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Multi-Objective Reinforcement Learning (MORL) aims to learn a set of policies that optimize trade-offs between multiple,
often conflicting objectives. MORL is computationally more complex than single-objective RL, particularly as the number
of objectives increases. Additionally, when objectives involve the preferences of agents or groups, incorporating fairness
becomes both important and socially desirable. This paper introduces a principled algorithm that incorporates fairness into
MORL while improving scalability to many-objective problems. We propose using Lorenz dominance to identify policies
with equitable reward distributions and introduce A-Lorenz dominance to enable flexible fairness preferences. We release a
new, large-scale real-world transport planning environment and demonstrate that our method encourages the discovery of
fair policies, showing improved scalability in two large cities (Xi’an and Amsterdam). Our methods outperform common
multi-objective approaches, particularly in high-dimensional objective spaces.
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1 Introduction

Reinforcement Learning (RL) is a powerful framework for sequential decision-making, where agents learn to
maximize long-term rewards by interacting with an environment (Wang et al. 2020). In most RL applications,
rewards are constructed by aggregating multiple criteria (or objectives) into a single scalar value, typically via a
weighted sum (Hayes et al. 2022). However, this approach assumes prior knowledge of the precise preferences
among objectives—a condition that rarely holds in real-world settings. Moreover, many real-world problems
inherently involve multiple, often conflicting, objectives. Defining a scalar reward function before training can
therefore introduce bias into the learning process, potentially excluding policies that differ primarily in their
objective weightings (Vamplew, Smith, et al. 2022).
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Multi-Objective Reinforcement Learning (MORL) addresses this challenge by defining a separate reward
function for each objective (Hayes et al. 2022). This yields a set of candidate optimal policies, rather than a single
solution, that decision-makers select according to their preferences. MORL has been successfully applied in
various domains, such as decision-making under unknown preferences (Alegre, A. Bazzan, et al. 2022; Roijers
et al. 2015), human-value alignment (Peschl et al. 2021; Rodriguez-Soto, Serramia, et al. 2022), robot locomotion
(Cao and Zhan 2021), and multi-agent systems (Radulescu et al. 2019; Ropke 2023; Vamplew, Smith, et al. 2022).

Single-policy MORL learns one policy based on predefined knowledge about decision-makers’ preferences.
However, such preferences are not always known at training time. Multi-policy methods in MORL handle unknown
preferences by assuming a monotonically increasing utility function and optimizing all objectives simultaneously,
approximating the Pareto front of optimal policies (Hayes et al. 2022; Mannion et al. 2021; Reymond, Bargiacchi,
et al. 2022). Multi-policy methods face scalability challenges as the solution set can scale exponentially with the
number of objectives. This issue becomes particularly severe in many-objective optimization, where the number
of objectives is large (Nguyen et al. 2020; Perny et al. 2013). Consequently, multi-policy methods often struggle to
scale efficiently in these scenarios, highlighting the need for further research in many-objective RL (Hayes et al.
2022).

Learning the entire Pareto front is often unnecessary, since some policies may be inherently undesirable (Osika,
Salazar, et al. 2023). For example, in fairness-critical applications, some Pareto-non-dominated policies may result
in unequal reward distributions across objectives. This is especially problematic when objectives represent the
utilities of different societal groups (Cimpeana et al. 2023; Jabbari et al. 2017). Although egalitarian approaches
such as maxmin or equal weighting can address this issue, they assume a predefined, exact preference over
objectives, often limiting flexibility and sometimes yielding inefficient results (Siddique et al. 2020). This reveals a
research gap in MORL: no current multi-policy method (a) guarantees fairness to the decision-maker, (b) allows
control over fairness constraints, and (c) scales effectively to many-objective problems.

In this paper, we propose using Lorenz dominance to identify a subset of the Pareto front that ensures equitable
reward distribution, without requiring predefined preferences. We extend this approach with A-Lorenz dominance,
enabling decision-makers to adjust the strictness of fairness constraints through a parameter A. We formally
show that A-Lorenz dominance interpolates between Lorenz and Pareto dominance, providing decision-makers
with fine-grained control over the degree of fairness. We also introduce Lorenz Conditioned Networks (LCN), a
novel algorithm for optimizing A-Lorenz dominance.

To support scalability in many-objective settings, we develop a new large-scale, multi-objective environment
for planning transport networks in real-world cities with a flexible number of objectives. We conduct experiments
in the cities of Xi’an (China) and Amsterdam (Netherlands) and show that LCN generates fair policy sets in large
objective spaces. Since Lorenz-optimal sets are typically smaller than Pareto-optimal sets (Perny et al. 2013), LCN
scales effectively, particularly in many-objective problems. We release the code and data used to generate our
results alongside this paper !.

2 Related Work

Our work intersects multi-policy methods for MORL (Hayes et al. 2022) and algorithmic fairness in sequential
decision-making problems (Gajane et al. 2022).

2.1 Multi-Policy MORL

Early multi-policy methods in RL, such as Pareto Q-learning, were limited to small-scale environments (Moffaert
and Nowé 2014; Parisi et al. 2016; Ruiz-Montiel et al. 2017). To improve scalability, many approaches assume
linear decision-maker preferences, resulting in a simpler solution set called the convex coverage set (Abels

1GitHub repository: https://github.com/sias-uva/mo-transport-network-design
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et al. 2019; Felten, Talbi, et al. 2024; Roijers et al. 2015). For example, GPI-LS—a state-of-the-art method and our
baseline—decomposes the multi-objective problem into single-objective subproblems. Each subproblem uses a
reward function that is a convex combination of the original vectorial reward. It then trains a neural network to
approximate optimal policies for different weights (Alegre, A. L. C. Bazzan, et al. 2023). Beyond linear preferences,
the Iterated Pareto Referent Optimization (IPRO) method uses a similar decomposition-based approach and
provides strong theoretical guarantees. However, its performance degrades as the number of objectives increases
(Ropke et al. 2024). In contrast, Pareto Conditioned Networks (PCNs) do not decompose the problem, but instead
train a return-conditioned policy, (Delgrange et al. 2023; Reymond, Bargiacchi, et al. 2022; Reymond, Hayes, et al.
2022). PCNs have been applied in various domains, including water management (Osika, Radelescu, et al. 2025),
pandemic intervention policies (M. Chen and Zilka 2025), autonomous cyber defence (O’Driscoll et al. 2025)
and battery control (J. Hu et al. 2025). Similar to PCN, PD-MORL approximates the Pareto front by uniformly
sampling preferences across the preference space (Basaklar et al. 2023), while C-MORL (Liu et al. 2024) bridges
constrained policy optimization and MORL to efficiently discover the Pareto front through parallel policy training.
We propose a method inspired by PCNs that focuses on fairness, avoiding the need to search the entire preference
space. This enables scalability to higher dimensions, learning a set of fair policies and offering flexibility in setting
the degree of fairness preference.

2.2 Fairness in MORL

Research on fairness in RL can be categorized along two main themes (Gajane et al. 2022): fairness in domains
where individuals belong to protected groups (societal bias) and fairness in resource allocation problems (non-
societal bias). Our work aligns closely with the first theme, focusing on the fair distribution of benefits among
different societal groups. Group fairness has been studied in RL before, specifically in multi-agent scenarios (Ju
et al. 2023; Satija et al. 2023), where agents learn individual policies. While we focus on single-agent RL, we
assume that the agent’s policies will affect groups of individuals, who may have conflicting preferences

Achieving fairness in RL often requires balancing multiple objectives. Many studies in this area incorporate
diverse objectives into a single fairness-based reward function. This is typically achieved through linear reward
scalarization (Blandin and Kash 2024; X. Chen et al. 2023; Rodriguez-Soto, Lopez-Sanchez, et al. 2021), nonlinear
reward combinations, and welfare functions (e.g. the Generalized Gini Index) (Fan et al. 2023; X. Hu et al. 2023;
Siddique et al. 2020), and other reward-shaping mechanisms (Kumar and Yeoh 2023; Mandal and Gan 2023; Yu
et al. 2022; Zimmer et al. 2021). Alternatively, some methods adapt the reward function during training to satisfy
fairness constraints (J. Chen et al. 2021). These approaches require encoding fairness principles into the reward
functions a priori, requiring preference information before training. Our method avoids these assumptions.

Our work is closely related to (Cimpeana et al. 2023), which proposes a formal MORL fairness framework that
encodes six fairness notions as objectives. The authors use PCNs to identify Pareto-optimal trade-offs among
these fairness notions. While our method can be used within this framework, it differs by not predefining any
specific fairness notion. Instead, it learns a set of non-dominated policies across all objectives, allowing the
decision-maker to define their fairness criteria after training and select a policy accordingly.

