, they are the highest-ranked argument, followed by a, which has one attacker. Argument
b has two attackers, and c has three attackers. F14 can be split into two AFs: Fi41 = ({a, b, ¢}, {(a, b), (b, a), (a,c), (b, c),
(¢,b), (c,c)}) and F45 = ({d, e}, 0). For Fy4,, the ranking is:

Cb Cb
arp b SFo1C
For Fy42, we have:

_Chb
d ~p g €.
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Fig. 28. AF Fy4 for Example 52.

The corresponding numerical strength values are:

st b(a) =2, st b(p) =3, SUF4(C) =
stb(d) =0, stb (e) =0.

stm(a) =0, stm(b) =1, stm(c) =2,
soF”Z(d) =0, stm(e) =0.

Next, consider the sets {a, b,d} and {c,d}. We have:
OBECb,sum _OBECb,sum
{a, b} =P {c} and {d} =Fiss {d}.
However, we get:
{c.d} 35 " {a,b,d}.
Therefore, composition is violated by OBEcp, sym-

DEFINITION 49. Let F = (A R) be an AF and E,E’ C A. The incomparable extension-ranking semantics
;incomparable is deﬁned via:

incomparable

E=g

ble
E chompara
F

E" ifand only ifE = E';
E’ otherwise.

LEmma A.17. Jincomparable satisfies decomposition and violates weak reinstatement.

ProoF. Let F = (Al,Rl) U (Az,Rz) with Al N A2 = ( be an AF and E, E C A1 U Az. By deﬁnition, if:
E Ei;comparable E.

Then:
EﬁAl mcomparab[e E ﬂAl and E ﬂA mcomparab[e ol nAz.

Similarly, if:
E X;lcomparable E.

Then: ‘
ENA;, = |ncomparab[e E NA, and ENA, x|1;12c:0mparab|e E N Ay

Next assume a € Fr(E), a ¢ E, and a¢ (E-UE"). Then E # E U {a}, hence:
E xi;comparable EU {a}

Thus, weak reinstatement is violated. m]
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Proposition 5. The following holds:

(1) The principle respect conflicts implies cf-soundness.

(2) The principle strong reinstatement implies weak reinstatement.

(3) The principles ad-generalisation and strong reinstatement are incompatible.

(4) The principles o-generalisation for o € {co, pr, sst} and addition robustness are incompatible.

(5) For the remaining pairs of principles p1, p2 € {o-generalisation, respect conflicts, composition, decomposition,
weak reinstatement, strong reinstatement, addition robustness} where p1 # pa, p1 and p, are pairwise indepen-
dent.

Proor.  to 1 Proposition 2 shows that respect conflicts implies cf-soundness.
to 2 Let 7 be an extension-ranking semantics that satisfies strong reinstatement. For any F = (A, R) with
EC A, ifae Fr(E),a¢E and a ¢ (E; UE}), it follows that E U {a} 3}, E. Therefore, E U {a} 2% E also
holds.
to 3 Example 16 shows that ad-generalisation and strong reinstatement are incompatible.
to 4 Example 50 shows that o-generalisation for o € {co, pr, sst} and addition robustness are incompatible.
to 5 To show the pairwise independence of the remaining pairs of principles, for every pair p; and p,, we
present:
e One extension-ranking semantics that satisfies p; and p;
e One extension-ranking semantics that satisfies p; but violates p;
e One extension-ranking semantics that violates p; but satisfies p,.
(o-generalisation, respect conflicts):
e r-o satisfies both principles (see Table 4);
e LD satisfies o-generalisation and violates respect conflicts (see Table 1);
o Conflicts yiolates o-generalisation and satisfies respect conflicts (see Table 2).
(o-generalisation, composition):
e r-o satisfies both principles (see Table 4);
e cope(ZConflicts qUndefy (5 — ad) satisfies o-generalisation and violates composition (see Table 6);
o Conflicts yiglates o-generalisation and satisfies composition (see Table 2).
(o-generalisation, decomposition):
e r-o satisfies both principles (see Table 4);
e LD satisfies o-generalisation and violates decomposition (see Table 1);
o Conflicts yiolates o-generalisation and satisfies decomposition (see Table 2).
(o-generalisation, weak reinstatement):
e r-o satisfies both principles (see Table 4);
e LD7" satisfies o-generalisation and violates weak reinstatement (see Lemma A.11);
o JConflicts yiolates o-generalisation and satisfies weak reinstatement (see Table 2).
(o-generalisation, strong reinstatement):
o -0 (0 € {co, gr, pr, sst}) satisfies both principles (see Table 4);
e LD satisfies o-generalisation and violates strong reinstatement (see Table 1);
o 2Condef yiolates o-generalisation and satisfies strong reinstatement (see Table 2).
(ad-generalisation, addition robustness):
e LD satisfies both principles (see Table 1);
e cope(ZCenflicts gUndef) satisfies ad-generalisation and violates addition robustness (see Table 6);
o JConflicts yiolates ad-generalisation and satisfies addition robustness (see Table 2).
(respect conflicts, composition):
e r-o satisfies both principles (see Table 4);
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o lex(gcConflicts gRellya) satisfies respect conflicts and violates composition (see Lemma A.12);

o 2Undef yiolates respect conflicts and satisfies composition (see Table 2).
(respect conflicts, decomposition):

e r-o satisfies both principles (see Table 4);

o LDConflicts satisfies respect conflicts and violates decomposition (see Table 1);
violates respect conflicts and satisfies decomposition (see Table 2).
(respect conflicts, weak reinstatement):

e r-o satisfies both principles (see Table 4);

o lex(2¢onflicts| ) satisfies respect conflicts and violates weak reinstatement (see Lemma A.13);

o 1Yndef yiolates respect conflicts and satisfies weak reinstatement (see Table 2).
(respect conflicts, strong reinstatement):

e r-co satisfies both principles (see Table 4);
JConflicts satisfies respect conflicts and violates strong reinstatement (see Table 2);
violates respect conflicts and satisfies strong reinstatement (see Table 2).
(respect conflicts, addition robustness):

e r-ad satisfies both principles (see Table 4);

e r-co satisfies respect conflicts and violates addition robustness (see Table 4);

e JUnatt yiolates respect conflicts and satisfies addition robustness (see Table 2).
(composition, decomposition):

e r-o satisfies both principles (see Table 4);

o Conflicts gatisfies composition and violates decomposition (see Table 2);

e XOR, violates composition and satisfies decomposition (see Lemma A.14).
(composition, weak reinstatement):

e r-¢ satisfies both principles (see Table 4);

o Elic,s satisfies composition and violates weak reinstatement (see Lemma A.15);

e cope(2Cenflicts QUndef) yislates composition and satisfies weak reinstatement (see Table 6).
(composition, strong reinstatement):

e r-co satisfies both principles (see Table 4);

e r-ad satisfies composition and violates strong reinstatement (see Table 4);

e cope(2"°"M) violates composition and satisfies strong reinstatement (see Table 6).
(composition, addition robustness):

e r-ad satisfies both principles (see Table 4);

e r-co satisfies composition and violates addition robustness (see Table 4);

® OBE,c g, violates composition and satisfies addition robustness (see Lemma A.16).
(decomposition, weak reinstatement):

e r-o satisfies both principles (see Table 4);

o Jincomparable gatisfies decomposition and violates weak reinstatement (see Lemma A.17);

e LD violates decomposition and satisfies weak reinstatement (see Table 1).
(decomposition, strong reinstatement):

e r-co satisfies both principles (see Table 4);

e r-ad satisfies decomposition and violates strong reinstatement (see Table 4);

e cope(2"°"!) violates decomposition and satisfies strong reinstatement (see Table 6).
(decomposition, addition robustness):

e r-ad satisfies both principles (see Table 4);

e r-co satisfies decomposition and violates addition robustness (see Table 4);

. gUndef

°
° gCondef
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e LD violates decomposition and satisfies addition robustness (see Table 1).
(weak reinstatement, strong reinstatement):

e r-co satisfies both principles (see Table 4);

e r-ad satisfies weak reinstatement and violates strong reinstatement (see Table 4).
(weak reinstatement, addition robustness):

e r-ad satisfies both principles (see Table 4);

e r-co satisfies weak reinstatement and violates addition robustness (see Table 4);

e OBE,cb g, violates weak reinstatement and satisfies addition robustness (see Lemma A.16).
(strong reinstatement, addition robustness):

e r-co satisfies strong reinstatement and violates addition robustness (see Table 4);

e LD violates strong reinstatement and satisfies addition robustness (see Table 1), ]

A.3 Technical Proofs for Section 5
Proposition 6. Let F = (A, R) be an AF and E C A. Then exists a k € N with:

Ec 3iF(E) < 8’2*,F(E) c--c %Z—I,F(E) < 8Z,F(E) = 68;';+1,F(E) =
Proor. Let F = (A, R) be an AF and E C A. We show that &/ (E) € &/, z(E).

