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Abstract

Our concern is the problem of determining the data complexity of answering an ontology-
mediated query (OMQ) formulated in linear temporal logic LTL over (Z, <) and deciding
whether it is rewritable to an FO(<)-query, possibly with some extra predicates. First, we
observe that, in line with the circuit complexity and FO-definability of regular languages,
OMQ answering in AC?, ACC® and NC* coincides with FO(<, =)-rewritability using unary
predicates = 0 (mod n), FO(<, MOD)-rewritability, and FO(RPR)-rewritability using re-
lational primitive recursion, respectively. We prove that, similarly to known PSPACE-
completeness of recognising FO(<)-definability of regular languages, deciding FO(<, =)-
and FO(<, MOD)-definability is also PSPACE-complete (unless ACC? = NC'). We then
use this result to show that deciding FO(<)-, FO(<, =)- and FO(<, MOD)-rewritability of
LTL OMQs is EXPSPACE-complete, and that these problems become PSPACE-complete for
OMQs with a linear Horn ontology and an atomic query, and also a positive query in the
cases of FO(<)- and FO(<,=)-rewritability. Further, we consider FO(<)-rewritability of
OMQs with a binary-clause ontology and identify OMQ classes, for which deciding it is
PSPACE-, I15- and cCONP-complete.

1. Introduction
1.1 Motivation

The problem we consider in this article originates in the area of ontology-based data access
(OBDA) to temporal data. The aim of the OBDA paradigm (Poggi et al., 2008; Xiao
et al., 2018) and OBDA systems such as Mastro (https://www.obdasystems.com) or Ontop
(https://ontopic.biz) is to facilitate management and integration of possibly incomplete
and heterogeneous data by providing the user with a view of the data through the lens of
a description logic (DL) ontology. As a result, the user can think of the data as a virtual
knowledge graph (Xiao et al., 2019), A, whose labels—unary and binary predicates supplied
by an ontology, O—are the only thing to know when formulating queries, s. Ontology-
mediated queries (OMQs) g = (O, ») are supposed to be answered over A under the open-
world semantics (taking account of all models of O and A), which can be prohibitively
complex. So the key to practical OBDA is ensuring first-order rewritability of g (aka
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boundedness in the datalog literature (Abiteboul et al., 1995)), which reduces open-world
reasoning to evaluating an FO-formula over A. The W3C standard ontology language
OWL 2 QL for OBDA is based on the DL-Lite family of DL (Calvanese et al., 2007; Artale
et al., 2009), which uniformly guarantees FO-rewritability of all OWL 2 QL OMQs with a
conjunctive query. Other ontology languages with this feature include various dialects of
tgds (e.g., Baget et al., 2011; Cali et al., 2012; Civili & Rosati, 2012). However, this uniform
approach to ensuring FO-rewritability inevitably imposes severe syntactical restrictions on
ontology languages, making them rather inexpressive.

Theory and practice of OBDA have revived the interest in the non-uniform approach,
where the problem is to decide whether a given OMQ), formulated in some expressive lan-
guage, is FO-rewritable. This problem was thoroughly investigated in the 1980-90s for
datalog queries (e.g., Vardi, 1988; Ullman & Gelder, 1988; Cosmadakis et al., 1988; Afrati
& Papadimitriou, 1993; Marcinkowski, 1996). The data complexity and rewritability of
OMQs in various DLs and disjunctive datalog have become an active research area in the
past decade (Bienvenu et al., 2014; Kaminski et al., 2016; Lutz & Sabellek, 2017; Feier et al.,
2019; Gerasimova et al., 2020) lying at the crossroads of logic, database theory, knowledge
representation in Al circuit and descriptive complexity, and constraint satisfaction prob-
lems.

There have been numerous attempts to extend ontology and query languages with con-
structors that are capable of representing events over temporal data; consult Lutz et al.
(2008), Artale et al. (2017) for surveys and Gutiérrez-Basulto and Jung (2017), Borgwardt
et al. (2019), Walega et al. (2020b, 2020a), Artale et al. (2022) for more recent develop-
ments. However, so far the focus has only been on the uniform complexity of reasoning
with arbitrary ontologies and queries in a given language rather than on determining the
data complexity and FO-rewritability of individual temporal OMQs. On the other hand,
standard temporal logics are interpreted over linearly-ordered structures, and so the non-
uniform analysis of OMQs in DLs and datalog mentioned above is not applicable to them.

In this paper, we take a first step towards understanding the problem of non-uniform
FO-rewritability of OMQs over temporal data by focusing on the temporal dimension and
considering OMQs given in linear temporal logic LTL interpreted over (Z,<). In fact,
already this basic ‘one-dimensional’ temporal OBDA formalism provides enough expressive
power in those real-world situations where the interaction among individuals in the object
domain is not important and can be disregarded in data modelling. (This interaction is
usually captured by binary relations (roles) in DLs, giving the models a ‘two-dimensional’
character.) We illustrate this claim and the language of LTL OMQs by an example.

Example 1. A typical scenario for the use of OBDA technologies is where a non-IT-expert
user, say a turbine engineer, analyses the behaviour of a complex system, turbines in our
example, based on various sensor measurements stored in a relational database. To be more
specific, imagine that turbines, ¢, are equipped with sensors, s, to measure such parameters
as the rotor speed, the temperature of the blades, vibration, active power, etc. The relational
database in a remote diagnostic centre might store a binary predicate location(s,t) saying
that sensor s is located in turbine ¢ and a ternary predicate measurement(s, v, n) giving the
numerical value v of the reading of s at time instant n. The timestamps of sensor readings
are synchronised with a central clock, and so can be regarded as integers.
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When defining events of interest like ‘active power trip’ or ‘purging is over’, engineers usu-
ally operate with facts such as ‘the active power of turbine ¢t measured by s is above 1.5MW
at moment n’, which can be obtained as database views of the form ActivePower’;Sm(n).
We regard these unary predicates as atomic concepts that can be true or false at different
moments of time. Omitting ¢ and s to unclutter notation, we can then assume that our
virtual database A consists of facts like

Run(6), ActivePowersy5(7), Malfunction(7), Disabled(10), (1)

based on which we analyse the behaviour of the turbines. As some sensors might occasionally
fail to send their measurements, we cannot assume the data to be complete. Thus, in our
example data above, the sensor detecting if the turbine is running (by measuring the electric
current) failed to send a signal at time instant 7. However, the power sensor attached to
the turbine recorded > 1.5MW at 7, which should imply that the turbine was running at
7. This piece of domain knowledge can be encoded by the ontology axiom

Op0Op (ActivePowersy 5 — Run) (2)

with the LTL-operators Op (always in the future) and Oy (always in the past). Other LTL
axioms in our example ontology O (designed by a domain expert) could look like

Op0p(Pause A Run — 1), (3)
OpOp (Malfunction — Op Pause), (4)
Ox0p (Malfunction — <p Diagnostics), (5)
Ox0p(Disabled — —<p Diagnostics). (6)

The first of them says that a turbine cannot be paused and running at the same time; the
second and third say that immediately after (Op) a malfunction, the turbine is paused and
will eventually (<) be diagnosed; the fourth axiom asserts that a disabled turbine will
never undergo diagnostics in the future.

Now, if we are interested in continuous runs lasting at least two time units that end up
in a non-run state, we (engineers) could write and execute the following simple query s(x)
with the previous-time operator Op, assuming that »(x) is mediated by the ontology O:

#(x) = —Run A OpRun A OpOp Run.

Intuitively, we are looking for those timestamps x in the active domain of the database at
which this temporal formula is a logical consequence of O and the data. It is not hard to
see that the only certain answer to the OMQ (O, »(x)) over A given by (1) is the time
instant 8 because we can derive —Run(z) if Pause(z) or Malfunction(x — 1) is in A, or
O and A are inconsistent; and we know for certain that Run(z) iff A contains Run(x) or
ActivePowersy 5(x), or again O and A are inconsistent. These conditions can be expressed
by the FO(<)-query Q(x) = ¢(x) V Incons, to be evaluated over A, where

o(x) = (Pause(z) V Malfunction(x — 1)) A (Run(z — 1) V ActivePowers1 5(x — 1)) A
(Run(zx — 2) V ActivePowers1 5(x — 2)).
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and Incons is a disjunction of a few sentences such as

dx (Malfunction(z) N ActivePowersy5(x + 1)),
dz,y ((y > x) A Disabled(z) N Malfunction(y)),

that describe all of the cases when O is inconsistent with A (which are left to the reader).
The aim of a temporal OBDA system is to construct such an FO(<)-rewriting Q(x) of
the OMQ (O, »(x)) automatically, and evaluate it over the original relational data using a
conventional database management system. The OMQ (O, »/(z)) with

i (x) = »(x) A (Diagnostics V OpDiagnostics V' OpOp Diagnostics)

also returns 8 over A because (5) and (6) imply that diagnostics took place some time in the
interval [8,10]. We obtain an FO(<)-rewriting of (O, »/(z)) by adding to Q(z) the conjunct

Jy [(x <y < x+2)A(Diagnostics(y)V (Disabled(y) A3z ((y—3 < z < y) A Malfunction(z))))].

1.2 Problems and Related Work

The initial problem we are interested in can be formulated in complexity-theoretic terms:
given an LTL OMQ q, determine the data complexity of answering q over any data instance
A in a given signature Z. For simplicity’s sake, let us assume that g is Boolean (with a
yes/no certain answer). It is also convenient to think of each A as a word whose symbol at
position £ is the set of all atoms in A with timestamp ¢. Then the data instances A over
which the answer to q is yes form a language, L(q), over the alphabet 2=. In fact, using the
automata-theoretic view of LTL (Vardi & Wolper, 1986), one can show (see Proposition 5
below) that the language L(q) is regular, and so can be decided in NC! (Barrington &
Thérien, 1988; Barrington, 1989).

This observation naturally leads to the task of recognising the complexity of the word
problem for a given regular language. The circuit and descriptive complexity of regular lan-
guages was investigated by Barrington (1989), Barrington et al. (1992), Straubing (1994)
who established an ACY/ACC?/NC! trichotomy, gave algebraic characterisations of lan-
guages in these classes (implying that the trichotomy is decidable) and also in terms of ex-
tensions of FO. Namely, the regular languages L in ACP are definable by FO(<, =)-sentences
with unary predicates * = 0(mod n); those in ACCP are definable by FO(<,MOD)-
sentences with quantifiers 3"z ¢)(z) checking whether the number of positions satisfying v is
divisible by n; and all regular languages L are definable in FO(RPR) with relational primitive
recursion (Compton & Laflamme, 1990). FO(<)-definable regular languages, which are de-
cidable in AC?, were proven to be the same as star-free languages (McNaughton & Papert,
1971), and their algebraic characterisation as languages with aperiodic syntactic monoids
was obtained by Schiitzenberger (1965). The problem of deciding whether the language of
a given DFA 2 is FO(<)-definable is known to be PSPACE-complete (Stern, 1985; Cho &
Huynh, 1991; Bernétsky, 1997). However, the precise complexity of deciding whether a
given regular language is in AC? and FO(<,=)-definable, or in ACC® and FO(<, MOD)-
definable, or NC!-complete and is not FO(<, MOD)-definable (unless ACC? = NC!) has
remained open. It will be the first major problem we address in this article.