Our method relies on Lorenz dominance, a criterion that favors policies with balanced reward distributions.
Lorenz dominance has previously been used in multi-objective optimization methods (Bederina et al. 2024;
Chabane et al. 2019; Fasihi et al. 2023), but its application in MORL has been limited. (Perny et al. 2013) first
introduced the Lorenz criterion in Multi-Objective Markov Decision Processes (MOMDPs), providing much of the
theoretical foundation we rely on this work. However, their experiments were limited to small-scale, randomly
generated MOMDPs. Since then, some works inspired by the Lorenz curve have emerged; for example, (Siddique
et al. 2020) uses the Generalized Gini Function to create a weighted sum in the Lorenz space for single-objective
RL. Building on the framework of (Perny et al. 2013), we train a neural network to learn the full Lorenz front,
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enabling flexible degrees of fairness for the decision-maker and demonstrating scalability to significantly larger
and more realistic environments.

3 Preliminaries

In this section, we formally introduce Multi-Objective Reinforcement Learning (MORL) and Lorenz dominance.

3.1 Multi-Objective Reinforcement Learning

We consider reinforcement learning agents that interact with a Multi-Objective Markov Decision Process
(MOMDP). An MOMDP is represented as a tuple M = (S, A, P, R,y) consisting of a set of states S, set of
actions A, transition function 7 : S X A X S — [0, 1], vector-based reward function R : SX A X S — RY,
with d > 2 the number of objectives, and a discount factor y € [0, 1). In an MOMDP, we consider deterministic
policies 7 : § — A, which map states to actions.

With vector-based rewards, there is generally no single optimal policy in the usual sense of scalar rewards (e.g.
policy maximizing reward). Instead, we learn a set of optimal policies using a dominance criterion. In MORL,
Pareto dominance is commonly applied, resulting in a solution set called the Pareto front.

Definition 1. (Pareto dominance) Consider two vectors v,v’ € R4, We say that v Pareto dominates v’, denoted
v=pov,whenVje{l,...,d}:0; > 0} ando # 0.

In essence, v Pareto dominates »” when it is at least as good in all objectives and strictly better in at least one.
For a set of vectors D, the Pareto front ¥ (D) contains all non-Pareto-dominated vectors.

Definition 2. (Pareto front) Given a set of vectors D C R?, the Pareto front 7 (D) is the subset of vectors in D
that are not Pareto-dominated by any other vector in D. Formally,

F (D) ={veD| Ao €Dsuchthato’ >p ov}.

3.2 Fairness in Many-Objective Reinforcement Learning

One common fairness approach in Multi-Objective Reinforcement Learning (MORL) is to treat all objectives as
equally important, optimizing a single, equally weighted objective. However, this assumes absolute equality in
reward distribution, which may be infeasible in certain problems, and yields a single policy, without offering
options to the decision-maker. Another approach, inspired by Rawlsian justice theory and the maxmin principle,
focuses on maximizing the minimum reward between objectives. However, this often results in solutions that are
not efficient for all users (Siddique et al. 2020).

To train a multi-policy algorithm with fair trade-offs, it is necessary to identify all optimal trade-offs that
achieve a fair distribution of rewards. To achieve this, we use Lorenz dominance, a refinement of Pareto dominance
that considers the distribution of values within a vector (Perny et al. 2013). This concept, traditionally used in
economics to assess income inequality (Shorrocks 1983), is adapted here for fairness in MORL.

Definition 3. (Lorenz dominance) Let L(v) be the Lorenz vector of a vector » € R?, defined as follows:

d
L) = (Uu),vm +0(z), ,ZU@), @

i=1
where v(1) < 02y < --+ < v(q) are the values of the vector v, sorted in increasing order. A vector v Lorenz

dominates a vector »’, when its Lorenz vector L(v) Pareto dominates the Lorenz vector L(v") (Perny et al. 2013).
We use v =1 v’ to denote that v Lorenz dominates v’.

For a set of vectors D, the Lorenz front .L (D) contains all vectors that are non-Lorenz-dominated.
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Definition 4. (Lorenz front) Given a set of vectors D C R?, the Lorenz front £ (D) is the subset of vectors in D
that are not Lorenz-dominated by any other vector in D. Formally,

L(D)={veD|?#v eDsuchthat L(v") >p L(v)},
where L(v) denotes the Lorenz vector of v, and >p is the Pareto dominance relation.

Our approach builds on the Pigou-Dalton transfer principle from economics (Adler 2013; Perny et al. 2013).
This principle states that a redistribution of value from a better-off to a worse-off component improves fairness,
as long as it does not reverse their ranking. Formally, given a reward vector v € R? with two components
v; > v; for some indices i and j, transferring a small amount € (0 < € < v; — v;) from v; to v; yields a new vector
v’ = v —el; + €], where I; € RY is an indicator vector with a 1 in the ith position and 0 elsewhere (and similarly
for I;). This transformation preserves the total reward and ranking, but results in a more equitable distribution,
and is therefore called a Pigou-Dalton transfer (Perny et al. 2013).

Lorenz-based fairness evaluates policies based on how equitably rewards are distributed across objectives. A
solution is considered fairer if it can be obtained via a sequence of Pigou-Dalton transfers from another, implying
that it Lorenz-dominates the other. For example, consider v = (8,0). A transfer of € = 3 yields v" = (5,3). Even
though the total reward remains 8, and the rank between entries is preserved, v’ is considered fairer under Lorenz
dominance.

In MORL, we define vectors v™,v” as the expected return of the policies x, 7, across all objectives of the
environment, respectively. We define fair policies as those that are non-Lorenz-dominated. The set of non-
dominated value vectors is called a Lorenz coverage set, which is usually (but not necessarily) significantly smaller
than a Pareto coverage set (Perny et al. 2013). Our fairness approach satisfies the criteria outlined in (Siddique
et al. 2020). It is Lorenz-efficient as the learned policies are non-Lorenz-dominated; it is impartial, since it treats
all objectives as equally important, and it is equitable, as Lorenz dominance satisfies the Pigou-Dalton principle
(Perny et al. 2013). In Figure 1, we show the difference between Pareto and Lorenz dominance. The latter extends
the area of undesired solutions, allowing for fewer non-dominated solutions and providing fairness guarantees in
the two objectives.

4 Flexible Fairness with A-Lorenz Dominance

To give decision-makers fine-grained control over the fairness needs of their specific problem, we introduce a
novel criterion, called A-Lorenz dominance. A-Lorenz dominance operates directly on the return vectors, without
objective weights (such as the Generalized Gini Index (Siddique et al. 2020)). By selecting a single parameter
A € [0,1], A-Lorenz dominance allows decision-makers to balance Pareto and Lorenz optimality. We formally
define A-Lorenz dominance in Definition 5.

Definition 5 (1-Lorenz dominance). Let o(v) be the vector v sorted in increasing order. Given A € [0,1], a
vector v A-Lorenz dominates another vector v’, denoted v >, v’ if,

Ao (v) + (1= DL(v) =p Ao(@') + (1 = HL(D). @)

Intuitively, for A = 1, it is assumed that the decision-maker cares equally about all objectives and thus may
reorder them. This relaxation allows some non-Pareto-dominated vectors to become dominated. Consider, for
example, (4,2) and (1,3). While no vector is Pareto-dominated, reordering the objectives in increasing order
yields (2,4) and (1, 3), in which case the second vector is now dominated. This approach may already reduce the
size of the Pareto front, but does not yet achieve the same fairness constraints imposed by the Lorenz front. At
the other extreme, setting A = 0 ensures that the solution set is equal to the Lorenz front.

The A-Lorenz front of a set D, denoted £ (D; A), contains all vectors that are pairwise non-A-Lorenz-dominated.
In Theorem 1, we formally show that the A-Lorenz fronts form increasing nested sets as A varies from 0 to 1:
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Fig. 1. The Pareto and Lorenz-dominated areas of vector ». The Lorenz-dominated area includes the Pareto-dominated area,
and is symmetric around the equality line, except for the symmetric vector v’ = (3, 2). This creates an expanded dominance,
resulting in fewer acceptable trade-offs.

lower A values mean increasingly selective coverage sets that interpolate between the Pareto and Lorenz fronts.
The full proof is provided in the supplementary material.