%

Observe that ‘&I*F(E) is formed by adding arguments from (%F(‘{'yi_l’ r(E)) \ E7), without removing any argu-
ments:

Sip(E) =81 p(E) U (Br(S_ p(E) \ET).
Therefore:
81 r(E) U (Fr(F_ p(E) \ET) C
(& p(E) U (Fr(F_ p(E) \E)) U (Fr(S_ p(E) U (Fr(F_ p(E) \ET))\ET).

This is equivalent to:

&ir € &iir
Since & C &/, p holds for every i, there must exist a smallest k such that §; . = &, ., because the number of
arguments is finite. Therefore, 8; P 8'; F for all k¥’ > k. O

Proposition 7. Let F = (A, R) be an AF, E C A such that E € ad(F). Then §r(E) = §r(E).

ProoF. Let F = (A, R) be an AF and E C A such that E € ad(F). Applying §" to E, we get: §; (E) = E and
8, p(E) = EU (&r(E) \ E7). &r(E) is defined such that this function will not return any attacker of E if E is
admissible, so we do not need to remove any attacker, thus, §r(E) \ E~ = §r(E). The Fundamental Lemma (Dung
1995) then implies E C §r(E) if E is admissible, E U r(E) = §r(E). Therefore, cJ—Z",F(E) = &r(E). We can use the
same reasoning for any i > 2 and entailing that in every step §(E) return the same arguments as r(E). O

Proposition 8. Let F = (A, R) be an AF and E = gr(F), then E is the least fixed point of .

ProoOF. Let F = (A, R) be an AF and E = gr(F). To prove that E is the least fixed point of 7, we modify the
algorithm to calculate the grounded extension (for details see (Baroni, Gabbay, et al. 2018)). This algorithm starts
with the empty set, r(0), and add in every step all defended arguments into that set until a fixed point is reached.
Since 0 € ad(F), §r(0) = F5(0) like shown in Proposition 7 and if Fr(0) reaches a fixed point, then F7(0)
reaches a fixed point. Since the grounded extension E is an admissible set, §r(E) = &7 (E). This fixed point of
&7 (0) coincided with the grounded extension E and therefore E is the least fixed point of &;. ]
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Fig. 29. Recalled AF Fs from Example 15.

Proposition 9. Let F = (A, R) be an AF and E € co(F). Then §}.(E) = E.

PrROOF. Let F = (A,R) be an AF and E € co(F), by definition of the complete semantics, E € ad(F) and
therefore §r(E) = & (E). Since, E already contains every argument it defends, no more arguments will be added
when applying the characteristic function, §r(E) € E. The other direction is shown by Proposition 7. Thus,

&r(E) = E. O
Proposition 10. The base relation dris reflexive and transitive for r € {Conflicts, Undef, Condef, Unatt}.

Proor. Consider AF F = (A,R), E C A, and 7 € {Conflicts, Undef, Condef, Unatt}.

Reflexive Let & = 7p(E) and E’ = E, then 7p(E’) = € and therefore E =}, E’.
Transitive Let E’, E” C A be two sets of arguments such that E 37 E” and E’ 37, E”. Then 7¢(E) C 7r(E’)
and 7p(E’) C 7p(E”), therefore E 37 E”. m]

Proposition 11. 27 satisfies and violates the principles as depicted in Table 2 for € {Conflicts, Undef, Condef,
Unatt}.

Proor. We consider each principle as follows.
LEmMA A.18. JConflicts yiolates o-generalisation for o € {cf,ad, co, gr, pr, sst}.

ExaMmPLE 53. Consider AF F, from Example 3 and the sets {a} and {b}. The set {a} is admissible, while {b} is not
admissible. However, both sets are conflict-free, implying:

{a} E%Zonﬂicts {b}
Therefore, o-generalisation for o € {ad, co, gr, pr, st, sst} is violated by JConflicts

LeEMMA A.19. 27 violates o-generalisation and respect conflicts for o € {cf, ad, co, gr, pr, sst} with r € {Undef,
Condef, Unatt}.

EXAMPLE 54. Consider AF Fs from Example 15, recalled in Figure 29. The set {a, b, ¢} defends all its elements and
contains all argument, so:
Undeffg, ({a, b, c}) = Condeff, ({a, b, c}) = Unattr, ({a,b,c}) = 0.
Therefore, there cannot be a set strictly more plausible to accept than {a, b, c} with respect to 3" for t € {Undef,

Condef, Unatt}, implying {a,b,c} € maxagr(Fs) and therefore o-generalisation and respect conflicts for o €
{cf, ad, co, gr, pr, sst} are violated.

Lemma A.20. 20nflicts satisfies respect conflicts.

Proor. Let F = (A, R) be an AF and E C A such that E € cf(F). E is conflict-free and therefore there is no pair
a,b € E such that (a,b) € R, thus Conflictsp(E) = 0 and E € maxgconfiicts (F).

Consider E’ C A such that E’ ¢ cf(F), then there is one pair a, b € E’ such that (a, b) € R, thus Conflictsp(E) #
0 and E” ¢ maxgconfiics (F). Therefore, respect conflicts is satisfied. O
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The following lemma will be useful to prove (de)composition.

LemMma A.21. Fort € {Conflicts, Undef, Condef, Unatt}, if AFs F; = (A1, Ry), F2 = (A3,Ry) and F=F, UF, =
(A1,R1) U (Az, Ry) with Ay N Ay = 0 then tr, (EN A;) U tr,(EN Ap) = 7p(E) for every E C A U A,.

Proor. We prove it for 7 = Undef (others are similar). Suppose F; = (A1, Ry), F; = (A2, R;) and F=F, UF, =
(A1, R1) U (Az, Ry) with A; N Ay = 0. We prove that Undefr, (E N A;) U Undefg, (E N Az) = Undefr(E).
“C”: Suppose w.lo.g. that argument a € Undefp, (ENA;). Thena € EN A; and a ¢ &r, (E N A;). Therefore,
a € E and since F; and F, are disjoint, a ¢ &r(E). Implying a € Undefp(E).
“2”: Suppose a € Undefp(E). Furthermore, suppose w.l.o.g. that a € F;. Then a € E and a ¢ §r(E). Hence,
there is an b € A; U A; such that b attacks a and b is not attacked by E. It then follows that b € A;. Thus,
a ¢ &r, (EN Ay). Implying, a € Undeff, (E N Ay). |

LeEmMmA A.22. 37 satisfies composition and decomposition for T € {Conflicts, Undef, Condef, Unatt}.

Proor. Let 7 € {Conflicts, Undef, Condef, Unatt}, F; = (A,Ry), F» = (A3, Ry),and F = F{UF, = (A;,R)) U
(Az,Rg) with A] N Ag =0.
“Composition”: Suppose E N A; ZIT E'NnAjand ENA, jr E’ N Ay. Then 7, (E N Ay) C 7, (E' N Ap) and
R, (ENAz) C 15, (E' N Ay). Lemma A.21 then implies that rF(E) C tp(E’). Thus, E 37 E'.
“Decomposition”: Suppose E J7. E’. Then 7r(E) C 7r(E’). Lemma A.21 then 1mphes that 7, (E N Ay) C
77, (E' N Ay) and 75, (E N Az) C 75,(E’ N Az). Thus, E N Ay Qlﬂl E'NAjand EN A, Qlﬂz E'NA,. |

LEmMmA A.23. O7 satisfies strong reinstatement for t € {Condef, Unatt} and weak reinstatement for v €
{Conflicts, Undef}.