1. This is also a special case of general results on finite monoids (Beaudry et al., 1992; Fleischer & Kufleitner,
2018).
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The characterisation of regular languages in terms of FO-definability allows us to refor-
mulate the initial problem in terms of FO-rewritability that reduces OMQ answering (under
the open world assumption) to model checking various types of FO-formulas: given an LTL
OMQ g, how complex is it to decide whether g is FO(<)-, FO(<,MOD)- or FO(<, MOD)-
rewritable (that is, L(q) is FO(<)-, FO(<,=)- or FO(<, MOD)-definable)? Note that, by
Kamp’s Theorem (Kamp, 1968; Rabinovich, 2014), FO(<)-rewritability reduces answering
LTL OMQs to model checking LTL-formulas. FO(RPR)-rewritability of all LTL OMQs
was established by Artale et al. (2021) who also provided uniform rewritability results for
various classes of LTL OMQs (to be defined below); see Table 2.

1.3 Our Contribution

The first main result of this paper consists of the following parts. Let £ be one of the
languages FO(<), FO(<,=) or FO(<,MOD). First, using the algebraic characterisation
results of Barrington (1989), Barrington et al. (1992), Straubing (1994), we obtain criteria
for the L-definability of the language L(2() of any given DFA 2( in terms of a limited part
of the transition monoid of 20 (Theorem 6). Then, using our criteria and generalising the
construction of Cho and Huynh (1991), we show that deciding L-definability of L(2l) for
any minimal DFA 2 is PSPACE-hard (Theorem 8). Finally, we apply our criteria to give
a PSPACE-algorithm deciding L-definability of L(2() for not only any DFA but also any
2NFA 2 (Theorem 15).

To investigate L-rewritability of LTL OMQs q = (O, x), we follow the classification
of Artale et al. (2021), according to which the axioms of every LTL ontology O are given
in the clausal form

DPDF(Cl/\"‘/\Ck — Ck+1\/"'\/ck+m)7 (7)

where the C; are atoms, possibly prefixed by the temporal operators Op, Op, Op, Op. Given
any o € {0,0,00} and ¢ € {bool, horn, krom, core}, we denote by LTLZ the fragment of
LTL with clauses (7), in which the C; can only use the (future and past) operators indicated
ino,andm<1life=horn; k+m <2if ¢ = krom; k+m <2 and m <1 if ¢ = core; and
arbitrary k, m if ¢ = bool. If o is omitted, the C; are atomic. An LTL? . -ontology O is
linear if, in each of its axioms (7), at most one Cj, for 1 < i < k, can occur on the right-hand
side of an axiom in O (is an IDB predicate in datalog parlance). We distinguish between
arbitrary LTLZ OMQs q = (O, ), where O is any LTLZ ontology and s any LTL-formula
with O-, O- and <$-operators; positive OMQs (OMPQs), where s is —, —-free; existential
OMPQs (OMPEQs) with O-free s; and atomic OMQs (OMAQs) with atomic .

The second main result of this article is the tight complexity bounds on deciding L-
rewritability (and so data complexity) of LTL OMQs from the classes defined above, which
are summarised in Table 1. The EXPSPACE upper bound in the first stripe is shown using
our L-definability criteria and exponential-size NFAs for LTL akin to those of Vardi (2007);
in the proof of the matching lower bound, an exponential-size automaton is encoded in a
polynomial-size ontology. If the ontology in an LT L%m OMAQ is linear, we show that its
language (yes-data instances) can be captured by a 2NFA with polynomially-many states,
which allows us to reduce the complexity of deciding L-rewritability to PSPACE. However,
for linear LTLY,  OMPQs (with more expressive queries ), the existence of polynomial-

horn
state 2NFAs remains open; instead, we show how the structure of the canonical models
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class of OMQs FO(<) | FO(<,=) | FO(<,MOD)
O
LTLpor, OMAQs EXPSPACE [Th. 16]

LTLy, OMQs

LTLgrom OMPEQs EXPSPACE [Th. 19]

linear LTL,, ~OMAQ PSPACE [Th. 22]

linear LTLy,,,, OMPQs | PSPACE [Th. 25] | PSPACE [Th. 27] \ ?
LTLy, OMAQs CONP [Th. 28]

LTL, . OMPEQs IT5 [Th. 30] all in AC” (Artale et al., 2021) -
LTL,,,, OMPQs PSPACE [Th. 35]

Table 1: Complexity of deciding FO-rewritability of LTL OMQs.

for LTLhoom—ontologies can be utilised to yield a PSPACE algorithm. In the third stripe of
the table, we deal with binary-clause ontologies. The CONP-completeness of deciding FO-
rewritability of LTLY ~ OMAQs is established using unary NFAs and results of Stockmeyer
and Meyer (1973). The IT5-completeness for LTLS,, OMPEQs (without V in ontologies but
with A, V, © in queries) and the PSPACE-completeness for LTLS,, OMPQs (admitting O
in queries, too) can be explained by the fact that the combined complexity of answering
such OMPEQs and OMPQs is NP-hard rather than tractable as in the previous case.

It might be of interest to compare the results in Table 1 with the complexity of deciding
FO-rewritability (boundedness) of datalog queries and OMQs with a DL ontology and a

conjunctive (CQ) or atomic query, which is:

— undecidable for linear datalog queries with binary predicates and for ternary linear
datalog queries with a single recursive rule (Hillebrand et al., 1995; Marcinkowski,
1999);

— 2NExPTIME-complete for monadic disjunctive datalog queries and OMQs with an
ALC ontology and a CQ (Bourhis & Lutz, 2016; Feier et al., 2019);

— 2ExpTIME-complete for monadic datalog queries (Cosmadakis et al., 1988; Benedikt
et al., 2015), even with a single recursive rule (Kikot et al., 2021);

— NExpPTIME-complete for OMQs with an ontology in any DL between ALC and SHIU
and an atomic query (Bienvenu et al., 2014);

— ExpTiME-complete for OMQs with an ££ ontology (Lutz & Sabellek, 2017, 2019);

— PSpACE-complete for linear monadic programs (Cosmadakis et al., 1988; van der
Meyden, 2000);

— NP-complete for linear monadic single rule programs (Vardi, 1988).

1.4 Structure

The article is organised in the following way. In the next section, we introduce and illustrate
by multiple examples LTL OMQs and their semantics. We also briefly remind the reader of
the basic algebraic and automata-theoretic notions that will be used later on in this article
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and show that FO-rewritability of LTL OMQs is equivalent to FO-definability of certain
regular languages. In Section 3, we obtain algebraic characterisations of FO-definability,
which are used in Sections 4 and 5 to show that deciding each type of FO-definability of
regular languages is PSPACE-complete. In Sections 6-8, we prove the complexity bounds
from Table 1 and then conclude in Section 9. Some of the technical results and constructions
are given in the appendices to the article.

2. Preliminaries

2.1 Temporal Ontology-mediated Queries

In our setting, the alphabet of linear temporal logic LTL comprises a set of atomic concepts
(or simply atoms) A;, i < w. Basic temporal concepts, C, are defined by the grammar

with the temporal operators Op /O, (always in the future/past) and Or/Op (at the next/pre-
vious moment). A temporal ontology, O, is a finite set of azioms of the form?

CiN---NCy = Cri1 V-V Cham, (8)

where k,m > 0, the C; are basic temporal concepts, the empty A is T, and the empty V
is L. Following the DL-Lite convention (Artale et al., 2009, 2015), we classify ontologies
by the shape of their axioms and the temporal operators that can occur in them. Suppose
c € {horn, krom, core, bool} and o € {0,0,00}. The axioms of an LTLSZ-ontology may
only contain occurrences of the (future and past) temporal operators in o and satisfy the
following restrictions on k and m in (8) indicated by e: horn requires m < 1, krom requires
k4+m < 2, core both k +m < 2 and m < 1, while bool imposes no restrictions. To
illustrate, axioms (2) and (3) from Example 1 are allowed in all of these fragments, (4) is in
LTLS),., (6) can be expressed in LTLE) . and (5) can be expressed in LTL}  as explained
in Remark 3 below.

A basic concept is called an IDB (intensional database) concept in an ontology O if its
atom occurs on the right-hand side of some axiom in O. The set of IDB atomic concepts
in O is denoted by idb(O). An LTL? . -ontology is called linear if each of its axioms
CiN---NCp — D, where D is either a basic temporal concept C or L, contains at most
one IDB concept Cj, for 1 <14 < k.

A data instance—or an ABox in description logic parlance—is a finite set A of atoms
A; (), for some timestamps { € Z, together with a finite interval tem(A) = [m,n] C Z,
the active domain of A, such that m < ¢ < n, for all A;(¢) € A. If A= (), then tem(A)
may also be (). Otherwise, we assume without loss of generality that m = 0. If tem(A) is
not specified explicitly, it is assumed to be either empty or [0,n], where n is the maximal
timestamp in A. By a signature, 2, we mean any finite set of atomic concepts. An ABox
Ais a Z-ABoz if A;(¢) € A implies A; € =.

We query ABoxes by means of temporal concepts, s, which are LTL-formulas built from
the atoms A;, Booleans A, V, —, temporal operators Og, Oz, < (eventually) and their

2. From now on, to improve readability we make the prefix Op0r in axioms implicit (which is taken into
account in their semantics).
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past-time counterparts Op, Op, Op (previously). If > does not contain —, we call it positive;
if 2 does not contain Op and O either, we call it positive existential.

A temporal interpretation is a structure of the form T = (Z, A%, AT, ...) with A7 C Z,
for every i < w. The extension 3% of a temporal concept » in Z is defined inductively
as usual in LTL under the ‘strict semantics’ (Gabbay, Kurucz, Wolter, & Zakharyaschev,
2003; Demri, Goranko, & Lange, 2016):

(Op)f ={neZ|n+1es},
(Opse)f ={neZ|kest foralk>n},
(OF%)Z:{n€Z|thereisk>nWithk€%I},

and symmetrically for the past-time operators. We regard Z,n | » as synonymous to
n € »f. An axiom (7) is true in an interpretation Z if CZN---NCE C C,%Jrl U---u C,%+m.
An interpretation Z is a model of O if all axioms of O are true in Z; it is a model of A if

A;(¢) € A implies ¢ € A

An LTLZ ontology-mediated query (OMQ) is a pair of the form g = (O, »), where
O is an LTLZ ontology and s a temporal concept. If s is positive, we call g a positive
OM@ (OMPQ), for short), if s is positive existential, we call q a positive existential OMQ
(OMPEQ), and if » is an atomic concept, we call ¢ atomic (OMAQ). The set of atomic
concepts occurring in g (in O) is denoted by sig(q) (respectively, sig(O)).

We can treat ¢ = (O, ) as a Boolean OMQ, which returns yes/no, or as a specific
OMQ), which returns timestamps from the ABox in question assigned to the free variable,
say z, in the standard FO-translation of ». In the latter case, we write g(z) = (O, s(z)).
More precisely, the certain answer to a Boolean OMQ g = (O, ») over an ABox A is yes
if, for every model Z of @ and A, there is k € Z such that k € »*, in which case we
write (0, A) E Jzx(z). If (0, A) £ Jzsx(x), the certain answer to g over A is no. We
write (O, A) & s(k), for k € Z, if k € 3 in all models Z of O and A. A certain answer
to a specific OMQ gq(z) = (O, »#(x)) over A is any k € tem(A) with (O, A) = »(k). By
the answering (or evaluation) problem for q or g(x) we understand the decision problem
“(0,A) E" Jzsx(z) or (O, A) E” (k) with input A or, respectively, A and k € tem(A),
We say that g/q(x) is in a complexity class C if the answering problem for g/q(x) is in C.

Example 2. (i) Suppose O = {A — OB, 0B — C} and q; = (O1,C A D). The certain
answer to q, over A; = {D(0), B(1), A(1)} is yes, and no over Ay = {D(0), A(1)}. The only
answer to q;(z) = (01, (C A D)(z)) over A; is 0.