Theorem 1. YA, A;: 0 < Ay < A3 < 1 and VD C R? the following relations hold.
L (D) C L(D;M) C L(D;A) CF (D). 3)

Proor skeTcH. To prove Theorem 1, we provide three auxiliary results. First, we demonstrate that for all
parameters A € [0, 1] and vectors v,v” € RY we have that:

v=0 = v 0. (4)
Together with some algebra, this result is subsequently used to show that for all parameters A; and A, such that
0<A <A <1,

v, 0 = vy 0. (5)

Finally, we extend (Perny et al. 2013, Theorem 1) to show that Pareto dominance implies A-Lorenz dominance as
well. These components are combined to obtain the desired result. ]

It is a straightforward corollary that for A = 1, £ (D;A) € F (D) while for A = 0, £ (D; A) = £ (D). In Figure 2
(C) we illustrate conceptually how the A controls the size of the coverage set to consider.

5 Lorenz Conditioned Networks

Lorenz Condition Networks (LCNs) are an adaptation of Pareto Conditioned Networks (PCNs) that aim to learn
policies on the A-Lorenz front. We use both the abbreviations PCN and PCNs (and likewise LCN and LCNis)
interchangeably, depending on whether we refer to the framework as a whole (singular) or to the family of
networks (plural). We begin this section by giving an overview of PCNs and identifying their drawbacks.
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5.1 Background: Pareto Conditioned Networks (PCN)

A PCN is a supervised learning network designed for Multi-Objective Reinforcement Learning (MORL) (Reymond,
Bargiacchi, et al. 2022). It enables a single neural network to learn a diverse set of policies that approximates the
Pareto front of optimal trade-offs between objectives. A PCN is a conditioned network, meaning that it is trained
to take as input both the environment state and a desired return vector, and output a probability distribution
over actions.

Formally, the PCN policy is parameterized as: 7g(a; | s;, fzt, ﬁ,), where s; is the current state, fzt is the desired
horizon, and R; is a desired return vector over the d objectives. The network is trained using supervised learning on
transitions collected during exploration. Each transition includes the state, the action taken, and the return vector
obtained from the trajectory, allowing the network to learn by imitating non-dominated behavior conditioned on
return goals.

During training, PCN incrementally improves the quality of collected experiences by perturbing non-dominated
return vectors in the experience replay (ER) buffer. A new desired return R, is sampled by adding noise to an
existing non-dominated point (proportional to the standard deviation of current returns), which serves as a target
for generating new exploratory trajectories. This process helps expand the diversity of collected policies and
encourages coverage of the Pareto front.

To filter the ER buffer, PCN introduces a filtering heuristic that favors experiences closer to the Pareto front
while preserving diversity. This is achieved by computing the Euclidean distance of each experience to the
Pareto front (to prioritize proximity), and a crowding distance (Deb, Agrawal, et al. 2000) (to encourage spread in
objective space), and then applying penalties to overrepresented areas.

Despite its effectiveness in approximating the Pareto front, PCN suffers from two key drawbacks:

(1) Lack of fairness control — PCN prioritizes Pareto optimality without considering fairness or equitable
reward distribution across objectives, potentially favoring extreme, imbalanced solutions and leading to
intractable learning in large state and objective spaces.

(2) Experience Replay volatility — As new experiences are collected, many older points are replaced or
re-evaluated, causing instability during training.

LCNs belong to the same family of reward conditioned networks, also referred to as upside-down reinforcement
learning, where a policy is trained as a single neural network through supervised learning (Kumar, Peng, et al. 2019;
Reymond, Bargiacchi, et al. 2022). An LCN network learns multiple policies, each representing a Lorenz-optimal
trade-off.

5.2 LCN Network

Just like PCN, LCN uses a single neural network to learn a policy mp(a;|s;, h;, ﬁt), which maps the current state
s¢, the desired horizon fzt and the desired return ﬁt to the next action a;. Note that f?t is a vector with dimension
d equal to the number of objectives. The network receives an input tuple (s, h:, R;) and returns a probability
distribution over the set of potential next actions. It is trained with supervised learning on samples collected by
the agent during exploration. The network updates its parameters using a cross-entropy loss function:

N
1 ; N ; .
Tm) == > >y logx (oI5, n" R, (6)

i=1 acA
where N is the batch size, y,(zi) is the i-th sample action taken by the agent (ground truth), yéi) =1lifa; =a
and 0 otherwise and 7(a'" |s§l) , hgl), Ry)) represents the predicted probability of action a for the i-th sample,

conditioned on its specific state st(i), horizon hgi), and return R;i).
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The training process involves sampling collected, non-dominated experiences and then training the policy
with supervised learning to imitate these experiences. Given a sufficient number of good experiences, the agent
will learn good policies.

5.3 Collecting Experiences

LCN learns the policy network 7y by collecting experiences and storing them in an ER buffer. These experiences
are then used to train the policy via supervised learning (Kumar, Peng, et al. 2019; Reymond, Bargiacchi, et al.
2022). Because action selection involves conditioning the network on a specified return, the primary mechanism
for collecting higher-quality experiences is to iteratively improve the desired return used as the conditioning
input.

To achieve this improvement, similarly to PCN, a non-dominated return is randomly sampled from the current
non-dominated experiences in the ER buffer. This sampled return is then increased by a value drawn from a
uniform distribution U (0, 0,), where o, represents the standard deviation of all non-dominated points in the
ER buffer (Reymond, Bargiacchi, et al. 2022). The updated return is subsequently used as the input R; for the
policy network. Through this iterative process—refining the condition, collecting improved experiences, and
training the policy network on non-dominated experiences—the network progressively learns to approximate all
non-dominated trade-offs, forming a Lorenz coverage set. To ensure that the ER buffer contains experiences that
will contribute most to performance improvement, however, the buffer must be filtered to retain only the most
useful experiences.

5.4 Filtering Experiences

PCN improves the experience replay buffer by filtering out experiences that are far away from the currently
approximated Pareto front. This is done by calculating the distance of each collected experience to the closest
non-Pareto-dominated point in the buffer. In addition, a crowding distance is calculated for each point, measuring
its distance to its closest neighbors (Deb, Agrawal, et al. 2000). Points with many neighbors have a high crowding
distance and are penalized, ensuring that ER experiences are distributed throughout the objective space (Reymond,
Bargiacchi, et al. 2022). With this approach, the set of Pareto-optimal solutions can grow exponentially with the
number of states and objectives (Perny et al. 2013), and maintaining a good ER buffer becomes a great challenge.
This can be intuitively understood by a simple example provided in (Perny et al. 2013): consider a deterministic
MOMDP with N + 1 states, where each non-terminal state allows two actions with different two-objective reward
vectors. The terminal state is absorbing, and assume a discount factor y = 1. There are 2N*! possible stationary
deterministic policies, and exactly 2V of them result in distinct value vectors at the initial state. These vectors
take the form (x,2N — 1 —x) for x = 0,1,...,2"Y — 1, and all lie on the Pareto front since improving one objective
necessarily worsens the other. Therefore, the number of Pareto-optimal value vectors grows exponentially with
N, the number of non-terminal decision points.

This explosion is a consequence of the definition of Pareto dominance, which treats all objectives as equally
important and assumes no prior knowledge of user preferences. Any improvement in any objective is valued,
resulting in a broad set of solutions. However, in many practical applications, such a solution set may be
unnecessary or even undesirable. For instance, when objectives correspond to benefits for distinct individuals
or groups (and we know that fairness is preferred), some Pareto-optimal solutions may be undesirable, as they
result in highly unequal outcomes.

It is important to note that this issue is not exclusive to Pareto dominance; other dominance relations, such
as Lorenz dominance, can theoretically also produce exponentially large solution sets. Empirically, for a fixed
number of objectives, approximating a Lorenz-optimal set within an error bound from the Lorenz front can
be computed in polynomial time on the size of the state and objective spaces. We provide empirical results
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supporting this claim in Section 7. This aligns with the intuition that stricter dominance criteria, such as those
that prioritize fairness, tend to reduce the number of acceptable solutions by implicitly encoding preference
information without relying on explicit weights. This distinction is crucial for experience filtering: when prior
knowledge about user preferences (e.g., fairness) is available, employing stricter dominance criteria can produce
more computationally manageable ER buffers.