ProOOF. Let F = (A,R) bean AF,E C A,and a € A such thata € r(E),a ¢ E,and a ¢ E; UEg.

“r = Conflicts“: Since a ¢ EfUE; and a € §r(E), Conflictsp(E) = Conflictsp(EU{a}), thus EU{a} E%O“f““ts
E. Therefore, weak reinstatement is satisfied and strong reinstatement is violated.

“r = Undef“: Since a € §r(E), Undefp(EU{a}) C Undefp(E), implying EU{a} Q%"def E.However, if aj, = 0,
then Undefg(E U {a}) = Undefp(E) and therefore E U {a} E%”dEf E. Therefore, weak reinstatement is
satisfied and strong reinstatement is violated.

“r = Condef“: Since a € Fr(E),a ¢ E,and a ¢ ELUE, a € Condefr(E). We have &, .(E) = EU (&r(E) \ Ex)
and a € (Fr(E) \ Ef), implying 8;’F(E) C &; p(EU {a}). Then Proposition 6 entails 8r(E) = Fp(E U {a}),
thus Condef(E U {a}) C Condef(E) and E U {a} :lg"“dEf E. Therefore, strong reinstatement is satisfied.

“r = Unatt“: Since a ¢ E U Ef,, a € Unatt(E) and adding a does not remove any argument from E}, so
E} € (EU {a})}. Thus, Unatt(E U {a}) C Unatt(E) and E U {a} :IILCJ“att E. Therefore, strong reinstatement
is satisfied. O

LEMMA A.24. O7 satisfies addition robustness for r € {Conflicts, Unatt}.

Proor. Let F = (A,R) be an AF and E,E’ C A such that E 3, E’ with respect to 7 € {Conflicts, Unatt}.
Suppose AF F' = (A,RU {(a,b)} suchthata € E,b ¢ E,and b € E'.
“r = Conflicts“: Since b ¢ E, Conflictsp(E) = Conflictsg (E) and Conflictsg(E’) C Conflictsg (E’), if
E ggonflicts E’ then E ;g,onflicts E.
“r = Unatt“: For every attack r in R, r € RU {(a, b)}. Hence, for every argument ¢ € A, ¢ # a, cj. = c},. Thus,
Unattg(E) 2 Unattp (E) and Unattp(E’) = Unattg (E’), therefore if E Qg”aﬁ E’ then E ;IIL,J,‘"‘tt E. O
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Fig. 30. Recalled AF F7 from Example 31, where the attack (a, b) is added later to obtain F;.

LEmMA A.25. 7 violates addition robustness for r € {Undef, Condef}.

ExampLE 55. Consider AFF; = ({a,b,c,d, e}, {(a,a), (b,c), (b,d), (c,e), (e,d)}) as recalled in Figure 30 and the
sets {a,d} and {a,b,c,d}. Argument d is undefended by both sets, and additionally {a, b, c,d} does not defend
argument c, so Undefg, ({a, d}) = {d} and Undefr, ({a, b, c,d}) = {c, d} and therefore:

{a.d} 2™ {a,b,c,d}.

We add the attack (a,b) into F; to obtain F;. However, in F; the set {a,b,c,d} defends all its elements, i.e.,

Undeff;({a, b,c,d}) = 0, while argument d is still not defended by {a, d}. This implies:
{a,b,c,d} 3" {a,d}.
7

Therefore 39" violates addition robustness.

For 2¢°ndef e get Condefp, ({a,d}) = Condefg, ({a,b,c,d}) = 0. We add the attack (a,b) and create F,.
However, in F}, argument c is consistently defended by {a,d}, hence Condef; ({a,d}) = {c}. For set {a,b,c,d},
CondefF;({a, b,c,d}) = 0, implying:

{a,b,c,d} 25" {a,d}.
7
Therefore addition robustness is violated.
LEMMA A.26. 27 satisfies syntax independence for t € {Conflicts, Undef, Condef, Unatt}.
Proor. Clear by definition. ]
O

Proposition 12. For AFF = (A,R), sets E,E’ C A, and r € {Conflicts, Undef, Condef, Unatt}, it holds that if
E JL E' thenE 27" E'.

Proor. Let F = (A, R) be an AF and E, E’ C A. Consider base relations 7 € {Conflicts, Undef, Condef, Unatt}
and E 37 E’. Then 7 (E) C tr(E’), this also implies |77 (E)| < |zr(E")|, thus E J57 E'. m]

Proposition 13. The base relation 2;‘7 is reflexive and transitive for r € {Conflicts, Undef, Condef, Unatt}.

Proor. Consider AF F = (A, R), E C A, and 7 € {Conflicts, Undef, Condef, Unatt}.

Reflexive Let & = c-7p(E) and E’ = E, then c-7¢(E’) = & and therefore E =¢7 E'.
Transitive Let E’, E” C Abe two sets of arguments such that E 37, E" and E’ 37, E”. Then c-7¢(E) < c-1p(E’)
and c-7¢(E’) < c-tp(E”), therefore E 37" E”. m|
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Proposition 14. J;" satisfies and violates the principles as depicted in Table 2 for r € {Conflicts, Undef, Condef,
Unatt}.

Proor. We consider each principle as follows.

LEMMA A.27. The following holds:

(1) 27 violates o-generalisation for o € {ad, co, gr, pr, st, sst} with r € {Conflicts, Undef, Condef, Unatt}.
(2) 27 violates respect conflicts for T € {Undef, Condef, Unatt}.

(3) 2" wviolates addition robustness for r € {Undef, Condef}.

Proor. Proposition 12 shows that 27 is a generalisation of 37, thus we can use the same counterexamples as
for 37. So, for (1) and (2) we use Example 54, for (3) we use Example 31. |

Lemma A.28. 2¢Conflicts satisfies respect conflicts.

ProoF. Let F = (A,R) be an AF and E,E’ € A such that E € cf(F) and E’ ¢ cf(F). Since E € cf(F),
Conflictsg(E) = 0 and therefore |Conflictsg(E)| = 0. For E’, Conflictsp(E”) # 0, hence |Conflictsg(E’)| > 0 and
E jc—Conﬂicts E. O

F

To show the satisfaction of composition, we show a similar lemma to Lemma A.21.

LEMMA A.29. For r € {Conflicts, Undef, Condef, Unatt}, if F; = (A1, R1), F» = (A3, R;) and F = F; UF, =
(A1,R1) U (Az, Ry) with Ay N Ay = 0 then |tp, (E N Ay)| + |75, (E N Az)| = |zr(E)| for every E C Ay U As.

PROOF. Suppose F; = (A1, Ry), F> = (A2, R;) and F = F; U F, = (A1, Ry) U (A2, R;) with A; N Ay = 0. Because
of Lemma A.21, 7, (E N A1) U 75,(E N A;) = 7p(E). Every element in 75, (E N A;) U 75, (E N Az) is in 7p(E) and
the other way around. Since A; N A; = 0, 7, (E N A;) and 75, (E N Ay) are disjoint and therefore every element of
7r(E) can only be in g, (E N A;) or 75, (E N A). Thus, |Conflictsp(E’)| > 0 and E :IIC{CO”fIiCtS E'. O

LEMMA A.30. 37 satisfies composition for T € {Conflicts, Undef, Condef, Unatt}.

Proor. Let r € {Conflicts, Undef, Condef, Unatt}, F; = (A,Ry), F» = (A3,R)) and F = F{ UF, = (A;,R)) U
(Az,Rz) with A1 N Az =0.

Suppose E N Ay 2“ TEENAjandEN A, ZICZT E’ N Ay. Then |t (EN A1)| < |75, (E' N A1)| and |75, (E N A)| <
|7r, (E' N Az)]. Lemma A.29 then implies |t (E)| < |rp(E’)| and therefore E 3" E’. O

LEmMMA A.31. 27 wviolates decomposition for € {Conflicts, Undef, Condef, Unatt}.