(73) Let Oy = {OpA — B, OpB —+ A, AAB — L }. The certain answer to g, = (O2,C)
over A; = {A(0)} is no, and yes over Ay = {A(0), A(1)}. There are no certain answers to
g>(x) = (01,C(x)) over Aj, while over Ay the answers are 0 and 1.

(7i7) Consider next O3 = {OpBr A Ag — By, OpB1_x N A1 — By | k = 0,1}. For any
word e =ej...e, € {0,1}", let

Ae = {Bo(0)} U {4, (i) [ 0 <i <n}U{E(n)}.

The certain answer to g3 = (O3, Byo A E) over A is yes iff the number of 1s in e is even.
(v) Let Oy = {A — OpB} and g, = (Oy4, B). Then, the answer to g, over A= {A(0)}
is yes; however, there are no certain answers to g4(z) = (Oy4, B(z)) over A.
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(v) Finally, suppose O5 = {A — BV OgB}. The certain answer to g5 = (O3, B) over
A ={A(0),C(1)} is yes; however, there are no certain answers to gs(x) over A. =

Thus, as shown by Example 2 (iv) and (v), a Boolean OMAQ q = (O, B) can have an
answer yes over an ABox A even though the set of certain answers to the specific OMAQ
q(z) = (0,B(z)) over A is empty. (Clearly, the existence of certain answers to g(x) over
A implies that the answer to g over A is yes.) In (iv), the reason for the absence of certain
answers to g4 (x) is that any k € Z with (O, A) = B(k) is not in tem(.A). In (v), the reason
is that there is no k € Z with (O,A) = B(k) even though every model Z of O and A
contains some k € tem(A) C Z with Z,k = B.

Two OMQs are called =-equivalent, for a signature =, if they return the same certain
answers over any =Z-ABox. Without loss of generality, we assume that, when answering an
LTL OMQ gq or g(z) over Z-ABoxes, we always have = C sig(q). Indeed, if this is not the
case, we can extend the ontology of ¢ with |Z|-many dummy axioms of the form A — A
and obtain a Z-equivalent OMQ.

Remark 3. If arbitrary LTL-formulas (possibly with the until or since operators) in the
scope of 0,0, are used as axioms of an ontology O, then one can construct an LTLEO(ODZ
ontology O’ that is a model-conservative extension of O (e.g., Fisher et al., 2001; Artale
et al., 2013). For example, let O’ be the result of replacing axiom (5) in O from Example 1
by two axioms Malfunction N O X — 1 and T — X V Diagnostics, for a fresh X. Then
the OMQ q = (O, x) is sig(q)-equivalent to ' = (O’ »). Axiom (6) can be replaced with
Diagnostics — 0pY and Disabled AN Y — | with fresh Y.

Similarly, every LTL})S OMQ q = (O, 5) has the same certain answers over any sig(q)-
ABox as an LTLYS OMQ q' = (O, »), in which O’ contains axioms of the form C' — L or
C — B only, for some C' = C1 A--- AC), and an atomic concept B. For example, the axiom
A — OpOp B can be replaced by OpA — X, Op X — X, and Op X — B with fresh X. Note
also that if O is a linear LTL§ . ontology, then O is also a linear LTL) = ontology.

We now introduce the central notion of this article, which reduces answering OMQs to
evaluating FO-formulas over structures representing ABoxes.

Let £ be a class of FO-formulas that can be interpreted over finite linear orders. A
Boolean OMQ q is L-rewritable over Z-ABoxes if there is an L-sentence @ such that, for
any =-ABox A, the certain answer to q over A is yes iff & 4 = Q. Here, & 4 is a structure?
with domain tem(A) ordered by <, in which &4 E A;(¢) iff A;(¢) € A. A specific OMQ
q(z) is L-rewritable over =-ABoxes if there is an L-formula Q(x) with one free variable x
such that, for any E-ABox A, k is a certain answer to g(x) over A iff S 4 = Q(k). The
sentence @ and formula Q(x) are called L-rewritings of the OMQs g and q(x), respectively.

We require four languages L for rewriting LTL OMQs, which are listed below in order
of increasing expressive power:

FO(<): (monadic) first-order formulas with the built-in predicate < for order;

FO(<,=): FO(<)-formulas with unary predicates x = 0 (mod N), for all N > 1;

3. We allow structures with the empty domain, in which 3z (z = x) is false (e.g., Hodges, 1993).
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FO(<,MOD): FO(<)-formulas with quantifiers 3Vz, for all N > 1, that are defined by
taking G4 | 3Nz (x) iff the cardinality of {n € tem(A) | &4 = ¥(n)} is divisible
by N (note that z = 0 (mod N) is definable as 3y (y < x));

FO(RPR): FO(<) with relational primitive recursion (Compton & Laflamme, 1990).

As well-known, FO(<, =) is strictly more expressive than FO(<) and strictly less expressive
than FO(<,MOD), which is illustrated by the examples below.

Example 4. (i) An FO(<)-rewriting of g;(x) from Example 2 is

Qi (

Jdz Q(x) is an FO(<)-rewriting of q;.
(77) An FO(<, =)-rewriting of g,(z) is

~—

= D(z) AN[C(z) V Iy (A(y) AVz ((z < 2 < y) = B(2)))],

Qo(z) = C(z) vV 3w,y [(Alx) A Ay) Aodd(z,y)) v
(B(x) A B(y) Aodd(z,y)) V (A(z) A B(y) A —odd(z, y))],

where odd(z,y) = (z = 0 (mod 2) <+ y # 0 (mod 2)) implies that [z — y| is odd; Tz Q,(z)

is an FO(<, =)-rewriting of g,. Recall that odd is not FO(<)-expressible (Libkin, 2004).
(737) The OMQ g3 is not rewritable to an FO-formula with any numeric predicates as

PARITY is not in AC? (Furst et al., 1984); the following sentence is an FO(<, MOD)-

rewriting of gs:

Qs =T,y [E@@)A(y<z)AVz((y <2z <x) = Ao(2) V A1(2)) A
((Bo(y) A T2z (y<z<z)ANAi(2))) V(Bi(y) A -322 (y<z<z)A Al(z))))]

(7v) An FO(<)-rewriting of g4(x) is B(z)V A(x —1); an FO(<)-rewriting of the Boolean

query g, is Q, = 3z (A(z) V B(x)).
(v) Qy is also an FO(<)-rewriting of q5; B(x) is an FO(<)-rewriting of gs(x). =

As shown by Artale et al. (2021), all Boolean and specific LTL OMQs are FO(RPR)-
rewritable and specific OMPQs can be classified syntactically by their rewritability type as
shown in Table 2. This means, e.g., that all LTLES, OMPQs are FO(<, =)-rewritable, with
some of them being not FO(<)-rewritable. It is to be noted that FO(<, MOD)-rewritable
OMQs such as g5 in Example 2 are not captured by these syntactic classes.

Our aim here is to understand how complex it is to decide the optimal type of FO-
rewritability for a given LTL OMQ q over =E-ABoxes. As this will rely on an intimate
connection between L-rewritability of OMQs and £-definability of certain regular languages,
we briefly remind the reader of the basic algebraic and automata-theoretic notions that are
used in the remainder of the article.

2.2 Monoids and Groups

A semigroup is a structure & = (S,-), where - is an associative binary operation. For
s, € Sand n > 0, we set s =s-s5-...-s and often write ss’ for s-s’. An element s of
—_—

n
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OMAQs OMPQs
¢ LTLY LTLY and LTLY®  LTLY  LTLS and LTLIC
bool FO(RPR) FO(RPR) FORPR
krom  FO(<) FO(<,=) ( )
horn FO(RPR) FO(<)
core FO(<, =) FO(<,=)

Table 2: Rewritability of specific LTL OMQs.

G is idempotent if s> = s. An element e is an identity in G ife-z =x-e=2x forallz € S
(such an e is unique, if exists). The identity element is clearly idempotent. A monoid is
a semigroup with an identity element. For any element s in a monoid, we set s = e. A
monoid & = (S, -) is a group if, for any x € S, there is = € S—the inverse of r—such
that -z~ =2~ - & = e (every element of a group has a unique inverse). A group is trivial
if it has one element, and nontrivial otherwise.

Given two groups & = (G, ) and &' = (G',-'), amap h: G — G’ is a group homomor-
phism from & to & if h(g1 - g2) = h(g1) ' h(ge) for all g1,92 € G. (It is easy to see that
any group homomorphism maps the identity of & to the identity of &’ and preserves the
inverses. The set {h(g) | g € G} is closed under -/, and so is a group, the image of & under
h.) & is a subgroup of &' if G C G’ and the identity map id¢g is a group homomorphism.
Given X C G, the subgroup of & generated by X is the smallest subgroup of & containing
X. The order og(g) of an element g in & is the smallest positive number n with ¢" = e,
which always exists. Clearly, os(g) = 0g(g~) and, if g* = e then og(g) divides k. Also,

k+1 for any k. 9)

if g is a nonidentity element in a group &, then ¢g* # ¢
A semigroup &' = (9’,) is a subsemigroup of a semigroup & = (S,-) if S’ C S and / is
the restriction of - to S’. Given a monoid M = (M,-) and a set S C M, we say that S
contains the group & = (G,”), if G C S and & is a subsemigroup of M. Note that we do
not require the identity of M to be in &, even if it is in S. If § = M, we also say that M
contains the group &, or & is in M. We call a monoid M aperiodic if it does not contain
any nontrivial groups.

Let & = (5, ) be a finite semigroup and s € S. By the pigeonhole principle, there exist
i,j > 1such that i+ j < |S|+1 and s* = s**/. Take the minimal such numbers, that is, let
is,js > 1 be such that iz + js < |S| + 1 and s’ = sstJs but s’ st . séTis1 are all
different. Then clearly &5 = (Gj, -), where G = {s%, s+l . slsFis=11 ig a subsemigroup
of &. It is easy to see that there is m > 1 with iy < m - js < is + js < |S| + 1, and so s
is idempotent. Thus, for every element s in a semigroup &, we have the following:

there is n > 1 such that s” is idempotent; (10)
&, is a group in & (isomorphic to the cyclic group Z;, ); (11)
®, is nontrivial iff s™ # s"*! for any n. (12)
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Let §: Q — Q be a function on a finite set Q # . For any p € Q, the subset {6*(p) | k < w}
with the obvious multiplication is a semigroup, and so we have:

for every p € Q, there is nj, > 1 such that 6" (6"»(p)) = 6" (p); (13)
there exist ¢ € @ and n > 1 such that ¢ = 0"(q); (14)
for every ¢ € Q, if ¢ = 6*(q) for some k > 1,

then there is n, 1 < n < |Q|, with ¢ = §"(q). (15)

For a definition of solvable and unsolvable groups the reader is referred to Rotman (1999).
In this article, we only use the fact that any homomorphic image of a solvable group is solv-
able and the Kaplan-Levy criterion (2010) (generalising Thompson’s (1968, Corollary 3))
according to which a finite group & is unsolvable iff it contains elements a, b, ¢ such that
og(a) = 2, og(b) is an odd prime, og(c) > 1 and coprime to both 2 and og(b), and abc is
the identity of &.

A one-to-one and onto function on a finite set S is called a permutation on S. The order
of a permutation ¢ is its order in the group of all permutations on S (whose operation is
composition, and its identity element is the identity permutation idg). We use the standard
cycle notation for permutations.