In Lorenz Conditioned Networks (LCN), the evaluation of each experience e; in the Experience Replay buffer
B is determined by its proximity to the nearest non-Lorenz-dominated point [; € L (8) C 8. Here, the proximity
between experiences is measured in the objective space, where each sampled experience e; is represented by
its actual reward vector (not the condition used to generate the experience). Thus, the nearest non-Lorenz-
dominated point is the one with the smallest distance in this space. In Figure 2 (A) we show an example of this
distance calculation. To ensure meaningful distance comparisons across potentially differently scaled objectives,
all objective vectors in the buffer are normalized to the [0, 1] range before computing distances. We denote the
distance between an experience e; and a reference point ¢; as de, ;, = ||e; — ti||2, where t; = min ||e; — [j]|, is the
nearest non-Lorenz-dominated point, which we refer to as reference point. We formalize the final distance for the
evaluation dporenz; as follows:

de. s ifdeg; > 7
dLorenZ,i = et . e ed (7)
Ppen(de,-,t,- + C) if dcd,i < Ted

Where d.4 is the crowding distance of i and 7.4 is the crowding distance threshold. A constant penalty ¢ is added
to the points below the threshold, whose distance is additionally penalized by a penalty multiplier pen. For the
experiments in this paper, we set ppe, = 2 and provide additional sensitivity analysis on Appendix D. The points
in the ER buffer are sorted based on dj renz, and those with the highest get replaced first when a better experience
is collected. The threshold 7.4 separates serves to break high-density regions in the objective space and ensures
diversity. Experiences with a crowding distance below this threshold lead to too similar policies and are therefore
penalized. While this heuristic introduces a discontinuity at the threshold 7.4, in practice this acts as a strong
bias toward maintaining diversity in the buffer, which benefits stable training.

5.5 Improving the Filtering Mechanism with Reference Points

The nearest-point filtering method employed by previous works has two drawbacks. Firstly, during exploration,
stored experiences undergo significant changes as the agent discovers new, improved trajectories. This leads to a
volatile ER buffer and moving targets, posing stability challenges during supervised learning. Secondly, we know
in advance that certain experiences, even if non-dominated, are undesirable due to their unfair distribution of
rewards.

Consider, for example, vectors: v = (8,0),w = (3, 4) and their corresponding Lorenz vectors L(v) = (0,8), L(w) =
(3,7). Both v and w are non-Lorenz-dominated, and would typically be used as targets for evaluating other
experiences. However, v is not a desirable target due to its unfair distribution of rewards (this is essentially a
limitation of Lorenz dominance, when one objective is very large). To address these issues, we adopt the concept
of reference points from Multi-Objective Optimization (Cheng et al. 2016; Deb and Jain 2014; Felten, Talbi, et al.
2024), and propose reference points for filtering the experiences. We introduce two reference point mechanisms: a
redistribution mechanism and a mean reference point mechanism. Both of these reference points are optimistic,
meaning that the agent seeks to minimize the distance to them.

5.5.1 Redistributed Reference Point (LCN-Redist). This mechanism draws inspiration from the Pigou-Dalton
principle we introduced in Section 3.2. Under this axiomatic principle, any experience in the ER buffer can be
adjusted to provide a more desirable one. We identify the experience with the highest sum of rewards and evenly
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(A) LCN (B) LCN with reference points (C) A-LCN
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Fig. 2. Lorenz Conditioned Networks (LCNs) is a multi-policy method that offers fair trade-offs between different objectives.
In this illustrative example, each group (Group 1 and Group 2) corresponds to a distinct objective related to group satisfaction
(e.g. satisfied transportation demand). (A) Standard LCNs learn policies that balance objectives by exploring the trade-off
space between them. (B) Reference points help accelerate training by filtering the Experience Replay buffer and guiding
learning toward desirable solutions, while reducing the influence of outliers. (C) A-LCN introduces flexibility in the fairness
preferences, enabling the relaxation of fairness constraints to accommodate more diverse policies.

distribute the total reward across all dimensions of the vector. This is then assigned as the new reference point t
for all experiences e € 8B:

1 n n
i=1 i

eeD i
Jj=1
Note that ¢ is now the same for all e € 8. Subsequently, we measure the distances of all e € B to this reference

point and filter out those farthest from it, according to Equation 7 (replace t; with fyegist). In Figure 2 (B), we
illustrate this transfer mechanism.

5.5.2  Non-Dominated Mean Reference Point (LCN-Mean). Additionally, we propose an alternative, simpler
reference point mechanism: a straightforward averaging of all non-Lorenz-dominated vectors in the experience
replay (ER) buffer. This approach provides a non-intrusive method for incorporating collected experiences, while
simultaneously smoothing out outlier non-dominated points. The reference point, denoted as tmean, is defined as:

1
Imean = T o T Z lj’ (9)
LB T
where £ (B) = {l,,...,l;} represent the set of non-Lorenz-dominated experiences in the ER buffer. In

Figure 2 (B) we show how this approach defines a reference point.

6 A Large Scale Many-Objective Environment

Existing discrete MORL benchmarks are often small-scale, with small state-action spaces or low-dimensional
objective spaces (Lopez et al. 2018; Vamplew, Dazeley, et al. 2011). In addition, they do not cover allocation
of resources such as public transport, where fairness in the distribution is crucial. We introduce a novel and
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modular MORL environment, named the Multi-Objective Transport Network Design Problem (MO-TNDP). Built
on MO-Gymnasium (Alegre, Felten, et al. 2022), the MO-TNDP environment simulates public transport design in
cities of varying sizes and morphologies, addressing TNDP, an NP-hard optimization problem aiming to generate
a transport line that maximizes the satisfied travel demand (Farahani et al. 2013).

In MO-TNDP, a city is represented as H™*", a grid with equally sized cells. The mobility demand forecast
between cells is captured by an Origin-Destination (OD) flow matrix OD#XIH| Each cell h € H™ ™ is associated
with a socioeconomic group g € R, which determines the dimensionality of the reward function. In this paper,
we scale it from 2 to 10 groups (objectives).

(A) Xi'an: Agg. OD Demand (B) Xi'an: House Price Index Quintiles
.
| -
I n
aﬁ
u
n
. | ]
(C) Amsterdam: Agg. OD Demand (D) Amsterdam: House Price Index Quintiles
[ ] I ]
0.0 2.5 5.0 7.5 100 125 150 1 2 3 4 5
OD Demand House Price Index Quintiles

Fig. 3. Two real-world instances of the MO-TNDP environment in Xi’an (China) (Wei et al. 2020) and Amsterdam (Netherlands).
(A) and (C) show the aggregate Origin-Destination Demand per cell (sum of incoming and outgoing flows) for Xi’an (A) and
Amsterdam (C). (B) and (D) show the group membership of each cell, based on the house price index quintiles for Xi’an (B)
and Amsterdam (D).

Episodes last a predefined number of steps. The agent traverses the city, connecting grid cells with eight
available actions (movement in all directions). At each time step, the agent receives a vectorial reward of dimension
|R|, each corresponding to the percent satisfaction of the demand of each group. We formulate it as an MOMDP
M = (S, AP, R, y), where S is the current location of the agent, A is the next direction of movement, and
R : S x A xS — RY is the additional demand satisfied by taking the last action for each group.

Given the discrete and episodic nature of this particular problem, we set the discount factor y to 1. The transition
function P is deterministic, and each episode starts in the same state.

Additional directional constraints can be imposed on the agent’s action space. The environment code enables
developers to modify the city object, incorporating adjustments to grid size, OD matrix, cell group membership,
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and directional constraints, making it adaptable to any city. It supports both creating transport networks from
scratch and expanding existing ones. MO-TNDP is available online®.

7 Experiments

To evaluate our methods and compare them against baselines, we conduct experiments in two environments.
One of these is the Deep Sea Treasure environment — a widely used benchmark in Multi-Objective Reinforcement
Learning (MORL) (Vamplew, Dazeley, et al. 2011). In this environment, an agent pilots a submarine through a
grid-based ocean map, aiming to collect treasures located at various depths. The agent must navigate a trade-off
between two conflicting objectives: maximizing treasure value and minimizing fuel consumption. Movement
consumes fuel, while treasures located deeper in the sea yield higher rewards. This setup creates a trade-off
between short, low-value paths and longer, more rewarding ones. Notably, because the time objective is modeled
as a negative reward (i.e., a cost), only the baseline Linear Combination of Normals (LCN) method is applicable in
our experiments.

In MO-TNDP, which we described in Section 6, we run experiments on two cities: Xi’an in China (841 cells,
20 episode steps) and Amsterdam in the Netherlands (1645 cells, 10 episode steps). Group membership for cells
is determined by the average house price, which is divided into 2-10 equally sized buckets. Figure 3 illustrates
two instances of the MO-TNDP environment for five objectives (a map of group membership for all objectives
is provided in the supplementary material). LCNs are built using the MORL-Baselines library and the code is
attached as supplementary material (Felten, Alegre, et al. 2023).