ExampLE 56. Consider AF Fis = ({a,b,c,d,e, f,g, h}, {(a,b),(ac), (b 4d),(ce) (f,g), (g9 h)}) as depicted in
Figure 31 and © € {Conflicts, Undef, Condef, Unatt}. This AF can be partitioned into two disjoint AFs Fi5; =

({a,b,c,d, e}, {(a,b), (a,c), (b,d),(ce)}) and Fisp = ({f. 9, h}, {(f,9), (g, h)}). Suppose sets {a,b,c} and {f, g},
then |tr,, ({a, b, c})| = 2 and |tr,,({f, g})| = 1. However, we also get:

|Conflictsr,;, ({a,b,c} N {a,b,c,d,e})| =2, |Conflictsr,;,({a,b,c} N {f,g.h})| =0,
|Conflictsr,;, ({f,g} N {a b,c.d,e})| =0, |Conflictsr,, ({f. g} N {f.g.h})| = 1.
Thus, we get:

{f.9y T {a b} bur {a.boch 0 {f.g.h} TETE {f.g).
Next, consider the sets {g} and {b, c}. For these two sets, we get:

{9y 25" {boey  but  {b,c} N {fig.hy IEHYT {gy N {f.g.h).
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0,

ONORC
D () (=

Fig. 31. AF Fi5 from Example 56.

For sets {f} and {a}, we get:
U} =55 {a), but
{a} n{a,b,c,d, e} :If:;g'l’def {f}n{a,b,c,d, e}, and

Fynifighy 355" {ah 0 {f.9.h)
Consider the sets {f} and {a}, we have:

{a} 25" {f} and {f} 0 {f. 9.k} 255" {a} N {f. g, h}.
Thus, for r € {Conflicts, Undef, Condef, Unatt}, 37 violates decomposition.

LEmMA A.32. 37 satisfies strong reinstatement for © € {Condef, Unatt} and weak reinstatement for t €
{Conflicts, Undef}.

ProOF. Let F = (A,R) bean AF,E C Aand a € Asuchthata € §r(E),a¢ E,and a ¢ E; UEL.

“r = Conflicts”: Since a ¢ Ej U E; and a € §r(E), |Conflictsp(E)| = |Conflictsp(E U {a})|, thus E U
{a} E;C"”f”ds E. Therefore, weak reinstatement is satisfied and strong reinstatement is violated.

“r = Undef”: Since a € §r(E), |Undefr(E U {a})| < |Undefg(E)|, implying E U {a} Q;’U"dEf E. However, if
aj. = 0, then |Undefr(E U {a})| = [Undefr(E)| and E U {a} E;'U”def E. Therefore, weak reinstatement is
satisfied and strong reinstatement is violated.

“r = Condef”: Since a € §r(E) and a ¢ EU E;. U EL, a € Condefr(E). We have &, p(E) =EU (r(E) \ Ep)
and a € (Fr(E) \ Ez), implying %;F(E) c 8;‘F(E U {a}). Then Proposition 6 entails &7 (E) = Fr(E U {a})
and |Condefg(E U {a})| < |Condefg(E)|. Thus, E U {a} :If;condef E. Therefore, strong reinstatement is
satisfied.

“r = Unatt”: Since a ¢ E U E}, a € Unatt(E) and adding a does not remove any argument from E}, Ej C

E U {a})*. Thus, |Unattg(E U {a})| < |Unattg(E)| and E U {a} 2<Unatt E Therefore, strong reinstatement
F F g
is satisfied. |

LEMMA A.33. 27 satisfies addition robustness for r € {Conflicts, Unatt}.
PrOOF. Let F = (A,R) be an AF and E,E’ C A such that E Ji" E” with respect to 7 € {Conflicts, Unatt}.

Consider AF F’ = (A, RU {(a,b)} suchthata € E,b ¢ E,and b € E’.

“r = Conflicts”: Since b ¢ E, |Conflictsg(E)| = |Conflictsg (E)|, and |Conflictsp(E’)| < |Conflictsg (E')|, so
ifE :lchOnflicts E’ then E :Ichoanicts E
=F =p .

“r = Unatt”: For every attack r in R, r € RU {(a, b)}. Hence, for every argument ¢ € A, ¢ # a, and c; = c;,. So,

|Unattr(E)| < |Unattp (E)| and |Unattp(E’)| = |Unattg (E)|. Thus, if E 25V E’ then E 3GV E/. O
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LEMMA A.34. 27 satisfies syntax independence for r € {Conflicts, Undef, Condef, Unatt}.

Proor. Clear by definition. O

Proposition 15. For AFF = (A,R), A J E for any E C A with t € {nonatt, strdef}.

PROOF. Let F = (A, R) be any AF and E C A a set of arguments.

“Jnonal!”: For every argument a € E, which not attacked by A it has to hold that a; = 0, so a has to be
unattacked. Since E C A and a € A, therefore the number of unattacked arguments inside E is smaller or
equal to the number of unattacked arguments in A. Thus, A 23°"" E for every E C A.

“7strdef»; For set E to contain any strongly defended arguments from A, E needs to contain an unattacked
argument. Like already discussed in the case above, A contains every unattacked argument as well. Ad-
ditionally, if an argument is strongly defended by E from A, we can use the same reasoning to show the
strong defence by A from E. Therefore, the number of strongly defended arguments by E is lower or equal
to the number of strongly defended arguments in A. Hence, A Q}trdef E for every E C A. ]

A.4 Technical Proofs for Section 6

Proposition 16. r-ad satisfies ad-generalisation, respect conflicts, composition, decomposition, weak reinstatement,
addition robustness, and syntax independence. r-ad violates strong reinstatement.

Proor. We consider each principle as follows.
LEMMA A.35. r-ad satisfies ad-generalisation.
PrROOF. Let F = (A, R) be an AF and E C A. To show ad-generalisation is satisfied, we prove that if and only if

Conflictsg(E) = Undefg(E) = 0 then E € ad(F).

“ad-soundness”: First, () is always an admissible set and therefore Conflictsg(0) = Undefr(0) = 0, hence
for every set E that is a most plausible set according to r-ad, Conflictsp(E) = Undefr(E) = 0, otherwise
0 :Ilr,'ad E. Thus, for every E € max,.,4(F), E contains no conflict and every argument is defended, hence E
is admissible.

“ad-completeness”: Suppose E is admissible, then E contains no conflicts implying Conflictsg(E) = 0 and
defends all its elements Undefp(E) = (). There cannot be a E’ C A such that E’ :llg"”ﬂictS Eor FE :Ill,J"def E,
because there is no subset of 0, implying E € max,.,4(F). m]

LeEMMA A.36. r-ad satisfies respect conflicts.

ProOF. Let F = (A,R) be an AF and E,E’ C A such that E € c¢f(F) and E’ ¢ cf(F). Then E :I%‘mf“CtS E’ and
therefore E :Ilrc'ad E'. ]

LEmMA A.37. r-ad satisfies composition and decomposition.

Proor. Follows from Lemma A.22 together with Definition 26. ]

LEMMA A.38. r-ad satisfies weak reinstatement.

PrOOF. Let F = (A,R) be an AFand E C A. Suppose a € §r(E),a ¢ E,and a ¢ (E~ UE*). Then Conflictsp(EU
{a}) = Conflictsp(E). It remains to show: Undefp(E U {a}) C Undefp(E). Suppose x € Undefp(E U {a}).
Then x € EU {a} and x ¢ §r(E U {a}). Because a € Fr(E U {a}) it follows that x € E. Furthermore, since
x ¢ §r(EU {a}), x ¢ §r(E). This implies that x € Undefr(E). Thus, E U {a} Ego”ﬂids E and E U {a} Qg”dEf E,
therefore E U {a} Q;’ad E. m]
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LeEMMA A.39. r-ad violates strong reinstatement.
Proor. Follows directly from Proposition 5. ]
LEMMA A.40. r-ad satisfies addition robustness.