Suppose that & is a monoid of @ — @ functions, for some finite set @ # 0. Let
S ={q€Q|es(q) =q}, where eg the identity element in &. For every function ¢ in &,
let d[g denote the restriction of § to S. Then

& is a group iff 0]g is a permutation on S, for every ¢ in &; (16)
if & is a group and J is a nonindentity element in it, then §[g# idg and
the order of the permutation d[g divides og(9). (17)

2.3 Automata, Languages, and OMQs

A two-way nondeterministic finite automaton is a quintuple A = (Q, X, d, Qo, F') that con-
sists of an alphabet ¥, a finite set @ of states with a subset Qg # 0 of initial states and
a subset F of accepting states, and a transition function §: Q x ¥ — 2@*{=1L01} indjcat-
ing the next state and whether the head should move left (—1), right (1), or stay put. If
Qo = {qo} and |6(q,a)| = 1, for all ¢ € Q and a € X, then 2 is deterministic, in which
case we write A = (Q,%,9,q0, F). If 6(q,a) C Q x {1}, for all ¢ € @ and a € X, then
2 is a one-way automaton, and we write §: Q x ¥ — 2¢. As usual, DFA and NFA refer
to one-way deterministic and non-deterministic finite automata, respectively, while 2DFA
and 2NFA to the corresponding two-way automata. Given a 2NFA 2, we write ¢ =44 ¢ if
(¢',d) € §(q,a); given an NFA 2, we write ¢ =, ¢’ if ¢ € §(¢,a). A run of a 2NFA 2 is a
word in (@ x N)*. A run (qo,%0),---, (¢m,im) is a run of A on a word w = ag...a, € X*
if go € Qo, io = 0 and there exist do,...,dm—1 € {—1,0,1} such that g; ai,.d; €1 and
ij41 = 4; +dj for all j, 0 < j < m. The run is accepting if ¢, € F', i, = n + 1. A accepts
w € X* if there is an accepting run of 2 on w; the language L(2) of A is the set of all words
accepted by 2.

Given an NFA 2L, states q,¢' € Q, and w = ag...a, € X*, we write ¢ —>, ¢ if either
w = ¢ and ¢’ = ¢ or there is a run of 2 on w that starts with (go,0) and ends with (¢’,n+1).
We say that a state ¢ € Q is reachable if ¢ —, q, for some ¢’ € Qp and w € X*.
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Given a DFA 24 = (@, X, 4, qo, F') and a word w € X*, we define a function d,,: Q — Q
by taking d,,(¢) = ¢’ iff ¢ = ¢'. We also define an equivalence relation ~ on the set Q" C Q
of reachable states by taking ¢ ~ ¢ iff, for every w € ¥*, we have d,(q) € F just in case
6w(q') € F. We denote the ~-class of ¢ by ¢/~, and let X/. = {¢/~ | ¢ € X} for X C Q".
Define 0y Q"/~ — Q"/~ by taking 0u,(q/~) = 6u(q)/~. Then (Q"/~,%,8,q0/~, (FNQ")/~)
is the minimal DFA whose language coincides with the language of 2. Given a regular
language L, we denote by 2z, the minimal DFA whose language is L.

The transition monoid of a DFA A is M() = ({0 | w € ¥*},+) with &, - 6y = pws
for any v,w. The syntactic monoid M(L) of L is the transition monoid M (2(r) of Af.
The syntactic morphism of L is the map ng from ¥* to the domain of M (L) defined by
np(w) = 0y. We call g quasi-aperiodic if ng (Xt) is aperiodic for every t < w.

Let £ € {FO(<),FO(<,=),FO(<,MOD)}. A language L over ¥ is L-definable if there
is an L-sentence ¢ in the signature X, whose symbols are treated as unary predicates, such
that, for any w € ¥*, we have w = ay...a, € L iff &, = ¢, where &,, is an FO-structure
with domain {0,...,n} ordered by <, in which &,, = a(i) iff a = a;, for 0 < i < n.

Table 3 summarises the known results that connect definability of a regular language
L with properties of the syntactic monoid M (L) and syntactic morphism 7 (Barrington
et al., 1992) and with its circuit complexity under a reasonable binary encoding of L’s al-
phabet (e.g., Bernatsky, 1997, Lemma 2.1) and the assumption that ACC? # NC!. We also
remind the reader that a regular language is FO(<)-definable iff it is star-free (Straubing,
1994), and that AC® S ACC® C NC! (Straubing, 1994; Jukna, 2012).

definability of L algebraic characterisation of L | circuit complexity
FO(<) M(L) is ‘aperlc?dlc. i ACO
FO(<,=) 1 is quasi-aperiodic
FO(<,MOD) all groups in M (L) are solvable in ACCP
FO(RPR) arbitrary M (L) in NC!
not in FO(<,MOD) | M (L) has an unsolvable group | NC'-hard

Table 3: Definability, algebraic characterisations and circuit complexity of regular language
L, where M (L) is the syntactic monoid and 7, the syntactic morphism of L.

We are now in a position to establish the connection between the rewritability of tem-
poral OMQs and definability of regular languages mentioned above. For any OMQ q and
= C sig(q), we regard Y= = 2% as an alphabet. Any =-ABox A can be given as a Y=z-word
wa = agp...a, with a; = {A | A(i) € A}. Conversely, any Y=-word w = ag .. .a, gives the
ABox A,, with tem(A,) = [0,n] and A(i) € A, iff A € a;. The word ) corresponds to
Ay = 0 with tem(Ap) = [0,0]. The language L=(q) is defined to be the set of Yz-words w4
with a yes-answer to g over A. For a specific OMQ g(z), we take I's = ¥zUXL with a disjoint
copy XL of ¥z and represent a pair (A, ¢) with a Z-ABox A and 7 € tem(A) as a I's-word
WA; =0g...4,...an, where a] = {A" | A(i) € A} € L and a; = {A | A(j) € A} € Xz, for
Jj # 1. The language L=(q(z)) is the set of ['z-words w4 ; such that i is a certain answer to
g(z) over A. The following is proved similarly to Vardi and Wolper’s (1986, Theorem 2.1).

657



Kurucz, RYZHIKOV, SAVATEEV & ZAKHARYASCHEV

Theorem 5. Let ¢ = (O, ) be a Boolean and q(z) = (O, »(x)) a specific OMQ. Then

(i) both L=(q) and L=(q(x)) are regular languages;

(73) for any L € {FO(<),FO(<,=),FO(<,MOD)} and = C sig(q), the OMQ q is L-
rewritable over Z-ABozxes iff L=(q) is L-definable; similarly, q(x) is L-rewritable over Z-

ABozes iff L=(q(x)) is L-definable.

Proof. (i) Let subg (or subp) be the set of temporal concepts occurring in g (respectively,
O) and their negations. A type for q (respectively, O) is any maximal subset 7 C subg
(respectively, 7 C subp) consistent with O in the sense that all formulas in 7 are true at
some point of a model of O. Let T be the set of all types for g. Define an NFA 2 over Y=
whose language L(2() is X1\ Lz(q). Its states are Q.. = {7 € T'| -sr € 7}. The transition
relation —,, for a € Y=, is defined by taking 71 —, T2 if the following conditions hold:

(a) a C 7o,

(b) OrC € 11 iff C € 79, for every OpC € subg,

(c) OpC e 11 iff C € 79 and TpC € T3, for every 0-C € subg,
(d) OpC €11 iff C € T3 or OpC' € T3, for every OpC' € subg,

and symmetrically for the past-time operators. The initial (accepting) states are those
T € Q- for which 7 U {0Op—3¢} (and, respectively, 7 U {Oz—3¢}) is consistent with O. Then
w e L(A) iff (O, Ay) = 3z 2(z), for any w € L. Indeed, if w € L(A), we take an accepting
run 7,..., T, of A on w, a model Z~ of O with Z=,k = 7¢ U {Op—s}, a model Z+ of O
with Z%, 1 = 7, U{Oz—s¢}, for some k, [ € Z, and construct a new interpretation Z that has
the types To,..., Ty in the interval [0,n], before (after) which it has the same types as in
Z~ in (—o0, k) (respectively, ZT on (I,00)). One can readily check that Z is a model of O
and A,, such that »? = (), and so (O, A,) = 3z s(z). The opposite direction is obvious.

To show that Lz(q(z)) is regular, we observe first that the language L over I's com-
prising words of the form w4 ;, for all non-empty =-Aboxes A and i € tem(.A), is regular.
Thus, it suffices to define an NFA 2 over I's such that L=(g(z)) = L\ L(2). The set
of states in A is T'U T’ with a disjoint copy T" of T. The set of initial states is T and
the set of accepting states is T”. The transition relation —,, for a € Yz, is defined by
taking 71 —, T2 if either 71,79 € T or 71,79 € T' and conditions (a)—(d) are satisfied;
for o’ € B, weset 71 =y T2 if 71 €T, 79 € T', =3¢ € T3, @’ C T2, and (b)—(d) hold. It
is easy to see that, for any =-ABox A and i € tem(.A), there exists a model Z of O and A
with i & s iff wa; € L(A).

The proof of (i7) is easy and can be found in Appendix A.1. Q

Note that the number of states in the NFAs in the proof above is 20(4) and that they
can be constructed in exponential time in the size |q| of g as LT L-satisfiability is in PSPACE.

By Theorem 5, we can reformulate the evaluation problem for g and q(z) over Z-ABoxes
as the word problem for the regular languages L=(q) and Lz(q(z)). Then Table 3 yields the
following correspondences between the data complexity of answering and FO-rewritability
of Boolean and specific LTL OMQs q:

q is FO(<, =)-rewritable iff it can be answered in AC?;
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q is FO(<, MOD)-rewritable iff it can be answered in ACCY;
q is not FO(<, MOD)-rewritable iff answering q in NC!-complete (unless ACC? = NC!);

q is FO(<, RPR)-rewritable iff it can be answered in NC*.

3. Characterising FO-rewritability of Regular Languages

In this section, we show that the algebraic characterisations of FO-definability of L(2)
in Table 3 can be captured by localisable properties of the transition monoid of 2. Note
that Theorem 6 (i) was already observed by Stern (1985) and used in proving that FO(<)-
definability of L(2) is PSPACE-complete (Stern, 1985; Cho & Huynh, 1991; Bernétsky,
1997); criteria (ii) and (ii7) of FO(<,=)- and FO(<, MOD)-definability are novel.

Theorem 6. For any DFA 2 = (Q, X%, 4, qo, F'), the following criteria hold:

(i) L) is not FO(<)-definable iff 2 contains a nontrivial cycle, that is, there exist a word
u € ¥*, a state ¢ € Q", and a number k < |Q| such that g # 6,(q) and ¢ = 0,x(q);

(7i) L(A) is not FO(<,=)-definable iff there are words u,v € ¥*, a state ¢ € Q", and a
number k < |Q‘ such that q '76 6u(q)} q = 5u’“(¢]); ‘U’ = |u|’ and 51#(‘]) = 5uiv(Q)’ for
every © < k;

(ii7) L(2l) is not FO(<, MOD)-definable iff there exist words u,v € ¥*, a state ¢ € Q" and
numbers k,l < |Q| such that k is an odd prime, |l > 1 and coprime to both 2 and k,
q 7% 0u(q), g 7 6u(q), q % duv(q) and, for all x € {u,v}*, we have d;(q) ~ 042(q) ~
6rvk (q) ~ 6x(uv)l(q>'

Proof. We use the algebraic criteria of Table 3 for L = L(2(). Thus, M (L) is the transition
monoid of the minimal DFA 20, whose transition function is denoted by 5.