Through a Bayesian hyperparameter search of 100 runs, we tuned the batch size, learning rate, ER buffer size,
number of layers, and hidden dimension across all reported models, environments, and objective dimensions
(details in the supplementary material). We compare LCN with two state-of-the-art multi-policy baselines: PCN
(Reymond, Bargiacchi, et al. 2022) and GPI-LS (Alegre, A. L. C. Bazzan, et al. 2023), on widely used MO evaluation
metrics. To fairly compare them, we trained all algorithms for a maximum of 30, 000 steps.

7.1 Evaluation Metrics

We use three common Multi-Objective (MO) evaluation metrics to compare our method with the baselines: one
axiomatic metric (hypervolume) and two utility-based metrics (expected utility and Sen welfare). Axiomatic
metrics evaluate the quality of a solution set by assuming that the true Pareto front represents the optimal
solution. They do so without requiring any knowledge of the decision-maker’s preferences over objectives,
instead focusing purely on the Pareto-optimality and diversity of the solutions (Hayes et al. 2022). In contrast,
utility-based metrics assume that the decision-maker has preferences over the objectives. These metrics either
encode a specific utility function or assume a distribution over (or class of (Zintgraf et al. 2015)) possible utility
functions to evaluate the solutions (Hayes et al. 2022).

Hypervolume: an axiomatic metric that measures the volume of a set of points relative to a specific reference
point and is maximized for the Pareto front. In general, it assesses the quality of a set of non-dominated solutions,
its diversity, and spread (Hayes et al. 2022). It’s defined as:

HV(CS, v,f) = Volume ( U [0ref, 0”]), (10)

neCS

where CS is the set of non-dominated policies, Volume(-) computes the Lebesgue measure of the input space, and
[0rer, v™] is the box spanned by the reference and policy value.

2Githup repository: https://github.com/dimichai/mo-tndp
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Expected Utility Metric (EUM): a utility-based metric that measures the expected utility of a given set of
solutions, under some assumed distribution of utility functions. Since the true utility function of the decision-
maker is unknown, we sample utility functions from a prior distribution and evaluate, for each sampled utility, the
maximal score within the solutions set. The EUM score is then computed as the average utility across all sampled
decision-makers. Specifically, in this paper, we assume that utilities can be expressed as linear combinations
of the objective values, i.e., u(v™) = w'v”, where w is a non-negative weight vector representing a particular
preference trade-off among objectives. For each weight vector w: w; > 0 and }}; w; = 1, a standard weighted-sum
multi-objective utility function. We sample a set of 50 well-spaced weight vectors via the Riesz s-Energy method,
which ensures diversity by spreading the samples as evenly as possible over the space of valid utility weights (see
(Blank et al. 2021) for details). EUM measures the actual expected utility of the policies, and is more interpretable
compared to axiomatic approaches like the hypervolume (Hayes et al. 2022). The score is defined as:

EUM(CS) = Ep, [géagg‘u(v”)] , (11)

where CS is the set of non-dominated policies, P, is a distribution over utility functions (we use 100 equidistant
weight vectors as was done in (Alegre, A. L. C. Bazzan, et al. 2023)) and max,ecs u(0™) is the value of the best
policy in the CS, according to the utility function u, defined by the sampled weights.

Sen Welfare: this metric is based on a welfare function, inspired by Amartya Sen’s social welfare theory. It
integrates total efficiency and equality into a unified metric. Equality is quantified using the Gini coefficient, a
widely used statistical measure of inequality originally developed to assess income or wealth distribution within
a population. It is derived from the Lorenz curve, which plots the cumulative proportion of total reward (or
resource) received by the bottom fraction of groups, ordered from the least to the most rewarded.

The Gini coefficient is defined as the area between the Lorenz curve and the line of perfect equality (a 45-degree
line), normalized by the total area under the line of perfect equality. It ranges from 0 to 1, where 0 indicates perfect
equality (all groups receive equal rewards), and 1 indicates maximal inequality (all rewards are concentrated in a
single group) (Sen 1976).

Formally, the Sen Welfare score for a policy 7 is computed as:

SW(x) = (Zv?)(l ~ GI(0™)), (12)
i

where }}; o7 is the sum of the returns of all objectives in policy 7, and GI (™) is the Gini coefficient of the return
vector v”. We use this metric for comparative purposes, reflecting a balanced scenario where both efficiency and
equality are considered. Sen Welfare has been utilized in economic simulations employing RL before (Zheng et al.
2022). A higher Sen Welfare value signifies increased efficiency and equity.

7.2 Results

We use the Deep Sea Treasure environment as a sanity check to verify that our methods can effectively optimize
in a simple, small-scale setting. In Table 1, we show that LCN performs on par with PCN on the Deep Sea Treasure
environment. We next focus on the large-scale MO-TNDP environment. The results discussed here are based on
five independently seeded runs. Figure 4 (a) presents a comparison between PCN, GPI-LS and LCN across all
objectives in the MO-TNDP-Xi’an environment, and Figure 4 (b) compares the vanilla LCN to the reference point
alternatives.

7.3 LCN Outperforms PCN on Many-Objective Settings

As shown in Figure 4 (a), GPI-LS exhibits significantly lower performance across all objectives compared to PCN
and LCN. (We limited GPI-LS to up to six objectives due to rapidly increasing runtime.) This performance gap is
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Fig. 4. (a) LCN outperforms PCN and GPI-LS across all objectives in the Sen Welfare measure (Xi’an). Additionally, LCN
outperforms PCN in hypervolume when the number of objectives > 4 and in EUM for objectives > 6, showcasing its scalability
over the objective space. (b) A comparison of the trained policies of the proposed LCN, LCN-Redist and LCN-Mean models.

Table 1. Results on the Deep Sea Treasure environment.

GPI-LS PCN LCN
HV | 22622.8 £55.4 | 22845.4 + 9.6 22838.0 £ 0.0
EUM | 53.86 + 0.02 53.82+0.02 53.76 £0.03

primarily due to the combination of the high-dimensional state-action-reward space and the limited number
of time steps. The original experiments on larger domains were conducted for over 200k steps; to ensure a fair
comparison, we restricted training to 30k steps.

We focus the remainder of the discussion on comparing PCN and LCN. PCN demonstrates strong performance
on hypervolume and EUM metrics in environments with 2 to 6 objectives. This is expected, since PCN is designed
to learn diverse, non-Pareto-dominated solutions that directly maximize these metrics. However, as the number
of objectives increases, LCN begins to outperform PCN, even on hypervolume and EUM. This suggests that LCN
is capable of learning a diverse set of policies that cover a broad region of the solution space, despite primarily
targeting fair solutions.

Although this result may appear counterintuitive at first, it can be explained by the fact that the set of
non-Pareto-dominated solutions grows rapidly with the number of objectives, making supervised learning

Journal of Artificial Intelligence Research, Vol. 85, Article 31. Publication date: March 2026.



Scalable Multi-Objective Reinforcement Learning + 31:15

significantly more difficult for PCN. Notably, when the number of objectives exceeds seven, PCN’s hypervolume
performance collapses. In contrast, LCN continues to scale effectively, benefiting from the relatively smaller size
of the non-Lorenz-dominated set.

LCN consistently outperforms PCN in Sen Welfare across all objectives. The Sen Welfare metric, which
promotes solutions balancing efficiency and equality, shows that LCN excels in generating effective policies even
when the solution space is constrained. In particular, LCN maintains its superior performance relative to PCN
even as the number of objectives increases.

Xi'an
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Fig. 5. Learning Curves for EUM on 3 and 10 objectives (curves for all objectives are in the supplementary material).

7.4 Reference Points Improve Training

In Figure 4 (b), we compare the reference point mechanisms (LCN-Redist and LCN-Mean) with vanilla LCN.
While the axiomatic hypervolume metric shows minimal impact of reference points on the model’s performance,
the utility-based metrics, particularly EUM and Sen Welfare, reveal a different story. Vanilla LCN performs well
when the objective space is limited. However, as the number of objectives increases, introducing reference points
improves stability and outperforms using raw distances from non-dominated points.

Specifically, LCN-Redist demonstrates superior performance in EUM when d > 5. Although this seems
counterintuitive, the redistribution mechanism creates a reference point with equal objectives. This ensures that
all objectives are represented, even if they were absent in the original vector. This approach promotes policies
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Fig. 6. Learning Curves for Sen Welfare on 3 and 10 objectives (curves for all objectives are in the supplementary material).

that achieve balanced trade-offs across the solution space. The effectiveness of LCN-Redist is further illustrated
by the learning curves in Figure 5.