Proor. Let F = (A,R) bean AFand E,E’ C Awith E Q'F'ad E'.Let F' = (A,RU{(a,b)} forae E,and b € E’' \ E.

“Q%O”f“‘:ts”: The addition of (a,b) does not add any new conflicts into E, Conflictsp(E) = Conflictsg (E),
additionally no conflict from E’ is deleted, thus Conflictsp(E’) C Conflictsg (E’). Since E Q;ad E,
Conflictsp(E) C Conflictsp(E’), therefore Conflictsp (E) € Conflictsp: (E'), implying E Qg,‘)“ﬂids E'.

“;lg”def”: Assume E Q}'ad E’ and Conflictsp(E) = Conflictsp(E’). Like show above, Conflictsg (E) C
Conflictsg (E”), assume Conflictsp(E) = Conflictsg (E”). Next, we show Undefp (E) € Undefp (E’).
Since E Q}'ad E’ and Conflictsp(E) = Conflictsg(E"), Undefp(E) € Undefp(E’). The attack (a,b) does
not disable any defence from E, since b ¢ E. Hence, b cannot be used to defend anything. Therefore,
Undefp (E) € Undefp(E) and we do not lose any defence with respect to E.

Next, we show that E’ cannot defend more argument than before. Assume b’ € § (E’) and b’ ¢ Fr(E'),
meaning there is one attack (c, ") € R such that E’ does not attack c. Since only (a, b) is added, this attack
is responsible for the defends of b’ in F’, therefore a € E’ has to hold. However, this is a contradiction to
Conflictsg (E) = Conflictsg (E’), thus b’ cannot be defended. Therefore, Undefr(E’) C Undefg (E’) and
since Undefp(E) C Undefg (E’), Undefp (E) C Undefg (E’). Thus, E 2;:,‘"‘1 E'. m|
LEMMA A.41. r-ad satisfies syntax independence.
Proor. Clear by definition. m]
O

Proposition 17. r-co satisfies co-generalisation, respect conflicts, composition, decomposition, weak reinstatement,
strong reinstatement, and syntax independence. r-co violates addition robustness.

Proor. We consider each principle as follows.
LEMMA A.42. r-co satisfies co-generalisation.

ProoF. Let F = (A,R) bean AFand E C A.

“co-soundness”: Suppose E € max,.co(F). We first prove that E is admissible. Suppose E is not admissible,
then there is an admissible E’ such that E’ :Ilr;:’Id E. But this contradicts E € max,.,(F), hence, E is
admissible. Next, we prove that E contains all defended arguments. Suppose the contrary, then there
is an argument a ¢ E and a is defended by E. Thus, a € Condefr(E). For some complete extension E’,
Condefp(E") = 0 c Condefp(E), implying E’ E;ad E and E’ 3 E, contradicting E € max,.co(F). Hence,
E contains all arguments it defends. It follows that E is complete.

“co-completeness”: If E is a complete extension of F. Suppose, towards contradiction, that E ¢ max,.c, (F).
Then there is an E’ such that E’ ZII'{C" E. Since E is admissible, it follows that E’ is admissible. This implies
E’ :Ig""def E and hence Condefp(E”) € Condefp(E). Consequently, there is an argument a € Condefr(E),
implying that there is an argument defended by E but not element of E, this contradicts the assumption
that E is complete. Thus, E € max.co(F). O

LEMMA A.43. r-co satisfies respect conflicts.
Proor. Let F = (A,R) be an AF and E,E’ C A such that E € cf(F) and E’ ¢ cf(F). Then Conflicts implies,

E :IIEO”fIiCtS E’, therefore E :l}'“’ E. m]
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Fig. 32. AF Fis from Example 57, the dashed attack from a to b is added to obtain Fy.

LEMMA A.44. r-co satisfies composition and decomposition.
Proor. Follows from Lemma A.22 together with Definition 27. ]
LEmMA A.45. r-co satisfies strong reinstatement.

ProoOF. Let F = (A,R) bean AFand E C A. Leta € Fp(E),a ¢ E,and a ¢ (E~ U E*). Lemma A.38 implies
that {a} UE 2% E. If {a} UE :Ilr;ad,E we are done. Hence, we suppose {a} U E E;:ad E and prove that
Condefr({a} UE) C Condefr(E). Since a € §r(E) anda ¢ {E- UE*},a € F*(E) and a € F(EU {a}). F*
reaches a fixed point, implying §*({a} U E) = F*(E). Since a ¢ E, §*({a} UE) \ (EU {a}) c F*(E) \ E and thus
Condefr({a} U E) C Condefr(E). This implies EU {a} 3. E. O

LEMMA A.46. r-co violates addition robustness.

EXAMPLE 57. Let Fi4 be the AF depicted in Figure 32. Consider the two sets {a} and {b,c}. {a} is a complete
extension, while {b, c} is not a complete extension, so:

{a} :l}f’ {b,c}.

If addition robustness is satisfied and we add an attack between {a} and {b, c}, this maintains the relationship.
’

Suppose we add (a, b) to F, to create F, as shown with the dashed line in Figure 32. Then {a} is no longer a complete
extension, since the arguments d and f are defended, implying Condefr, ({a}) = {d. f}, while for {b,c} we have
Condefr ({b,c}) = {f}. Therefore:

{b,c} :Ilr,'l,céO {a}.

This violates addition robustness.
LEMMA A.47. r-co satisfies syntax independence.
Proor. Clear by definition. m|
m]

Proposition 18. r-gr satisfies gr-generalisation, respect conflicts, composition, decomposition, weak reinstatement,
strong reinstatement, and syntax independence. r-gr violates additiond robustness.

Proor. We consider each principle as follows.
LEMMA A.48. r-gr satisfies gr-generalisation.

ProoF. Let F = (A,R) bean AFand E C A.

“gr-soundness”: Suppose E € max, ¢ (F), then E is complete. Suppose E is not grounded. For the grounded
extension E’ of F, we have E’ C E, which implies E’ j;gr E. But this contradicts E € max,_gr(F). Hence, E
is the grounded extension.
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“gr-completeness”: Suppose E is the grounded extension of F and E’ :I;_gr E. Since E is complete, E’ is
also complete. Hence, E’ C E, but this is impossible as it implies, E is not the grounded extension. Thus,

E € max,.g(F). O

LEMMA A.49. r-gr satisfies respect conflicts, composition, decomposition, and strong reinstatement. r-gr violates
addition robustness.

Proor.  respect conflicts: Follows directly from Lemma A.43.
composition and decomposition: Follows from Lemma A.22 together with Definition 28.
strong reinstatement: Follows directly from Lemma A .45.
addition robustness: We can use Example 57, to show that r-gr violates addition robustness. m]

LeEMMA A.50. r-gr satisfies syntax independence.
Proor. Clear by definition. m]
O

Proposition 19. r-pr and r-co-pr satisfy pr-generalisation, respect conflicts, composition, decomposition, strong
reinstatement, syntax independence, and violates addition robustness.

Proor. We consider each principle as follows.
LEMMA A.51. r-pr and r-co-pr are satisfying pr-generalisation.

Proor. Let F = (A, R) be an AF and E C A. We start with r-pr.

“pr-soundness”: Assume E € max,.,r(F). Then E is an admissible set. Suppose E is not preferred. Then there
is an admissible set E’ such that E C E’. But this is a contradiction to E € max,.,(F). Thus, E is a preferred
extension.

“pr-completeness”: Suppose E is a preferred extension of F and assume E’ :Ilr,'IDr E. Since E is an admissible
set, E’ is also an admissible set. Hence, we have E C E’. But this is impossible as it implies that E is not a
preferred extension. Thus, E € max,.p(F).

Next, we look at r-co-pr.

“pr-soundness”: Suppose E € max,co-pr(F). Then E is complete. Assume E is not preferred. Then there is
an complete E’ such that E C E’. But this is a contradiction to E € maX,.co-pr (F). Thus, E is a preferred
extension.