(i) (=) Suppose & is a nontrivial group in M (™ )). Let u € X* be such that bu is a
nonidentity element in &. We claim that there is p € Q" such that d,n (p/~) # dyn+1(p/~) for
any n > 0. Indeed, otherwise for every p € Q" there is n, > 0 with §,mp (p/~) = 0 np+1(p/~)-
Let n = max{n, | p € Q"}. Then d,n = d,n+1, contrary to (9). By (13), there is m > 1 with
by2m (D)) = 6um(p/~). Let s/ = dym(p/~). Then s/ = dym(s/~), and so the restriction
of dym to the subset s/. of Q" is an s/ — s/. function. By (14), there are ¢ € s/~
and n > 1 with (d,m)"(¢) = q. Thus, d,mn(q) = ¢, and so by (15), there is k& < |Q] with
0,6(q) = q. As s/ # 0u(s/~), we also have q o 6,(q), as required.

(i) (<) Suppose the condition holds for 2(. Then there are u € ¥*, ¢ € Q"/, and k < w
with ¢ # 8,(q) and g = 0,4%(q). SO dyn # dynt1 for any n > 0. Indeed, otherwise we would
have some n > 0 with dun(q) = d,n+1(q). Let i, j be such that n =i-k+j and j < k. Then

q= 5uk (Q) = 5u(i+1)k (q) = Su"uk*j (q) = Su”+1uk*j (q) = Su(“‘l)ku(q) = SU(Q)

So, by (11) and (12), &; is a nontrivial group in M (A ))-

(ii) (=) Let & be a nontrivial group in nr(X?), for some t < w, and let u € X! be such
that 0, is a nonidentity element in &. As shown in the proof of (i) (=), there exist s € Q"
and m > 1 such that s/ # 0,(s/~) and s/ = dum(s/~). Now let v € £ be such that
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b, is the identity element in &, and consider d,. By (10), there is £ > 1 such that d,. is
idempotent. Then d,2¢-1,2¢ = 0,2e—1. Thus, if we let & = uwv*~! and v = v**, then |u| = ||
and 8, = 04, for any i@ < w. Also, 6, = 65 for every i > 1, and so the restriction of
dgm to s/~ is an s/ — s/~ function. By (14), there exist ¢ € s/. and n > 1 such that
(6am)™(q) = q. Thus, dzmn(q) = ¢, and so by (15), there is some k < |Q| with d;x(q) = ¢.
As s/ # 0u(s/~) = du(s/~), we also have ¢ o dz(q), as required.

(7i) (<) If the condition holds for 2, then there exist u,v € ¥*, g € Q"/~, and k < w such
that g # 04(q), ¢ = 0, (q), |v| = |ul, and 6,:(q) = 0,:,(q), for every i < k. As M (L) is
finite, it has finitely many subsets. So there exist i, j > 1 such that ng (244 = pg (DD,
Let z be a multiple of j with i < z < i+j. Then ng(3) =y (SED*) and so ng, (2714) is
closed under the composition of functions (that is, the semigroup operation of M (U q)))-
Let w = wv*~! and consider the group ®; . Then G5 C nr (22U, We claim that
®; is nontrivial. Indeed, we have 0w(q) = dyp=—1(q) = 64(q) # q. On the other hand,

6,4 (q) = 0, (q) = ¢. By the proof of (i) (<), ®; is nontrivial.

(4ii) (=) Suppose ® is an unsolvable group in M (Agg)). By the Kaplan-Levy criterion,
& contains three functions a, b, ¢ such that og(a) = 2, 0g(b) is an odd prime, og(c) > 1 and
coprime to both 2 and og (b), and coboa = eg for the identity element eg of &. Let u,v € X*
be such that a = 8,, b = 6, and ¢ = (d,,,) ", and let k = 0g(6,) and r = o0g(c) = 0g(duy).
Then r > 1 and coprime to both 2 and k. Let S = {p €EQ/~|es(p) = p} As 0, is & for

every x € {u,v}*, we have eg 0 0, = 0,. Thus,

gzmﬂ (Q) = Su2 (Sm(q)) =€ (693((])) = (6@ 0 Sz)(Q) = x(Q)v and
B ) ) «(q), forevery g€ S.

Then, by (16), each of buls, 0uls and duplg is a permutation on S. By (17), the order of
duls is 2, the order of 8,]g is k, and the order [ of dyy]g is a > 1 divisor of r, and so it is
coprime to both 2 and k. Also, we have k,l < |S| < |Q|. Further, for every z, if ¢ is in S
then d,(q) € S as well. So we have

5m(uv)l(Q) = 5(m})l (590(Q)) = (Suv rS)l(Sx(Q)) = 'dS(gm(Q)) = 5I(Q)7 for all g € S.

It remains to show that there is ¢ € S with ¢ # Su(q), q # Su(q), and q # Sm,(q). Recall
that the length of any cycle in a permutation divides its order. First, we show thereis g € S
with ¢ # 0u(q) and ¢ # 6, (¢) Indeed, as buls# idg, there is ¢ € S such that 6,(q) = ¢ # q.
As the order of 6,y is 2, 0u(¢') = q. If both ,(q) = ¢ and 6,(¢’) = ¢’ were the case, then
bun(q) = ¢ and 0y,(¢') = ¢ would hold, and so (¢q’) would be a cycle in d,,g, contrary to
[ being coprime to 2. So take some g € S with Su(q) =¢q # qand Sv(q) #q. If Sv(q’) #q
then duu(q) # ¢, and so ¢ is a good choice. Suppose 6,(¢') = ¢, and let ¢’ = ,(¢). Then
q" # ¢, as k is odd. Thus, d,,(¢') # ¢, and so ¢ is a good choice.

(7i1) (<) Suppose u,v € ¥*, g € Q", and k,l < w are satisfying the conditions. For
every € {u,v}*, we define an equivalence relation ~, on Q"/. by taking p =, p’ iff
Sx(p) = 6,(p'). Then we clearly have that Ry CRygy, for all z,y € {u,v}*. As Q is finite,
there is 2 € {u,v}* such that ~,=~,, for all y € {u,v}*. Take such a z. By (10), o* is
idempotent for some n > 1. We let w = z". Then b is idempotent and we also have that

Ry =Ry forall y € {u,v}*. (18)
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Let Gy0) = {Swmw | 2 € {u,v}*}. Then Gy} is closed under composition. Let &y, .y be
the subsemigroup of M (QlL(Ql)) with universe Gy, 3. Then b = Owew 1S AN identity element
in Gy Let S={peQ/.| dw(p) = p}. We show that

for every 4 in B (uv}s dlg is a permutation on S, (19)

and so &y, v} is a group by (16). Indeed take some z € {u,v}*. As 0y (5wxw(p)) =
(waww(p) —~5www( ), for any p € Q "/ oy Owzwls is an S — S function. Also, if p, p € S and
Owaw(P) = Owaw(p') then p Xy p. Thus, by (18), p ~y p/, that is, p = du(p) = bu(p') = P/,
proving (19).

We show that &y, ,y is unsolvable by finding an unsolvable homomorphic image of it.
Let R = {p € Q"/~ | p = d,(q) for some x € {u,v}*}. We claim that, for every J in
Sy} S[R is a permutation on R, and so the function A mapping every 5 to S[R is a group
homomorphism from &y, .} to the group of all permutations on R. Indeed, by (19), it is
enough to show that R C S. Let w = Z,,...Z1, where w = 21 ... 2, for some z; € {u,v},
% =u and T = vF1. Since 8,(q) = ~m(u)2(q) = Sx(v)k(q) for all z € {u,v}*, we obtain that

5wa(Q) = 55,,1,1..21( Y21...2mZm (Q)) SE 1...21 (5yzl...zm,1 (Q)) = ...
=1 (021 (0)) = 0azyz, () = 0y(q), for all y € {u,v}*. (20)

Now suppose p € R, that is, p = gm(q) for some z € {u,v}*. Then, by (20),

Sw(p) = 511) (Sx(q» = Sww(Q) = gxwww( ) Sww ( ) = Sm(Q) =D

and so p € S, as required.

Now let & be the image of &y, ,) under h. We prove that & is unsolvable by finding
three elements a, b, ¢ in it such that og(a) = 2, o (b) = k, og(c) is coprime to both 2 and
0s(b), and coboa = idg (the identity element of &). So let @ = h(dwuw), b = A(Swww), and
c= h(Swuvw) Observe that, for every x € {u v}, h( wmw) =0, [r, and so coboa = idg.
Also, for any 0,(q) € R, a (6 (q)) = (8y [R)Q((Sx(q)) = 6,.2(q) = 0.(q) by our assumption,
so a®> = idg. On the other hand, ¢ € R as Ss(q) =gq, and idr(q) = q # Su(q) by assumption,
s0 a # idr. As og(a) divides 2, og(a) = 2 follows. Similarly, we can show that og(b) = k
(using that (5mk( ) = 0.(q) for every z € {u,v}*, and u # d,(q)). Finally (usmg that
596(“”) 1(q) = 0.(q) for every z € {u,v}*, and u # du(q)), we obtain that h(duyuww)' = idg
and h(Swuvw) # idg. Therefore, it follows that og(c) = og (h(gwuvw)_) = 0 (h(gwww)) > 1
and divides [, and so coprime to both 2 and k, as required. Q

The following technical observation will be used in Sections 6 and 7; its proof is given
in Appendix A.2.

Lemma 7. Suppose L € {FO(<),FO(<,=),FO(<,MOD)} and X, T' and A are alphabets
such that X U {z,y} C T C A, for some x,y ¢ ¥. Then a regular language L over ¥ is
L-definable iff the regular language L' = {uwyzwyws | w € L, wy,wy € T*} is L-definable
over A.
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4. Deciding FO-definability of Regular Languages: PSpace-hardness

Kozen (1977) showed that deciding non-emptiness of the intersection of the languages recog-
nised by a set of given deterministic DFAs is PSPACE-complete. By carefully analysing
Kozen’s lower bound proof and using the criterion of Theorem 6 (i), Cho and Huynh (1991)
established that deciding FO(<)-definability of L(2l), for any given minimal DFA 2, is
PSpACE-hard. We generalise their construction and use the criteria in Theorem 6 (ii)—(7i7)
to cover FO(<,=)- and FO(<, MOD)-definability as well.

Theorem 8. For any L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-definability of the
language L(A) of a given minimal DFA 21 is PSPACE-hard.

Proof. Let M be a deterministic Turing machine that decides a language using at most
N = Ppr(n) tape cells on any input of size n, for some polynomial Pps. Given such
an M and an input @, our aim is to define three minimal DFAs whose languages are,
respectively, FO(<)-, FO(<,=)-, and FO(<,MOD)-definable iff M rejects x, and whose
sizes are polynomial in N and the size |[M| of M.

Suppose M = (Q,T',7,b, qo, qacc) With a set @ of states, tape alphabet I" with b for blank,
transition function -y, initial state gp and accepting state qg... Without loss of generality
we assume that M erases the tape before accepting, its head is at the left-most cell in an
accepting configuration, and if M does not accept the input, it runs forever. Given an input
word & = x1 ...z, over I', we represent configurations ¢ of the computation of M on x by
the N-long word written on the tape (with sufficiently many blanks at the end) in which the
symbol y in the active cell is replaced by the pair (g, y) for the current state g. The accepting
computation of M on @« is encoded by a word ficyficof ... fcx_1fcgb over the alphabet
Y =TU(QxT)U{f,b}, with ¢y, ca, ..., cx being the subsequent configurations. In particular,
¢1 is the initial configuration on x (so it is of the form (qo,x1)z2...zpb...b), and ¢ is the
accepting configuration (so it is of the form (ggcc, b)b...b). As usual for this representation
of computations, we may regard - as a partial function from (FU(Q X F)U{ﬂ})g toTU(QxT)
with v(agfl,ag,afﬂ) = Uf“ for each j < k, where ag is the ith symbol of ¢/.