Conversely, LCN-Mean performs the worst in EUM as the number of objectives increases. This outcome can
be attributed to the potential skewing of the mean vector by large disparities among dimensions. If a group is
consistently underrepresented in the collected experiences, its mean dimension will be close to zero, negatively
affecting EUM. However, LCN-Mean performs great in Sen Welfare across all objectives, offering better stability
than LCN-Redist. This result is expected, as LCN is designed to maximize Sen Welfare. LCN-Mean effectively
balances outliers and creates reference points that balance efficiency and equality with minimal intervention.
The learning curves for Sen Welfare are presented in Figure 6.

In Figure 7, we examine how the cardinality of the final, non-dominated policy sets evolves as the number of
objectives increases (in the Xi’an Environment). PCN exhibits steep growth: it offers fewer than ten policies for up
to three objectives, but this number rises above sixty for ten objectives. This shows, empirically, the complexity
discussed in Section 5.4, i.e., that as the number of objectives grows, the PCN policy set rapidly becomes large.
In contrast, LCN and LCN-Mean maintain relatively stable cardinalities across all objective counts, with the
trained policy set size remaining below ten throughout. This reflects the regularizing effect of reference points
in constraining the solution space. LCN-Redist displays an interesting behavior: its cardinality remains low for
up to six objectives; above six objectives it LCN-Redist’s cardinality increases, approaching the size of PCN’s
set of non-dominated policies. While the redistribution mechanism curbs the growth of the ER buffer in fewer
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objective settings, as dimensionality increases, the filtering retains more diverse experiences, which also explains
why EUM remains high for LCN-Redist.

Overall, our experiments suggest the following guidance for decision-makers: if they care about obtaining
many diverse policies that cover a wide range of fair trade-offs, they should choose LCN-Redist. However, if they
prioritize strict fairness and are comfortable with a smaller set of policies, LCN is preferable for problems with
fewer objectives, while LCN-Mean offers stable policies for higher-dimensional objective problems.

Cardinality of Non-Dominated Policies

70
O~ PCN 0]

- LCN &
=#&— LCN-Redist o
—@— LCN-Mean o
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Fig. 7. Cardinality of the non-dominated policy sets after training, as the number of objectives increases (Xi’an environment).
PCN grows rapidly, while LCN and LCN-Mean remain manageable throughout. LCN-Redist stays low up to six objectives
before increasing similarly to PCN.
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Fig. 8. A-LCN offers flexibility between emphasizing fair distribution of rewards (A = 0) and a relaxation that allows less fair
alternatives (A = 1).

7.5 A-LCN Can be Used to Achieve Control over the Degree of Fairness Preference

In Figure 8, we illustrate the flexibility of A-LCN in achieving diverse solutions across different fairness preference
degrees. When A = 0, there is little flexibility, as the goal is to find the most equally distributed policies. This
results in high performance for Sen Welfare but, as expected, lower performance in terms of hypervolume due to
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Fig. 9. Parallel coordinate plots of the approximated front for varying values of A. As A increases, the solutions become less
constrained by fairness, resulting in a larger coverage set.

the concentrated solutions, which cover a smaller area. On the other hand, when A =~ 1, the space of accepted
solutions expands, leading to a larger hypervolume. However, by accepting less fair solutions, the overall Sen
Welfare decreases, adding an extra layer of complexity to the decision-making process. On the right side of
the figure, we also show two transport lines originating from the same cell, one for A = 0 and the other for
A = 1. While the lines follow a similar direction, the placement of stations and the areas they traverse can differ
substantially based on the degree of fairness preference.

In Figure 9, we present parallel coordinate plots of the learned coverage sets for various values of A. Here, too,
we demonstrate that as A increases, the flexibility for distributing rewards less fairly among different groups also
increases. This leads to an expanded coverage set, providing the decision maker with more policy trade-offs.

8 Conclusion

We addressed key challenges in multi-objective, multi-policy reinforcement learning by proposing methods that
perform well over large state-action and objective spaces. We developed a new multi-objective environment
for simulating Public Transport Network Design, thereby enhancing the applicability of MORL to real-world
scenarios. We proposed LCN, an adaptation of state-of-the-art methods that outperforms baselines in high-reward
dimensions. Finally, we present an effective method for controlling the fairness constraint. These contributions
move the research field toward more realistic and applicable solutions in real-world contexts, thereby advancing
the state-of-the-art in algorithmic fairness in sequential decision-making and MORL.
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A Theoretical Results

In this section, we provide the detailed theoretical results for A-LCN that we sketched in the main paper. In
particular, we show that A-Lorenz dominance is a generalization of Lorenz dominance that can be used to flexibly
set a desired fairness level. Moreover, by decreasing A, the resulting solution set moves monotonically closer to
the Lorenz front.
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We first introduce a necessary auxiliary result in lemma 2 which shows that A-Lorenz dominance implies
Lorenz dominance.

Lemma 2. VA € [0,1] and Vou,0’ € R4,
v=30 = v 0. (13)

Proor. By contradiction, assume there is some v,0” and A such that v >, o’ but v does not Lorenz dominate
v’. Then there is some smallest index k such that L(v); < L(¢')g. Since o(v); = L(v); and v >, o', we
know that ¢(v); > o(v');. Then for all indices i € {1,...,k — 1} we have }_; 0(v); > o(v");. Given that

?:1 o(v); < Zf:o o(v’);, we have that o(v)r < o(9")r. However, this implies that VA € [0,1], Ao (o) + (1 -
AML(v)k < 0(v' )i + (1 — A)L(v")x and therefore v does not A-Lorenz dominate v’ leading to a contradiction. O

In theorem 3 we use lemma 2 to demonstrate that when some vector A-Lorenz dominates, it necessarily also
dominates it for any smaller A.

Theorem 3. VA, A, : 0 < A; <Ay < 1andVo,0’ € RY,
03,0 = vy 0. (14)

Proor. Let v >, v’. From Definition 3, this can equivalently be written as A;0(v) + (1 = A2)L(v) >p Ay0(0’) +
(1 = Az)L(¢"). In addition, from lemma 2 we know that since v >, ¥ = o > v’. Then, for any index
i € {1,...,d} we have that,

Aao(0); + (1= A)L(0); = A0 (o) + (1= A)L(¥'); (15)
M 100 (@)s + 211 = M)L(@)s = D yo(0'); + 21 (1 = 1) L)) (16)
X2 X Ao A2
Mo(o); + (% ~ M)L(o); = Lo (v'); + (% ~ MWL) (17)
Mo(@); + (1= A)L(0); > ho(@); + (1 - A)L([©); (18)
where the last step holds since 4; < 4% < 1and L(v); > L(2"); by lemma 2. O

We now contribute an additional auxiliary result which guarantees that when some vector Pareto dominates
another, it also A-Lorenz dominates the vector. This result is an extension of the fact that Pareto dominance
implies Lorenz dominance.

Lemma 4. VA € [0,1] and Vou,0’ € R4,
vpd = v, 0. (19)

Proor. From Definition 3, A-Lorenz dominance can be written as Ao(v) + (1—A)L(v) =p Ac(v') + (1= A)L(v’).
Let us first recall from Theorem 1 of (Perny et al. 2013) that o >p v = o > ¢’. It is then necessary to
demonstrate an analogous result for v >p v = o (v) >p o(v”). We prove this by induction.

Let v = (v1,v;) and v’ = (v}, ). By contradiction, assume that » >p v’ but o(v) does not Pareto dominate
o(v’). This implies that there is some index i such that o(v); < o(v);. Let us consider the four cases for o(v)
and o(v’).

If 6(v) = v and o(v”) = ¢’ this cannot occur. Moreover, if both vectors are in reverse it also cannot be the case.

When o(v) = (v1,0;) and o(v’) = (v3,0]), v; cannot be greater than v; since by transitivy then also v] > v;
which is a contradiction. Furthermore, ] cannot be greater than v, because then v > v; which is again a
contradiction.

The final case, where o(v) = (v2,v1) and o(0") = (v}, 0,), gives the same contradictions.
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Assuming that the result holds for vectors of dimension d, we demonstrate that it must also hold for d + 1. Let
0,0’ € R and v >p o’. Consider now (v, a) and (v’, b) which are extensions of the vectors and (v, a) >p (', b).
Then a > b. By contradiction, assume again that o (v, a) does not dominate (¢, b). Let i be the smallest index
where o(v, a); < 0(v’,b);. There are four cases where this may occur. Either this happens when a and b have
both not been inserted yet, a has been inserted but not b, b has been inserted but not a and both have been
inserted. Clearly, when neither or both were inserted, this leads to a contradiction.