“pr-completeness”: Suppose E is a preferred extension of F and assume E’ :Ilr,'co_pr E. Since E is complete,
E’ is also complete. Hence, we have E C E’. But this is impossible as it implies that E is not a preferred
extension. Thus, E € max,_co-pr (F). O

LEMMA A.52. r-pr and r-co-pr are satisfying respect conflicts.

Proor. Let F = (A,R) be an AF and E,E’ C A such that E € cf(F) and E’ ¢ cf(F). Then E :IJE"“f“Cts E,
therefore E j;pr E' and E j;w-pr FE’ O

LEMMA A.53. r-pr and r-co-pr are satisfying composition and decomposition.

Proor. Follows from Lemma A.22 together with Definition 29 and Definition 30, respectively. ]
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LEMMA A.54. r-pr and r-co-pr are satisfying strong reinstatement.

Proor. We only show it for r-pr, but the proof for r-co-pr is similar.
Let F = (AR)bean AFand E C A. Leta € &p(E),a ¢ E,and a ¢ (E~ U E*). Lemma A.38 implies, that
EU{a} Q;pr E. Tt also hold that E ¢ E U {a}. Hence, E U {a} j;pr E. So, r-pr satisfies strong reinstatement. 0O

LEMMA A.55. r-pr and r-co-pr are violating addition robustness.
Proor. To show that addition robustness is violated by r-pr and r-co-pr, we use Example 50 again. m]
LEMMA A.56. r-pr and r-co-pr are satisfying syntax independence.

Proor. Clear by definition. m]

Proposition 20. Let F = (A, R) be an AF with st(F) # 0, then maXx,.sst (F) = st(F).

Proor. Let F = (A, R) be an AF such that st(F) # 0.

“C”: Let E € max,sst(F) and E’ € st(F), meaning that Conflictsgp(E) = Undefp(E) = Condefr(E) = 0 and
E’ € co(F), implying Conflictsp(E") = Undefp(E’) = Condefp(E’) = 0. Additionally, E’ attacks every
argument not inside, hence Unattg(E’) = 0, so for E € max,sst(F) it has to hold that Unattg(E) = 0,
meaning that E is conflict-free and attacks everything not inside, implying that E is a stable extension.

“2”: Let E € st(F), this means that E is conflict-free and attacks every argument not in E, i. e., Conflictsg (E) =
Unattp(E) = 0. Additionally, E is complete, therefore Undefr(E) = Condefp(E) = (. There cannot be any
set be ranked strictly more plausible to be accepted than E with respect to r-sst, thus E € max,.sst(F). O

Proposition 21. r-sst satisfies st-completeness.

Proor. Let F = (A, R) be an AF and E C A. If st(F) = 0, then max,.ss; (F) 2 0.
Suppose E € st(F), then Conflictsp(E) = 0 and Unattp(E) = 0, implying that E € max.t(F), thus st-
completeness is satisfied. O

Proposition 22. r-sst satisfies sst-generalisation, respect conflicts, composition, decomposition, strong reinstatement,
and syntax independence. r-sst violates addition robustness.

Proor. We consider each principle as follows.
LEMMA A.57. r-sst satisfies sst-generalisation.

ProoF. Let F = (A,R) bean AFand E C A.

“sst-soundness”: Suppose E € max,.sst(F). Then E is complete. Assume E is not semi-stable. Then there is
a complete set E’ such that EU E* C E’ U E’*. But, this implies E’ :IIL:J"‘”’ltt E, contradicting E € max,.sst (F).
Hence, E is a semi-stable extension.

“sst-completeness”: Suppose E is a semi-stable extension of F and assume E’ 1}, E. Since E is complete,
FE’ is also complete. Hence, E’ :I},,J“att E. But this is impossible as it implies that E U E* ¢ E’ U E’*, meaning
that E is not a semi-stable extension. Thus, E € max,_sst (F). O

LeEMMaA A.58. r-sst satisfies respect conflicts, composition, decomposition, and strong reinstatement. r-sst violates
addition robustness.

Proor.  respect conflicts: Follows directly from Lemma A.43.
composition and decomposition: Follows from Lemma A.22 together with Definition 31.
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strong reinstatement: Follows directly from Lemma A.45.
addition robustness: We can use Example 57, to show that r-sst violates addition robustness. O

LEMMA A.59. r-sst satisfies syntax independence.
Proor. Clear by definition. m|
0O

Proposition 23. Let F = (A,R) be an AFand E,E’ C A. IfE g E’, then E i E’ for o € {ad, co, gr, pr, co-pr,
sst}.

Proor. Let F = (A,R) be an AF and E,E’ C A, assume E ap° E’ for o0 € {ad, co, sst}, then there is one
t € {Conflicts, Undef, Condef, Unatt} such that 7r(E) C tr(E’), this subset behaviour entails |7r(E)| < |tr(E’)|,
thus E J.° E'.

For o € {gr, pr, co-pr}, we still use C and 2, respectively, so there is no difference between these variants. O

Proposition 24. r-c-o satisfies and violates the principles as depicted in Table 5.
Proor. We consider each principle as follows.
LEMMA A.60. r-c-o satisfies o-generalisation for o € {ad, co, gr, pr, co-pr, sst}.

Proor. For any 7 € {Conflicts, Undef, Condef, Unatt}, the best value a set can have is 0. For the cardinality-
based versions of these relations, the best value to be returned is 0, and only the empty set can have cardinality
of 0. Therefore, we know that if and only if 7 returns 0, the cardinality-based versions of r-c-o returns 0. Thus,
we can use the same proof ideas of r-o to show that r-c-o satisfies o-generalisation. O

LEmMA A.61. r-c-o satisfies respect conflicts for o € {ad, co, gr, pr, co-pr, sst}.

ProOF. Let F = (A,R) be an AF and E, E’ C A such that E € cf(F) and E’ ¢ cf(F). Then E :I};‘C”‘f“CtS E’ and
E 239 E' for o € {ad, co, gr, pr, co-pr, sst}. ]

LEMMA A.62. r-c-o satisfies composition for o € {ad, co, gr, pr, co-pr, sst}.

Proor. Let F] = (Al,Rl), F2 = (Az, Rg) and F = F1 UFz = (Al,Rl) U (Az,Rz) be AFs WlthAl mAz = (0. We know
that |zp, (E N Aq)| + |75, (E N Az)| = |zr(E)| for any base relation 7 € {Conflicts Undef, Condef, Unatt}. Assume
ENA; er “OFE'NA;and ENA, er <% E’ N A,. Thus, there is at least one 7/ € {Conflicts, Undef, Condef, Unatt}
such that |TF (ENAy| < |TF (E’ﬂAl)I and |TF (ENAy| < |TF (E’ NA3)|. Therefore, |TF (EﬁA1)|+|TF (ENAy)| <
|1'F1 (E'NnA)|+ |1'F2 (E" N Az)| and this entails |7;,(E)| < |r;(E’)|. Hence, composition is satisfied. O

LeEMMA A.63. r-c-o violates decomposition for o € {ad, co, gr, pr, co-pr, sst}.

ExampLE 58. Consider F17; = ({a, b, c,d, e}, {(a,b), (a,c), (d, e)}) as depicted in Figure 33, with {d, e} and {a, b, c}.
This AF can be split into two disjoint subAFs: Fi71 = ({a,b,c},{(a,b), (a,c)}) and Fi7, = ({d, e}, {(d, e)}). Since
{a, b, c} has two conflicts and {d, e} has only one, it is clear that:
{d, e} j;{SOnﬂicts {a’ b, C}.

Given that every r-c-o is based on ge-Conflicts yhe same holds for o € {ad, co, gr, pr, sst}.
Examining the subAFs F;1 and F7 5, we see that {d, e} N {a, b, c} is conflict-free in Fy7 1, while {a,b} N {a, b, c}
has two conflicts, so:

{d,e} N {ab,c} :.;ff“f"cts {d,e} N {a,b,c}.
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Fig. 33. AF F;7 from Example 58.