Let par .o = p be the first prime such that p > N+2 and p # +1 (mod 10). By Corollary
1.6 of Bennett, Martin, O’Bryant, and Rechnitzer (2018), p is polynomial in N. Our first
aim is to define a p+ 1-long sequence of disjoint minimal DFAs 2; over ¥. Each 2; has size
polynomial in N, |M|, and is constructible in logarithmic space; it checks certain properties
of an accepting computation on @ such that M accepts « iff the intersection of the L(%A;)
is not empty and consists of the single word encoding the accepting computation on x.

Formally, we define each 2l; as an NFA but bear in mind that it can standardly be
turned to a DFA by adding to it a ‘trash state’ tr; looping on itself with every character
o € %, and also adding the missing transitions that all lead to the trash state tr;. The
DFA 2y checks that an input starts with the initial configuration on @ and ends with the
accepting configuration:
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start@ b @(qul)@ T2 Tn @ b

acc,b
b VLI @(q )\pD\L@Dy¢ﬁ,b

Y # (dace, ), 8,0

When 1 < i < N, the DFA 2, checks, for all j < k, whether the ith symbol of ¢/ changes
‘according to v’ in passing to ¢/*!. The non-trash part of its transition function &’ is as
follows, for 1 < ¢ < N. (For i = 1 and ¢ = N, some adjustments are needed.) For all
u, v/ v, ww'y,ze TU(Q x T,

5§(ti) =q 1, 503(qj) =¢ ! for2<j<i—1, 52((]1) = Tu, 52(7"11) = Tuv,
O (run) = a0,y Gylal) = ¢l for i+ 1< <N, 5(gl) =pi!

52(%) :pgil) for 2 < j <i-— 1’ 5;((]5) = fi7 513’((1;) = Pu'zs 5;(pu’2’) = Tuz;

see below, where z = y(u, v, w) and 2’ = y(u/, z,w’):

Finally, if N +1 < ¢ < p then 2l; accepts all words over ¥ with a single occurrence of b,
which is the input’s last character:

oc#£b

()
start

Note that 2,1 =2, as p > N + 2. It is not hard to check that each 2; is a minimal DFA
that does not contain nontrivial cycles and the following holds:

Lemma 9. M accepts x iff (\o_, L(;) # 0, in which case this language consists of a single
word that encodes the accepting computation of M on x.

Next, we require three sequences of DFAs B2, B2 and %11\7/I0Dv where p > 5 is a prime
number with p Z £1 (mod 10); see the picture below for p = 7:
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In general, the first sequence is BY = ({s; | i < p}, {a}, 6%% s, {s0}), where (5?1;(31-) =sj
if i, <pand j =i+1 (mod p). Then L(BY) comprises all words of the form (a?)*, B is
the minimal DFA for L(%B%), and the syntactic monoid M (B ) is the cyclic group of order
p (generated by the permutation 5y <).

The second sequence is BZ = ({s; | i < p},{a, h},d%g,so,{so}), where (5?%(31-) =5
and 5(1%2 (si) =sjif 4,7 <pand j =i+ 1 (mod p). One can check that L(BL) comprises
all words of a’s and f’s where the number of a’s is divisible by p, BZ is the minimal DFA
for L(BL), and M (BL) is the cyclic group of order p (generated by the permutation &y pz).

The third sequence is By,op = ({sZ |i <p}{a, h},(S%fAOD, S0, {30}), where

B

D P
— 0q M°P(sp) = sp, and 5;3""0'3(51-) =s;ifi,j<pand j =i+ 1 (mod p);

P P P
- 5;3”‘0[’(30) = Sp, 5?“"0[’(31)) = sp, and (5?"”0'3(31-) = s; whenever 1 < 4,5 < p and
i-j=p—1(mod p), that is, j = —1/i in the finite field F,,.
One can check that B},qp is the minimal DFA for its language, and the syntactic monoid
p P
M (By,0p) is the permutation group generated by (5;3“"05’ and 6?""0'3.

Lemma 10. For any prime p > 5 with p # £1 (mod 10), the group M(B},0p) is unsolvable,
but all of its proper subgroups are solvable.

p p
Proof. 1t is readily seen that the order of the permutation 6? MOD js 2, that of 6? MOD is p, while

P P
the order of the inverse of (5?2""0'3 is the same as the order of 5?;“"0'3, which is 3. So M (By0p)
is unsolvable, for any prime p, by the Kaplan—Levy criterion. To prove that all proper
subgroups of M (By,,p) are solvable, we show that M (B%,,p) is a subgroup of the projective
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special linear group PSLa(p). If pis a prime with p > 5 and p #Z £1 (mod 10), then all proper
subgroups of PSLa(p) are solvable (e.g., King, 2005, Theorem 2.1). (So M (B},op) is in fact
isomorphic to the unsolvable group PSLy(p).) Consider the set P = {0,1,...,p — 1,00} of
all points of the projective line over the field IF,. By identifying s; with ¢ for ¢ < p, and
sp with oo, we may regard the elements of M (%KAOD) as P — P functions. The group
PSLs(p) consists of all P — P functions of the form ¢ — Z;if, where w-z—z -y = 1, with
the field arithmetic of IF,, extended by i + 0o = oo for any i € P, 0-00 =1 and - 00 = 00
for i # 0. The two generators of M(B},qp) are in PSLy(p): take w = 1, x = 1, y = 0,

%p %P
Z:1f0r6aMOD’a’ndw:()vI:l?y:p_]-aZZOfOI'(ShMOD‘ a

Finally, we define automata 2., 2=, Apmop over the tape alphabet ¥, = XU {aq,a9,},
where ay,as are fresh symbols. We take, respectively, B2, BL %ﬁAOD and replace each
transition s; —4 s; in them by a fresh copy of 2;, for # < p, as shown in the picture below:

We make 2., A=, Apop deterministic by adding a trash state ¢rlooping on itself with every
y € X4, and adding the missing transitions leading to ¢r. It follows that 2., A=, Amop
are minimal DFAs of size polynomial in N and | M|, which can clearly be constructed in
logarithmic space.

Lemma 11. (i) L(™A.) is FO(<)-definable iff (\;_y L(A;) = 0.
(i) L(A=) is FO(<, =)-definable iff (i_y L(2A;) = 0.
(¢it) L(Amop) is FO(<, MOD)-definable iff (_, L(A;) = 0.

Proof. AsRA.,2=,Amop are minimal, we can replace ~ by = in the conditions of Theorem 6.
For the (=) directions, given some w € (_, L(2;), in each case we show how to satisfy
the corresponding condition of Theorem 6: (i) take u = ajwas, ¢ = sg, and k = p; (ii) take
u=aywas, v =44, ¢ = s, and k = p; (7i7) take u =, v = ajwag, ¢ = o, k = p and [ = 3.
(<) We show that the corresponding condition of Theorem 6 implies non-emptiness of
P o L(2;). To this end, we define a X% — {a,}* homomorphism by taking h(lf) = b,
h(a1) = a, and h(b) = ¢ for all other b € ¥.
() and (ii): Let o € {<,=} and suppose ¢ is a state in 25 and v’ € ¥* such that
q # 53’;((]) and ¢ = 5?5)k(q) for some k. Let S = {so,s1,...,5p—1}. We claim that there
exist s € S and u € X% such that

s # 025(s), (21)

53}%’7 (s) € S, forevery x € {u}*. (22)

Indeed, observe that none of the states along the cyclic ¢ —(uyk ¢ path II in 22 is tr. So
there is some state along Il that is in S, as otherwise one of the 2; would contain a nontrivial
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cycle. Therefore, v’ must be of the form wh"a;w’ for some w € ¥*, n < w and w' € X% . It
is easy to see that s = 5(9;57,)k_1w(q) and u = f"aqw'w is as required in (21) and (22).

As M (Bb) is a finite group, {5;?(2;) | z € {u}*} forms a subgroup ® in it (the subgroup
generated by 5;13(2)). We show that & is nontrivial by finding its nontrivial homomorphic
image. By (22), for any = € {u}*, the restriction 52 ls of 526 1o S = {(5Ql ) |y € {u}*}
is an S” — S’ function and 5215[ = 5%(1‘3)[9 As M(8B%) is a group of permutations on a set
containing S’, (5 h(e )fsr is a permutation of S’, for every x € {u}*. Thus, {(5h(x lsr| @ € {u}*}

is a homomorphlc image of & that is nontr1v1al by (21).
As & is a nontrivial subgroup of the cyclic group M (B%) of order p and p is a prime,

& = M(B5). Then there is z € {u}* with 5?(1";) = 52¢ (a permutation containing the
p-cycle (sos1...sp—1) ‘around’ all elements of S), and so §" = S and z = " a wasw’ for
some n < w, w € ¥*, and w’ € ¥%. Asn = 0 when o =< and (5?}%(8) for every s € S,
S" = S implies that w € (=5 L(A;) = 7_y L(2A:). ) )

(#i1) Suppose q is a state in QlMOD and «/,v" € ¥% such that g # 531,""0[)(q), q# 53M°D(q),

Q[:,l\)/loD Q[:,l\)/loD MOD _ Ql]l\J/IOD _ Q[:,l\)/loD 3
q # 6,°(q), and 6,"°°(q) = 5 2 ,)Q(q) = 5x(v,)k(q) = 5as(u’v’)l(q) for some odd prime k and

number [ that is coprime to both 2 and k. Take S = {s¢, s1,...,5,}. We claim that there
exist s € S and u,v € ¥} such that

2000 o0 MOD
S # (5u (5), S ?é 51} ( ) 7& 6u’U ( )7 (23)
531“)"0'3 (s) € S, forevery x € {u,v}*, (24)
Q[P le
350 () = 57000 (5) = 1100 () = B (), For every z € fuw e} (29)

Indeed, by an argument similar to the one in the proof of (i) and (ii) above, we must have

' = wyf"ayw)], and v = wvhmpalw; for S0Me Wy, Wy € ¥*, n,m < w and w,w, € ¥%. For
2 .

every = € {u,v}*, as both 9;4°°(¢) and 5351"5'1?[’ (¢) are in S, they must be the same state.

Using this it is not hard to see that s = 5 MOD( ), u = g"ajwl,w, and v = §Magwlw, are as
required in (23)-(25).