If only b was inserted, by transitivity we have that o(v, a); < o(¢’, b);4; and therefore o(v); < o(v”); which is
a contradiction. Lastly, if only a was inserted then o(v, a); < 0(¢’,b); and o(v’, b); < b implying that a < b and
leading to a contradiction. O

Finally, we provide a proof for Theorem 1 of the main paper. This result demonstrates that when A is 1, the
solution set starts closest to the Pareto front and decreasing A to 0 monotonically reduces the solution set until it
results in the Lorenz front. As such, by selecting a A, a decision-maker can determine their preferred balance
between Pareto optimality and Lorenz fairness. We first restate the theorem below and subsequently provide the
proof.

Theorem 5. (Referred to as Theorem 1 in the main text) YA, A, : 0 < Ay < A, < 1 andVD C R4 the following
relations hold.

L (D)< LD;A) S L(D;A) CF (D). (20)

Proor. From lemma 4 we are guaranteed that v >p v’ implies v >, " and therefore VA € [0,1], L (D; 1) C
¥ (D). In addition, theorem 3 guarantees that £ (D; A1) € £ (D; ;). Finally, given that £ (D) = £ (D;1) we
have that VA € [0,1], £ (D) C L (D;A). O

B Preparing the Xi’an and Amsterdam Environments

The MO-TNDP environment released with this paper is adaptable for training an agent in any city, provided there
are three elements: grid size (defined by the number of rows and columns), OD matrix, and group membership
assigned to each grid cell. The grid size is specified as an argument in the constructor of the environment object,
along with the file paths leading to the CSV files containing the OD matrix and group membership data. We have
configured the environments for both Xi’an and Amsterdam, and these are included alongside the code for the
environment.

Xi’an environment preparation. We generated the Xi’an environment utilizing the data provided in (Wei et al.
2020). 3. The city is divided into a grid of dimensions H***??, with cells of equal size (1km?). The OD demand
matrix was formulated using GPS data gathered from 25 million mobile phones, with their movements tracked
over a one-month period Additionally, each cell is assigned an average house price index, which is categorized
into quintiles. Figure 10 provides a comprehensive breakdown of the city into various sized groups.

Amsterdam environment preparation. We generate and release the data associated with the Amsterdam envi-
ronment. The city is divided into a grid of dimensions H>**’, consisting of equally sizes cells of 0.5km?. The
choice of this cell size takes into consideration Amsterdam’s smaller size compared to Xi’an. Since GPS data is
unavailable for Amsterdam, we estimate the OD demand using the recently published universal law of human
mobility, which states that the total mobility flow between two areas, denoted as i and j, depends on their distance
and visitation frequency (Schlépfer et al. 2021). The estimation is computed using the formula:

ODij = Ilei/dizj 1n(](‘max/fmin) (21)

3source: https://github.com/weiyu123112/City-Metro-Network-Expansion-with-RL
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Where K; represents the total area of the origin location i, dizj is the (Manhattan) distance between i, j and p; is
the magnitude of flows, calculated as follows:

1 ~ ppop())rad’ fiax (22)
Where radjz. is the radius of area j. The flows are estimated for a full week, and in the model, this is accomplished
by setting fnin and fiax to 1/7 and 7 respectively. Since the grid cells are of equal size in our case, the term K

can be omitted from the calculation. An illustration of the Amsterdam environment is presented in A detailed

breakdown of the city into different-sized groups is depicted in Figure 11.
Similar to the Xi’an environment, each cell in Amsterdam is associated with an average house price, sourced
from the publicly available statistical bureau of the Netherlands dataset *.
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Fig. 10. MO-TNDP Xi’an Environment with different groups based on equally sized buckets of the average house price index.

C Experiment Reproducibility Details
Each model presented in the paper for training MO-TNDP was trained for 30000 steps. Hyperparameters were
tuned via a Bayes search over 100 settings, with the following ranges:
PCN/LCN
Batch size: [128, 256]
Learning Rate: [0.1, 0.01]
Number of Linear Layers: [1, 2]
Hidden Dims: [64, 128]

4source: https://www.cbs.nl/nl-nl/maatwerk/2019/31/kerncijfers-wijken-en-buurten-2019
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Fig. 11. MO-TNDP Amsterdam Environment with different groups based on equally sized buckets of the average house price
index.

o Experience Replay Buffer Size: [50, 100]
e Model Updates: [5, 10]

GPI-LS

e Network Architecture: [64, 64, 64]

o Learning Rate: [0.00001, 0.0001, 0.001, 0.01]

e Batch Size: [16, 32, 64, 128, 256, 512]

o Buffer Size: [256, 512, 2048, 4096, 8192, 16384, 32768]
e Learning Starts: 50

o Target Net Update Frequency: [10, 20, 50, 100]

e Gradient Updates: [1, 2, 5]

fig. 12 shows the architecture used for the policy network. In the provided code, we provide the exact commands
to reproduce all of our experiments, including the environments, hyperparameters, and seeds used to generate
our results. Furthermore, the details of the hyperparameters we used for each experiment are available on a
public Notion page °. Finally, we commit to sharing the output model weights upon request.

D Sensitivity Analysis of Crowding Distance Threshold and Penalty

We conduct a sensitivity analysis on the effects of the crowding-distance threshold 7.4 and the penalty multiplier
Ppen- When the model filters experiences to maintain a consistent Experience Replay (ER) buffer, it applies a

Shttps://aware-night-ab1.notion.site/Project-B-MO-LCN-Experiment-Tracker-b4d21ab160eb458a9cff9ab9314606a7
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Fig. 13. Sensitivity analysis of the crowding-distance penalty: Xi’an Environment, 2 groups (A, B, C) and 5 groups (D, E,
F). (A) Randomly sampled experiences, with the non-dominated set and the LCN-Mean and LCN-Redist reference points
highlighted. (B) Fraction of sampled experiences that receive a crowding penalty as a function of the crowding-distance
threshold (z.4).(C) Kernel density estimates (KDEs) of the total penalty applied to the experiences for different penalty

mu

Itipliers, assuming 7.4 = 0.2.

distance metric together with a crowdedness threshold. Experiences that lie too close to each other, i.e., those
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whose crowding distance exceeds the threshold, are penalized to promote diversity, as the objective is to train a
broad set of policies for the decision-maker. We examine, in a theoretical setting, how variations in 7.4 and ppen
influence both the proportion of penalized samples and the overall performance of the algorithm.

In Figure 13, we generated random sets of experiences in a 2-dimension (Panel A) and 5-dimension setting
(Panel D). We show the non-dominated points, as well as the LCN-Mean and LCN-Redist reference points. In
Panels C and E we show the sensitivity of the generated experiences to the crowding distance threshold.

The influence of the crowding distance threshold (z.4) varies significantly with the dimensionality of the objec-
tive space. In low dimensions (e.g., 2D), experiences cluster closer in the crowding-distance metric. Consequently,
the sensitivity to 7.4 is high initially, with the proportion of penalized points peaking sharply at a very low
threshold (e.g., 7.4 = 0.1), where nearly all points are penalized. This calls for setting a low 7.4 in low-dimensional
settings for the crowding distance penalty to remain effective. Conversely, in higher dimensions (e.g., 5D), the
crowding distance penalty peaks at a later stage (e.g., 7.q = 0.2). The points are naturally more spread out, giving
the designer finer control over the number of penalized experiences.

The penalty multiplier (ppn) impacts the distribution of the penalty-adjusted distance scores. With a low
penalty multiplier (ppe, = 1), the distribution of the adjusted scores is concentrated close to zero, with low
variance and thin tails, leading to a minimal scaling effect beyond the crowding distance. However, increasing
Ppen significantly skews the distribution, introducing heavier tails and increasing the variance of the penalty.
This high multiplier aggressively penalizes points below the threshold, meaning points just below the threshold
are greatly favored over those further away. A higher py., is desirable in low-diversity environments (where
policies are very close) to discriminate between them. A lower p,., suffices in high-diversity environments where
distance itself is a sufficient discriminator. In this paper, we scale our environment to high dimensions, however,
we operate in a relatively low-variance environment with hard constraints on the generated policies, hence we
opted for a middle-point penalty of pp, = 2.

E Additional Results
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Fig. 14. Full results for the MO-TNDP Amsterdam and Xi’an Environments.

Total efficiency: measures how effectively a generated line captures the total travel demand of a city. It is
calculated as the simple sum of all elements in the value vector — the sum of all satisfied demands for each group.