However, E' N {d, e} is conflict-free in Fi7, and E N {d, e} has one conflict in Fy7 2, so:
{a.b,c} N {d, e} a5 (d, e} N {d,e}.

This shows that c-Conflicts violates decomposition, thus r-c-o for o € {ad, co, gr, pr, sst} also violates decomposition.

LEMMA A.64. r-c-ad satisfies weak reinstatement and violates strong reinstatement.

PROOF. Let F = (A,R) be an AF and E C A. Suppose a € §r(E),a ¢ E,and a ¢ E- U E*. In Lemma A.23,
we have shown that Undefr(E U {a}) C Undefp(E) and therefore also |Undefp(E U {a})| < |Undefp(E)|. This
proves that r-c-ad satisfies weak reinstatement.

Since ad-generalisation is satisfied, we know that strong reinstatement is violated. O

LEMMA A.65. r-c-o satisfies strong reinstatement for o € {co, gr, pr, co-pr, sst}.

PrROOF. Let F = (A,R) be an AF and E C A. Suppose a € §r(E),a ¢ E,and a ¢ E- U E*. In Lemma A.23, we
have shown that Condefr(E U {a}) C Condefr(E). This also shows that |[Condefr(E U {a})| < |Condefr(E)|.
Hence, r-c-o satisfies strong reinstatement and because E U {a} :Ilr;c"’ E, this also shows the satisfaction of strong
reinstatement for the remaining semantics o € {co, gr, pr, co-pr, sst}. O

LEMMA A.66. r-c-ad satisfies addition robustness.

PrOOF. Let F = (A,R) bean AFand E,E’ C A with E 354 F'. Let F’ = (A, RU {(a,b)}) fora € Eand b ¢ E,
b € E’. The addition of (a,b) does not add any new conflict into E and does not remove any conflict from E’,
therefore |Conflictsp(E)| = |Conflictsg (E)| and |Conflictsg(E’)| < |Conflictsg (E”)|. Hence, addition robustness
is satisfied by JConflicts,

It remains to show, that addition robustness holds for 2°°Un4¢f as well. We already know that no defence in E is
removed, therefore |Undefp (E)| < |Undefp(E)| and E’ cannot defend more arguments in F’ than in F, otherwise

additional conflicts have to be added. Thus, E Q;,C’ad E. O

LEMMA A.67. r-c-o violates addition robustness for o € {co, gr, pr, co-pr, sst}.

EXAMPLE 59. For o € {co, gr, pr, co-pr, sst}, the counterexamples used before (Examples 50 and 57) can be reused
to show that r-c-o also violates addition robustness. For instance, in Example 57, it holds that Condefr, ({a}) = 0
and Condefr, ({b, c}) = {d}. After adding an attack from {a} to {b, c}, the consistently defended arguments of {a}
changed to Condefr; ({a}) = {d, f}, while the consistently defended arguments of {b,c} remained the same, i.e.,
Condefp ({b,d}) = {d}. Thus, the relation between {a} and {b, c} in F], changes to:

{b,d} 25" {a}.
16
Therefore, r-c-o violates addition robustness for o € {co, gr, pr, co-pr, sst}.
LEMMA A.68. r-c-o satisfies syntax independence for o € {ad, co, gr, pr, co-pr, sst}.

Proor. Clear by definition. m]
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O

Proposition 25. Let F = (A, R) be an AF. Q;Ope(n’“"f”) is reflexive and transitive for any sequence of base relations
(t1,...,Tn).

Proor. Let F = (A, R) be an AF and (ry, ..., 7,) a sequence of base relations.

than E with respect to 3/ and I; be the number of sets ranked better than E with respect to 3}/, then for

F
E E?’pe(rl """ ™) Eto hold, w; — I; = w; — [; has to hold for every 1 < i < n, which is clear by definition.

record than E’ and E’ has a better win/loss record than E”. Let w, w’, w”’ be the corresponding number of
wins minus the number of loses of E, E’ and E”, respectively. Thus, w > w’ and w’ > w”’, by definition

w > w'’, which shows that E j;Ope(Tl"“’T") E”. O
Proposition 26. Let F = (A, R) be an AF. If base relation J° is total and transitive, then cope(3y) =3r.

ProOF. Let F = (A,R) be an AF and E, E’ C A. Let J7 be a base relation that is total and transitive. First, we
show that if E Q; E’ then E Q;Ope(r) E’. Assume E Q; E’, then for every E” such that E Q; E”, because of
transitivity, we have E 37, E”. So, E wins at least as many times as E’. If E”” 237, E, then E” 37, E’, so E’ loses at
least as often as E. Thus, [{& C A|E 37 &} - [{&" € A|E" T} E} > {E€ C A|E" T} &} - [{&" € A|&" Tf E'},
implying E Q%Ope(r) E.

Next, we show the other direction. Let E ;;Op e(7) F’, and assume for contrary E’ L E, similarly to what we
showed above, this implies E’ Q;oPe(T) E and because of transitivity and totality of 7, the relationship has to be
strict, E’ j;Ope(T) E. Thus, E Q;Ope(r) E’ can only imply E J, E’ or E <}, E’. However, the second option is not

possible since J7, is total. So, E Q;Ope(r) E’ implies E 37, E'. ]

Proposition 27. cope(2¢onflicts gundef) " cope(anonatt) and cope(2t™ef) satisfy and violated the principles as
depicted in Table 6.

Proor. We consider each principle as follows.
LEmMaA A.69. cope(Conflicts) Undefy sqtisfies ad-generalisation.

ProoOF. Let F = (A,R) bean AFand E C A.

“ad-completeness”: Suppose E is admissible, then Conflictsp(E) = Undefr(E) = 0 and therefore E Q%O“ﬂids
E’ and E Q%“def E’ for any E’ C A. So, E wins against every set of arguments and E only loses against sets &
with Conflictsp(&E) = 0 and Undefrp(E) = 0, respectively. However, all these sets are also losing against E,
there is no set with less loses than E. E wins the maximal amount of times and no set loses less than E, there-
fore there cannot be any set with a better win/ loss record than E, implying E € maXcope(Conflicts,Undef) (F)-

“ad-soundness”: Suppose E € MaXcope(Conflicts,Undef) (F), 50 E Q;"pe(conﬂms’undeﬂ 0. We know that Conflicts(0) =
Undef(0) = 0, meaning that () wins the maximal amount of times and there is no set which loses less than
0,i.e., O € maXcope(Conflicts,Undef) (F). For E € MaXcope (Conflicts,undef) (F) to hold E has to have the same win/
loss record as 0, which is only possible if Conflicts(E) = Undef(E) = 0, implying that E is admissible. O
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Fig. 34. AF Fi3 from Example 60.

Lemma A.70. cope(Conflicts) qUndefy yiolates respect conflicts and composition.

ExaMPLE 60. LetFi3 = ({a,b,c,d, e, f,g}, {(a b), (b, a), (c,a), (a,c),(bc),(cDb),(dd),(de) (ed),(df)(f. g9}
be an AF, as depicted in Figure 34. Fyg can be split into two disjoint AFs Fig 1 = ({a, b, c}, {(a, b), (b, a), (a,¢c), (b,c), (c,b)})
and Fisp = ({d, e, f, g}, {(d,d), (d,e), (e,d), (d, ), (f,g)}. Consider the sets {a,d, e} and {b, e, g}, then we get:

{a} E;::(1):):(Conflicts,Undef) {b} and {e’g} j;(::ze(Conflicts,Undef) {d,e}.

Thus, {b, e, g} should be at least as plausible to be accepted as {a,d, e} in Fi3 with respect to Q;?fe(conﬂms’undef).

However, we find:

{a, d, e} :I;tl);e(Conflicts,Undef) {b, e, g}
The set {a, d, e} is not conflict-free due to the self-attacking argument d, whereas {b, e, g} is conflict-free. Therefore,

respect conflicts is also violated.

LEmmA A.71. cope(ZConflicts, JUndefy yiolates decomposition.