As M(B},0p) is a finite group, the set {5 ""OD | # € {u,v}*} forms a subgroup & in it

5 MOD 5 MOD

(the subgroup generated by h(u) and h(v) ). We show that & is unsolvable by finding

P
an unsolvable homomorphic image of it. To this end, we let S’ = {53""0'3(5) |y € {u,v}*}.
Then (24) implies that S” C S and

B0 (s') = 530 (s') € S, for all ' € § and « € {u,v}", (26)

.. ity AL . . AP
and so the restriction d,M°°[ g of §,M°P to S’ is an S’ — S’ function and d,M°P [ 5 oo [gr.

h(x)
p
As M (‘BMOD) is a group of permutations on a set containing S’, 6;?(';23)[’ [gr is a permutation

of §', for any = € {u,v}*. It follows that {5h(“m"§’[’ ls/| z € {u,v}*} is a homomorphic image
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of &, which is unsolvable by the Kaplan Levy criterion: by (23), (2 ), and 2 and k being
primes, the order of the permutation 0 (Mg’D g is 2, the order of § (M)OD s is k, and the
order of 5h xg‘; I/ (which is the same as the order of its inverse) is a > 1 divisor of [, and so

coprime to both 2 and k.
As & is an unsolvable subgroup of M(B},op), Lemma 10 implies that & = M (%MOD)
Mop — 5 MOD.

so {u,v}* Z g*. We claim that S” = S. Indeed, let x € {u,v}* be such that 5 h(e)
As |8’ > 2 by (23), s 6 {s0,...,sp—1}, and so {so,...,sp—1} C S’ follows by (26). As there

is y € {u,v}* wit = 1“7"0'3, s, € 8" also follows by (26). Finally, as {u,v}*
h 6 MOD 5h »

h(y)
there is x € {u,v}* of the form §"aywasw’, for some n <w, w € Land w’ € ¥%. As §' =S,
5 MOD( ;) € S for every i < p, and so w € (_, L(2;). Q
Now Theorem 8 clearly follows from Lemmas 9 and 11. a

5. Deciding FO-definability of 2NFAs in PSpace

Using the criterion of Theorem 6 (i), Stern (1985) showed that deciding whether the lan-
guage of any given DFA is FO(<)-definable can be done in PSPACE. In this section, we
also apply the criteria of Theorem 6 to provide PSpacCE-algorithms deciding whether the
language of any given 2NFA is £L-definable, for £ € {FO(<),FO(<,=),FO(<,MOD)}.

Let 2 = (Q,%,0,Qo, F) be a 2NFA. Similarly to Carton and Dartois (2015), we first
construct an exponential-size DFA 21 with L(2() = L(2). To this end, for any w € X7,
we introduce four binary relations by,.(w), by(w), by.(w), and by(w) on @ describing the
left-to-right, right-to-left, right-to-right, and left-to-left behaviour of 2 on w. Namely,

~ (q,q") € by (w) if there is a run of 2l on w from (g, 0) to (¢, |w|);
- (q,q") € byr(w) if there is a run of A on w from (g, |jw| — 1) to (¢, |w|);

- (q,q') € by(w) if, for some a € X, there is a run on aw from (q,|aw| — 1) to (¢',0)
such that no (¢”,0) occurs in it before (¢',0);

~ (q,4¢") € by(w) if, for some a € ¥, there is a run on aw from (¢, 1) to (¢’,0) such that
no (¢”,0) occurs in it before (¢’,0).
For w = ¢ (the empty word), we define the b;;(w) as the identity relation on Q.
Example 12. For the 2NFA 2 over ¥ = {a, b} shown in Figure 1, we have:

bl?“(ab) = {(QO7 3)7 (37 q)v (t, q)v <w7 Q), (y7p)}7 le(ab) = {('U, u), (u7 h)}v
brr(ab) = {(Tv S)a(uv y)v(v7q)a(zap)}7 bll(ab) = {(S,U),(t, U),(’U),’U,)} =
Now, let b = (b, by, byr, byy), where the b;; are the behaviours of 2 on some w € ¥*,
in which case we can also write b(w), and let b’ = b(w’), for some w’ € ¥*. We define the
composition b - b’ = b"” with components b}; as follows. Let X and Y be the reflexive and
transitive closures of the relations b;l o b, and b, o b;l on (), respectively. Then we set:
b,/ :blroXobgr, ;ll: ;loyob’r’la
b" :b’ Ub’loYobWoblT7 %:bllUbZToXobflobrl.
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Figure 1: The 2NFA 2 for Example 12.

One can check that b” = b(ww’).

Example 13. Consider again the 2NFA 2( from Example 12, where we computed b(ab).
One can readily check that b(ab) - b(ab) = (b, byy, by, by), where

bir = bir(ab) o ({(s,v), (t,y), (w,y)} U{(g.q) | ¢ € Q}) o bi-(ab) = {(q0,9). (q0,P)},
byt = {(v, 1)},
by = bye(ab) Ubya(ab) o ({(r, 1)} U{(4,0) | 4 € @}) obrr(ab) obys(ab) = by (aB) U{ (1, )},
bu = bu(ab) U by (ab) o ({(s,y), (), (w,y)} U{(¢: q) | ¢ € Q}) o bu(ab) o
b, (ab) = by (ab) U{(qo,h)).
Clearly, b(ab) - b(ab) coincides with b(abab) = (b, by, byr, by), where by, = {(qo,p), (¢0,9)},
by = {(v, h)}, brr = {(r,5), (w,y), (v,q), (v,p)} and by = {(qo, h), (s, u), (t,u), (w,u)}; see

the picture above. -

Define a DFA ' = (@', %, ¢, q), F') by taking

Q/ = {(BlraBTT) | Bl'/‘ g QO X Qa BTT‘ g Q X Q}) Q6 = ({(q) q) | q S QO}vm)v
F/ = {(BI'MBT‘?“) | (QO,Q) € BZT7 for some qo € QO and q € F}a
&, ((Bir, Byr)) = (B, Bl.,), with Bj, = By, o X(a) o by,(a),
B,, = by(a) Uby(a) o Y(a) o B,y o by,(a),
where X (a) and Y (a) are the reflexive and transitive closures of by (a) o By, and B, o by(a)
respectively.

Example 14. We illustrate the construction of the DFA 21’ using the 2NFA 2( from Exam-
ple 12. We have ¢{, = ({(g0,q0)},0) and

9a(20) = ({(90,m)}, {(q0,7), (5,0), (£, v), (w, ), (y,2)}) = ¢},

3p(d1) = ({(q0, )}, {(r.8), (w,9), (,9), (2,p)} U{(v,0)}) = g5,

a(22) = ({(90, 2), (90, v)}, {(q0,7), (5,v), (£, ), (w, ), (y,2)} U{(s, 2), (w, 2), (£, 2)}) = g3,
dp(a3) = ({(20,9), (20, P)}, {(r, 9), (w,v), (2, 0), (2,0)} U{(v,0), (v,p)}) = di.
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Note that ¢ € F’. -

Returning to our general construction, we observe that, for any w € ¥*,

84 ((Bir, Bry)) = (By,., By.,) iff Bj, = By, o X(w) o by, (w) and
Bl = b..(w) Uby(w) o Y (w) o By o by (w), (27)

where X (w) and Y (w) are the reflexive and transitive closures of by (w)o By, and By,oby(w).
(To illustrate, for A" in Example 14, we have just shown that ¢, .(q) = (Bj,, By,) = @},
and (Bj,, B,,) can be computed by applying (27) to ¢; and b(abab) defined in Example 13.)

Similarly to Shepherdson (1959), Vardi (1989) one can show that
L) = L. (28)

Intuitively, ¢} —w (Bir, Byr) in 2" and ¢ € By, iff there exists a (two-way) run of 2 on w
from (go,0) to (g, |w|) on w.

Next, we prove that, even though the size of 2’ is exponential in 2[, we can still use
Theorem 6 to decide L-definability of L(2A) in PSPACE:

Theorem 15. For L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-definability of L(2),
for any 2NFA 2, can be done in PSPACE.

Proof. Let 2" be the DFA defined above for the given 2NFA 2(. By Theorem 6 (i) and (28),
L(2) is not FO(<)-definable iff there exist a word u € ¥*, a reachable state ¢ € @', and
a number k < [Q'[ such that ¢ % &,(¢) and ¢ = 0/,(q). We guess the required %k in
binary, ¢ and a quadruple b(u) of binary relations on @. Clearly, they all can be stored
in polynomial space in |[2(|. To check that our guesses are correct, we first check that b(u)
indeed corresponds to some u € X*. This is done by guessing a sequence by,...,b, of
distinct quadruples of binary relations on ) such that by = b(ug) and b;11 = b; - b(uy1),
for some ug,...,u, € . (Any sequence with a subsequence starting after b; and ending
with b; ., for some ¢ and m such that b; = b;,,, is equivalent, in the context of this proof,
to the sequence with such a subsequence removed.) Thus, we can assume that n < 200l
and so n can be guessed in binary and stored in PSPACE. So the stage of our algorithm
checking that b(u) corresponds to some u € ¥* makes n iterations and continues to the next
stage if b, = b(u) or terminates with an answer no otherwise. Now, using b(u), we compute
b(u*) by means of a sequence by, ..., by, where by = b(u) and b;y1 = b; - b(u). With b(u)
(b(u¥)), we compute &/,(q) (respectively, ¢! 1(q)) in PSPACE using (27). If §/ . (q) # ¢, the
algorithm terminates with an answer no. Otherwise, in the final stage of the algorithm, we
check that &), (q) % g. This is done by guessing v € X* such that d,,(¢) = q1, 0,,(6,(q)) = g2,
and g1 € F' iff ¢ ¢ F'. We guess such v (if any) in the form of b(v) using an algorithm
analogous to that for guessing u.

By Theorem 6 (i7) and (28), L(2) is not FO(<, =)-definable iff there there exist words
u,v € ¥*, a reachable state ¢ € @', and a number k < [Q'| such that ¢ % §;,(q), ¢ = 0! . (q),
|v| = |u|, and ¢! ;(q) = ¢! (q), for all i < k. We outline how to modify the algorithm for
FO(<) above to check FO(<,=)-definability. First, we need to guess and check v in the
form of b(v) in parallel with guessing and checking « in the form of b(u), making sure that
|v] = |u|. For that, we guess a sequence of distinct pairs (bg, bj), ..., (bn,b},) such that the

ny ¥n
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b; are as above, by = b(vg) and bf,; = bj - b(vi1), for some vy, ...,v, € X. (Any such
sequence with a subsequence starting after (b;, bj) and ending with (b;1m, bj,,,), for some i
and m such that (b;, bj) = (bjym,b},,,), is equivalent to the sequence with that subsequence
removed.) So n < 20U@D. For each i < k, we can then compute d!:(¢q) and &/ ; (q), using
(27), and check whether whether they are equal.

Finally, by Theorem 6 (iii) and (28), L(2) is not FO(<, MOD)-definable iff there exist
u,v € X*, a reachable state ¢ € Q" and k,l < |@'| such that k is an odd prime, [ > 1 and

coprime to both 2 and k, q % 6,(q), q # 0,(q), ¢ 7 6,,(q), and 65(q) ~ &,,2(q) ~ &, x(q) ~
(5;(uv)l(q), for all z € {u,v}*. We start by guessing u,v € ¥* in the form of b(u) and b(v),
respectively. Also, we guess k and [ in binary and check that k is an odd prime and [ is
coprime to both 2 and k. By (27), ¢!, is determined by b(z), for any = € {u,v}*. Thus, to
check that u, v, k, [ are as required, we perform the following steps, for each quadruple b of
binary relations on Q. First, we check whether b = b(z), for some x € {u,v}* (we discuss
the algorithm for this below). If this is not the case, we construct the next quadruple b’
and process it as b above. If it is the case, we compute all the states 0,(q), 0", »(q), 0/ 1.(q),
5;@”)1 (q), 0!.(q), 0.(q), d.,(q), and check their required (non)equivalences with respect to ~,
using the same method as for checking ¢/,(¢q) # ¢ above. If they do not hold, our algorithm
terminates with an answer no. Otherwise, we construct the next quadruple b’ and process
it as this b. When all possible quadruples b of binary relations of () have been processed,
the algorithm terminates with an answer yes.

Now, to check that a given quadruple b is equal to b(z), for some x € {u,v}*, we simply

guess a sequence by, ..., b, of quadruples of binary relations on @ such that by = b(wyp),
b, = b and b;11 = b; - b(w;4+1), where w; € {u,v}. It follows from the argument above that
it is enough to take n < 20U<QD. a

6. Deciding FO-rewritability of LTL OMQs

In this section, we use the results obtained above to establish the complexity of recognising
the rewritability type of an arbitrary LTL;<, OMQ.