Gini coefficient: quantifies the reward distribution among various groups in the city. A value of 0 indicates
perfect equality (equal percentage of satisfied OD flows per group), while 1 represents perfect inequality (only
the demand of one group is satisfied). Although traditionally used to assess income inequality (Zheng et al. 2022),
it has also been employed in the context of transportation network design (Feng and Zhang 2014). In fig. 14 and
table 2, we show detailed results on both Xi’an and Amsterdam for all objectives. fig. 15 and fig. 16 show the
learning curves of PCN and LCN for all objectives.
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Table 2. Results of all models, for 1-10 objectives. Underline indicates the best results.

Normalized hypervolume

Number of Objectives

Xi’an 2 3 4 5 6 7 8 9 10
GPI-LS 0.11£0.03 0.08+0.02 0.05+0.03 0.03+0.01 0.02+0.01 -—-— —= —= —-=

PCN 0.89+0.02 0.93+0.02 0.83+0.04 0.63+0.08 0.56+0.08 0.17+0.04 0.07=+0.03 0.02+0.02 0.00+0.00
LCN 0.86 £0.03 0.71+0.03 0.54+0.04 0.71+0.06 0.67+0.06 0.55+0.08 0.60+0.08 0.29+0.11 0.46 +0.07

LCN-Redist. | 0.79+£0.01 0.69+0.03 0.48+0.06 0.60+0.04 0.64+0.05 0.39+0.03 0.53+0.08 0.31+0.11 0.19+0.08
LCN-Mean 0.78£0.02 0.70+0.02 0.52+0.07 0.51+0.05 0.49+0.08 0.37+0.08 0.12+0.08 0.15+0.08 0.28 +0.10

Amsterdam 2 3 4 5 6 7 8 9 10
GPI-LS 0.12+0.05 0.22+0.06 0.06+0.06 0.00+0.00 —— —— —— —— ——

PCN 0.97+0.01 0.80+0.04 0.17+0.11 0.00+0.00 0.00+0.00 0.00+0.00 0.00+0.00 0.00+0.00 0.00%£0.00
LCN 0.80 £0.03 0.67+£0.04 0.41+0.14 0.00+0.00 0.00+0.00 0.00+0.00 0.00+0.00 0.00+0.00 0.00=+0.00

LCN-Redist. | 0.79£0.03 0.53+0.03 0.00+0.00 0.00+0.00 0.00+0.00 0.00+0.00 0.00+0.00 0.00=+0.00 0.00=0.00
LCN-Mean 0.81£0.01 0.27+0.05 0.00+0.00 0.00+0.00 0.00+0.00 0.00+0.00 0.00%0.00 0.00+0.00 0.00=0.00

Normalized EUM
Xi’an 2 3 4 5 6 7 8 9 10
GPI-LS 0.27 £0.06 0.24+0.06 0.33+0.08 0.42+0.08 0.38+0.08 —— - - -
PCN 0.96+0.01 0.97+0.01 0.94+0.02 0.86+0.10 0.83+0.04 0.57+0.09 0.55+0.04 0.39+0.07 0.27 £0.05
LCN 0.95+0.01 0.89+0.02 0.79+0.02 0.91+0.02 0.80+0.02 0.50+0.06 0.74+0.03 0.42+0.04 0.38+0.04

LCN-Redist. | 0.92+0.01 0.88+0.02 0.73+0.04 0.89+0.02 0.83+0.04 0.52+0.07 0.63+0.07 0.86+0.05 0.92+0.02
LCN-Mean 0.91+0.01 0.89+0.01 0.78+0.04 0.84+0.02 0.71+£0.03 0.26+0.09 0.39+0.07 0.25+0.05 0.22 +0.06

Amsterdam 2 3 4 5 6 7 8 9 10
GPI-LS 0.30 £0.07 0.85+0.05 0.92+0.02 0.67+0.07 —— - —— - -

PCN 0.99+0.00 0.95+0.01 0.75+0.04 0.80+0.04 0.76+0.04 0.62+0.09 0.59+0.07 0.36+0.10 0.32+0.09
LCN 0.93+0.02 0.70+0.03 0.21+0.05 0.55+0.02 0.58+0.02 0.47+0.04 0.79+0.02 0.44+0.03 0.50+0.03

LCN-Redist. | 0.92+0.02 0.55+0.08 0.46+0.07 0.79+0.02 0.86+0.02 0.89+0.03 0.90+0.02 0.88+0.02 0.92+0.01
LCN-Mean 0.94+0.01 0.15+0.06 0.21+0.05 0.17+0.08 0.12+0.07 0.11+£0.02 0.12+0.03 0.22+0.01 0.36 +0.02

Normalized Sen Welfare

Xi’an 2 3 4 5 6 7 8 9 10
GPI-LS 0.21£0.04 0.26+0.02 0.23+0.01 0.25+0.01 0.20£0.01 —-— - -= -
PCN 0.87+0.01 0.78+0.01 0.67+0.01 0.71+0.01 0.64+0.01 0.51+0.01 0.46+0.01 0.45+0.01 0.43+0.00
LCN 0.93+£0.01 0.91+0.02 0.86+0.02 0.91+0.00 0.87+0.01 0.79+0.01 0.77+0.01 0.62+0.02 0.81+0.01

LCN-Redist. | 0.97 £0.01 0.96+0.01 0.82+0.02 0.77+0.01 0.77+0.01 0.62+0.01 0.59+0.01 0.54+0.01 0.56+0.01
LCN-Mean 0.90£0.01 0.92+0.02 0.87+0.01 0.90+0.01 0.84+0.01 0.78+0.01 0.71+0.01 0.76+0.01 0.80+0.01

Amsterdam 2 3 4 5 6 7 8 9 10
GPI-LS 0.16 £0.03 0.54+0.03 0.47+0.03 0.32+0.01 -—-— —-— —-— —-— -

PCN 0.82+0.02 0.69+0.01 0.42+0.01 043+0.01 0.49+0.01 0.42+0.01 0.34+0.01 0.37+0.01 0.22+0.01
LCN 0.93+0.04 0.88+0.01 0.45+0.07 0.61+0.01 0.66+0.02 0.73+£0.02 0.45+0.01 0.89+0.01 0.62+0.04

LCN-Redist. | 0.86 £0.07 0.71+0.02 0.36+0.03 0.40+0.02 0.43+0.02 0.41+0.01 0.34+0.01 0.42+0.01 0.38=+0.01
LCN-Mean 0.99+0.01 0.85+0.02 0.90+0.02 0.54+0.03 0.47+0.02 0.83+0.01 0.39+0.01 0.90+0.01 0.82+0.02

Gini Index (the lower the better)

Xi’an 2 3 4 5 6 7 8 9 10
GPI-LS 0.30 £0.05 0.30+0.03 0.46+0.02 0.50+0.02 0.49+0.01 --— - -= -—

PCN 0.10£0.01 0.18+0.01 0.30+0.01 0.30+0.00 0.30£0.00 0.34+£0.00 0.44+0.00 0.43+0.00 0.46+0.00
LCN 0.06 £0.01 0.09+0.01 0.19+0.01 0.25+0.01 0.23+0.01 0.25+0.00 0.33+0.01 0.30+0.00 0.30+0.00

LCN-Redist. | 0.01+0.00 0.05+0.00 0.18+0.01 0.23+0.01 0.21+0.01 0.27+0.01 0.33+0.01 0.40+0.01 0.45=+0.00
LCN-Mean 0.07+0.01 0.10+£0.01 0.24+0.01 0.25+0.01 0.23+0.01 0.26+0.01 0.39+£0.01 0.30+0.00 0.32+0.00

Amsterdam 2 3 4 5 6 7 8 9 10
GPI-LS 0.54+0.05 0.64+0.02 0.62+0.01 0.70+£0.01 -—-— - - - -

PCN 0.13+0.02 0.48+0.01 0.58+0.01 0.67+0.01 0.63+0.01 0.66+0.01 0.71+0.01 0.72+0.01 0.74+0.01
LCN 0.03+0.02 0.37+0.01 0.43+0.01 0.52+0.01 0.47+0.01 0.50+0.00 0.60+0.00 0.67+0.01 0.57+0.01

LCN-Redist. | 0.06 £0.04 0.45+0.02 0.61+0.02 0.64+0.01 0.62+0.01 0.64+0.01 0.69+0.01 0.69+0.00 0.71=+0.00
LCN-Mean 0.01+0.00 0.40+0.02 0.40+0.01 0.56+0.02 0.54+0.01 0.50+0.01 0.60+0.01 0.65+0.00 0.58+0.00
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Fig. 15. Learning curves for EUM.
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Fig. 16. Learning curves for Sen Welfare.
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