ExampLE 61. Consider AF Fy; from Example 58, which can be partitioned into Fi71 = ({a,b,c}, {(a,b), (a,¢)})
and Fi7, = ({d, e}, {(d, e)}). Consider the sets {a, e} and {c,d}. We have:

_ cope(Conflicts,Undef) cope(Conflicts,Undef)
{c,d} = 15 {a,e} and {d} an'?z {e}.

However, we also have:
cope(Conflicts,Undef)
{a} 2% {e}.
Thus, violating decomposition.

Lemma A.72. cope(Conflicts) JUndefy sqtisfies weak reinstatement and violates strong reinstatement.

Proor. Let F = (A,R) be an AF and E C A. Consider a € Fr,a ¢ E, and a ¢ (E~ U E*). First, we examine
aconflicts and 3Pndef one by one.
“JConflicts»; Since a ¢ (E~ UE"), Conflictsp(E) = Conflictsp(E U {a}). Hence, if E 3C°"ts E” for any E C A
then E U {a} ng"”f”“s E’ holds as well. Thus, the win/ loss record of E and E U {a} are the same.
“gUndef». Since a € F¢(E), Undef(E) = Undef(E U {a}). Thus, again the win/ loss records of these two sets
are equal.
Next, let weonflicts and wundef be the win/ loss records of E and w(_ ... and w{,_. . the win/ loss records of
EU{a}. Since Wconflicts = Weonflicts @0d Wundef = W(, 4op> it holds that Weonflicts + Wundef = Wi nfiicts T Windef LRUSs

E U {a} E%Ope(conﬂ'ds’undef) E and weak reinstatement is satisfied and strong reinstatement is violated. O
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Fig. 35. AF Fy9 from Example 62, where attack (a, b) is added later to obtain Fy,.

Fig. 36. Recalled AF F3 from Example 10.

LEMMA A.73. cope(2Conflicts JUndefy wiolates additional robustness.

ExAMPLE 62. Let Fi9 = (A19,Ri9) = ({a,b,¢c,d,e, f,g},{(b,c), (b, d), (g ), (g.€), (f,e), (e f)}) be an AF, as
depicted in Figure 35. Consider sets {a, b, c,d} and{a, e, f}. We have:

cope(Conflicts,Undef)
{a,e, f} g, {a,b,c,d}.

Adding an attack between a and b results in AF F|, = (A9, Ry U {(a,b)}). If additional robustness were satisfied, it

would hold that:
{a’ e,f} :Ilc:c/)pe(Confllcts,Undef) {a’ b, c d}
19
But this is not the case since:

{a’ b, c d} :I;(;fe(Conflicts,Undef) {a’ e, f}

Hence, additional robustness is violated.

LEMMA A.74. cope(37) violates o-generalisation for o € {cf,ad, co, gr, pr, st, sst} and respect conflicts with
7 € {nonatt, strdef}.

ExaMPLE 63. Consider Fs = ({h,i, j}, {(h, i), (i, j)}) from Example 10 (recalled in Figure 36). For both Jc°Pe(nonatt)
and 3°Pe(trde) upe set {h, i, j} is among the most plausible sets, i. e., {h, i, j} € MaXcope(r) (F3) fort € {nonatt, strdef}.
Hence, o-generalisation and respect conflicts are violated for o € {cf, ad, co, gr, pr, st, sst}.

LEmMMA A.75. cope(27) violates composition for T € {nonatt, strdef}.

ExAMPLE 64. Consider Fyy = ({a,b,c,d, e}, {(a,b), (b,a), (c,d), (c,e)}) as depicted in Figure 37. F» can be par-
titioned into two disjoint AFs: Fy01 = ({a,b}, {(a,b), (b,a)}) and Fy02 = ({c.d, e}, {(c,d), (c,e)}. Consider the sets
{a,c} and {b,c,d, e}. In Fy 1, {a} wins the comparison against O and {b} with respect to Q;;:aﬁ and Qﬁﬁef, whereas
{b} wins the comparison against O and {a}, thus {a} and {b} have the same win/lose record in F;,1 with respect to

tt trdef L
2;::?(”0”3 ) and Q;Z:f(s rae ). In Fy, similar holds, for t € {nonatt, strdef}, we get:

{a} z;jjif") (b} and {c} s;j(ffj(’) {c.d,e}.

In Fy, {a, c} wins 27 comparisons and loses 15 comparisons with respect to Q;;J”a“ and ;Igjdef, {b,c,d, e} wins 27

comparisons and loses 11 comparisons with respect to Q}};’O”m and Q;tz;def. Thus, {b,c,d, e} has a better win/lose ratio
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Fig. 37. AF Fy from Example 64.

than {a, c} and therefore for r € {nonatt, strdef}:
{b,c,d, e} :I;Zfe<f) {a,c}.
This shows, that composition is violated.
LeEMMA A.76. cope(27) violates decomposition for r € {nonatt, strdef}.

ExaMPLE 65. Consider Fi; = ({a,b,c,d, e}, {(a,b), (a,c),(d,e)}) be an AF from Example 17. This AF can be
partitioned into F171 = ({a, b, c},{(a,b), (a,c)}) and Fi75 = ({d, e}, {(d, e)}). Consider the sets {a, b, e} and {c,d}.
For T € {nonatt, strdef}, we have:

{a,b,e} 357" {c,d}.
We also have:
{a.b} 2570 (e} and  {d} 277 (e},

Fi7, 7.2

LEMMA A.77. cope(27) satisfies strong reinstatement for T € {nonatt, strdef}.

ProorF. Let F = (A,R) be an AF and E C A. Consider a € §r(E),a ¢ E,and a ¢ (E~ UE™").

“r = nonatt”: We show that if E 2%°"" E’ then E U {a} J7°"®" E’ for E’ C A. Every argument that is
attacked by E is also attacked by E U {a}, i.e., E* C (EU {a})*.If a is attacked by E’, since a € Fr(E), the
attacker of a is attacked by E, hence the addition of a does not add any new attacked arguments, meaning
EU {a} 2p°m" E’ if E 23°"" E, implying that E U {a} wins at least as often as E.

Next, we show that E loses at least as often as EU {a}. Assume E’ 2%°"" EU {a}, then like discussed before
every argument attacked by E’ in E U {a} is also attacked by E’ in E except a, however since a is defended

by E this argument does not create any problem, so E’ 2;""3“ E. Thus, the win/lose ratio of E U {a} is at

least as good as E and also E U {a} wins against E, so E U {a} :I;Ope(nonaﬂ) E.

“r = strdef”: Similarly to the I"°"" case, every argument attacked by E is also attacked by E U {a}, hence
the same reasoning can be utilised. Thus, the addition of a cannot lower the number of arguments strongly

defended by EU {a} from E’, so EU {a} fope(s”def) E'ifE Q?’pe(sndeﬂ E’. Therefore the win/lose record of
E U {a} is at least as good as the win/lose record of E and since a ¢ Ep, a is not attacked by E and therefore

strongly defended by E U {a} from E, implying E U {a} :Ilsu”def E. Thus, EU {a} j?’pe(sndef) E. ]
LEmMMA A.78. cope(27) violates addition robustness for t € {nonatt, strdef}.

ExaMpLE 66. Consider AF F;1 = ({a,b,c,d, e, f},{(c,a), (d,b)}) as depicted in Figure 38 and the sets {a, d, e} and
{a,b,e, f}. These two sets are equally plausible to be accepted with respect to cope(3¥) for T € {nonatt, strdef}, i.e,

{a.d.e} =77 {a,b,e. f}.
If additional robustness were satisfied, adding the attack (a, b) should not result in:

{a,b,e, f} :’;?pe(;r) {a,d,e}.
21
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Fig. 38. AF F2; from Example 66, where the attack (a, b) is added later to obtain Fél.

Where F,, = ({a,b,c,d, e, f},{(c,a), (d,b)} U{(a,b)}). However, this is the case for F,,, therefore cope(3*) violates
additional robustness for T € {nonatt, strdef}.

LEmma A.79. cope(Conflicts gUndefy and cope(27) satisfy syntax independence for t € {nonatt, strdef}.

Proor. Clear by definition. m|
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