Theorem 16. For any L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-rewritability of
(Boolean and specific) LTL%'O?Z OMQ@s over 2-ABozes is EXPSPACE-complete. The lower
bound holds already for LTLSOM OMAQs.

Proof. The upper bound follows from Theorem 15 and the proof of Theorem 5. We now
establish the matching lower bound for LTLS), ~ OMAQs. We only consider specific OMAQs,
leaving the easier case of Boolean OMAQs to the reader. (In fact, EXPSPACE-hardness for
Boolean OMAQs follows from EXPSPACE-hardness for specific OMAQs by Lemma 20 and
Proposition 21 (i) to be proved in the next section). With this in mind, we first show how
one can store and compute numerical values of polynomial length using LTLhOom—ontologies.

A counter is a set A = {A; |i=0,1, j=1,...,k} of atomic concepts that will be used
to store values between 0 and 2* — 1, which can be different at different time points. The
counter A is well-defined at a time point n € Z in an interpretation Z if Z,n = Ag/\Ajl- — L

and Z,n |= Ag Vv A]l, for any j = 1,..., k. In this case, the value of A at n in 7 is given by

the unique binary number by, . . . by for which Z,n = A?l A -/\AZ’“. We require the following
formulas, for ¢ = by ... b1 and a well-defined counter A:
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- [A:c]:Alfl/\---/\AZ’“ with Z,n |= [A = ¢] iff the value of A is ¢;

k
- [A< = \/ (A A /\ A?j) with Z,n |= [A < ¢] iff the value of A is < ¢;

k>i>1 j=it1
bi=1
k
~ [A> ] = \/ (Al A /\ A?j) with Z,n |= [A > ¢] iff the value of A is > c.
k>i>1 j=i+l
b;=0

We regard the set (OpA) = {OFAé- | i =0,1, j =1,...,k} as another counter that stores
at n in Z the value stored by A at n + 1 in Z. This allows us to use formulas such as
[A > ¢1] = [(OrA) = cg], which says that if the value of A at n in Z is greater than ¢, then
the value of A at n +1 in 7 is cs.

Given two counters A and B, we set

[A=B]= A (B) = A) A (B} — 4))),
j=1
k
A=B+1= N\ (BAB_ A~ ABl - Af NA) A= AAD) A
=1
N ((BY A BY) = AY) A (B A B) — A}))).

j<i

Then Z,n = [A = B] iff the values of A and B at n in Z coincide, and Z,n |= [A = B + 1]
iff the value of A at n is equal to the value of B at n plus one. In a similar way, we define
the formula [A =B — 1].

Consider a deterministic Turing machine M with exponential space bound, which be-
haves as described in the proof of Theorem 8. Given an input word & = x1 ...y, let N
be the number of tape cells needed for the computation of M on @, and let p be the first
prime such that p > N +2 and p # +1 (mod 10). Our aim is to construct LTL .. ontolo-
gies O~, O= and Opmop of polynomial size that simulate the exponential-size, O(p), DFAs
A, A= and Apmop from the proof of Theorem 8, whose languages are L-definable (for the
corresponding L) iff M rejects &. The polynomial size of the ontologies can be achieved
due to the repetitive structure of the automata ., 2= and Apmop as we can capture an
exponential number of transitions by using only polynomially-many axioms.

First we define O~. Let k = [logyp] + 1. The ontology O uses the following atomic
concepts: the symbols in ¥ =T U (Q x I') U {f,b,a1,az2} (see the proof of Theorem 8) and
additional symbols S, T, Q, P, Qu, R4, Rap, Pa, Py, for a,b € ¥, F, X, Y, and F,,5. We
also use counters A and IL with atomic concepts A; and Lé«, fori=0,1,5=1,...,k Set
==Y U{X, Y}

In the DFA 2; from the proof Theorem 8, we represent

— the state t; as [A =i AT}
— each state ¢/ of ; as [A =i]| AQ A [L = j;

671



Kurucz, RYZHIKOV, SAVATEEV & ZAKHARYASCHEV

— cach state ¢} of 2; as [A = i) A Qq A [L = j;
— each state p’ of 2y as [A = 0] A P A [L = j];
— cach state p) of %; as [A = i] A P, AL = j];
— each state pgp of A; as [A = i] A Pyy;
— each state 7, of 2; as [A = i] A Rg;
— each state 74, of 2A; as [A =] A Ryp;
— fias [A=3d|AF.
We refer to these formulas and also [A = i] A S representing s; in A as state formulas.

The ontology O, simulating 2. consists of the following axioms, which are equivalent
to polynomially-many LTLS, . axioms (see Lemma 17):

— aANb— 1, for distinct a,b € Z; (*1)
- X — [(OrA) = 0] A O S to simulate the initial state of A; (%2)
— [A=0]ASAY — F,,q to simulate the accepting state of A; (x3)

— the axioms

[A<p|ASAa = [(OrA) = A] A OT A [(OFL) = A,
[A<p—1]AFNay = [(OrA) = A+ 1] A OpS,
[A=p—1]AF ANay — [(OrA) = 0] A OpS;

describing the behaviour of 2. in states s; and f;;

the axioms describing the transitions of ;, 0 < i < N, that are given in Appendix A.3;

— and the following axioms for a # b:

[A>NJAA<p]AT ANa— [(OA) = Al A OpT,
[A>NJAA<p] AT Ab = [(OpA) = A]ANOF

simulating the transitions of ;, for N < i < p.
Next, we define the ontology O= by adding to O, the axiom
[A<p]ASAL— [(OrA) = Al AOpS

simulating the g-transitions in 2=. We also extend = with f.
To define Omop, more work is needed. First, we extend O~ with

— the following axioms regarding ,,:

[A=p]ASANar = [(OrA) = p] AN O T,
[A=p|AF Aay — [(OpA) = p] A OpS,



DECIDING FO-REWRITABILITY OF REGULAR LANGUAGES AND OMQs IN LTL

— and the following axioms handling f:

[A=plANSAL—= [(OrA) =0 A S,
[A>0A[A<pASAL— [(OrA) =J] A OpS.
Here, J is a new counter that stores the value j = —1/i in the field IF,,, which is required to

make sure that, for ¢ # 0, p, we have
Ovop E[A=i]ASAL— [(OpA) = j] A OpS.

We achieve this as follows. We compute the number r such that ir = 1(mod N’) using the
following modified version of Penk’s algorithm (e.g., Knuth, 1998, Exercise 4.5.2.39). The
algorithm starts with u = p, v =4, r = 0, s = 1. In the course of the algorithm, v and
v decrease, with the following conditions being met: GCD(u,v) = 1, u = ri (mod p), and
v = si (modp). The algorithm repeats the following steps until v = 0:

— if v is even, replace it with v/2, and replace s with either s/2 or (s + p)/2, whichever
is a whole number;

— if u is even, replace it with u/2, and replace r with either /2 or (r + p)/2, whichever
is a whole number;

— if u,v are odd and w > v, replace u with (u — v)/2 and r with either (r —s)/2 or
(r — s+ p)/2, whichever is a whole number;

— if u,v are odd and v > u, replace v with (v — u)/2 and s with either (s —r)/2 or
(s —r + p)/2, whichever is a whole number.

The binary length of the larger of u and v is reduced by at least one bit, guaranteeing that
the procedure terminates in at most 2k iterations while maintaining the conditions. At
termination, v = 0 as otherwise a reduction is still possible. If u = 1, we get 1 = ri (mod p)
and r = 1/¢ in the field IF,,, so we can set j =p — 7.

To compute the value of j, we need to halve the number in a counter, compare two
counters (using an additional counter), add and subtract (using extra counters for carries).
This can be done by means of O(k) counters (a fixed number of counters per O(k) steps of
the algorithm) with polynomially-many additional axioms. So we compute j when required
and store it in counter J. Appendix A.3 provides a full list of counters and axioms we need.

For £ € {FO(<),FO(<,=),FO(<,MOD)}, we use 2 and O, to denote the correspond-
ing automaton and ontology defined above. Observe that, by the proof of Theorem 8§,

L(;) is L-definable iff M rejects x. (29)

The connection between 2, and O is explained by the following lemma.

Lemma 17. Let A be a Z-ABoz and let ¥ be a state formula. Then
(1) A is inconsistent with O iff there is ¢ such that a(i),b(i) € A for different a,b € =;
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(13) if A is consistent with Or, then Or, A = ¥(1) iff A contains a subset
{X(I=m=1),b0(I=m),bo(l—m+1),bs(l —m+2),...,0,(1—1)}, (30)

where m > 0, by, € X for all k € [1,m], and 2z, having read the word by ...by,, is in the
state represented by W.

Proof. We obtain (i) because the only axiom with L is (x1) and, for consistent A and O,
b€ Z and n € Z, we have (0, A) = b(n) iff b(n) € A.

(ii) (<) If there is such a subset of A, then (O, A) = ([A = 0] A S)(I —m). One can
check by induction on j that if the automaton is in a state ¢ after reading by ...b;_1 and ¢
is represented by a state formula ¥/, then (O, A) E ¥/'(I —m + j).

(=) If (O, A) = A} (1), for some A} € A, then (O, A) = b(l — 1), for some b € E.
There are two possibilities: either b = X or b € ¥ and there exists A;i € A such that
(O, A) = AZ(1 —1). So there is a unique subset of A of the form (30). By induction
on j € [1,m + 1], we can prove that there exists a unique state formula ¥; such that
(Or, A) =V, (Il —m+j) and ¥, represents the state 2. is in after reading by ...b;—1. Q

To complete the proof of Theorem 16, we need one more lemma.

Lemma 18. Let q,(x) = (O, Fena(x)). For the signature = above, L(2lz) is L-definable
iff L=(q,(x)) is L-definable.

Proof. Recall that the alphabet of Lz(q,(x)) is 'z = ¥z UXL. As (x3) is the only rule
that produces the target concept Fe,q and Fe,q ¢ E, k is a certain answer to g.(z) over a
E-ABox A iff either A is inconsistent with O or (O, A) = ([A = 0] A S AY) (k) iff, by
Lemma 17, there are a(i),b(i) € A, for a,b € = with a # b, or A contains a subset

(X(k—m—1),b1(k —m),... bm(k—1),Y(k)},

where by ...by, € L(z).
Let 2 and LY (A.) stand for Z and, respectively, L(2z), in which every a € Z is
replaced by the set {a}. It follows that L=(q,(z)) = Lo U Ly, where

Lo ={AdB | AB € X%,d' € St} N {AaB | AaB € TE, |a| > 1}
Ly ={wi {X}w{Y"}wy | w e LY (Az), wi,wy € (EVU{0})").

(Indeed, L¢ describes the inconsistent ABoxes and L; the consistent ones.) Clearly, the
language Ly is L-definable. Let ¢ be an L-formula defining it. If L(2(;) is definable by an
L-formula, then so are L1} () and, by Lemma 7, L;. Let ¢ be the £-formula defining L;.
Then ¢ V ¢ defines L=z(q,.(x)). If L=(q,(x)) is definable by an L-formula x, then x A =
defines Ly. Thus, by Lemma 7, the language L{}(ng) is L-definable, and so is L(2(z). Q

By Theorem 5 (ii), q,(z) is L-rewritable over Z-ABoxes iff L(2(;) is L-definable. By
(29), L(2(z) is L-definable iff M rejects x, which completes the proof of Theorem 16. QO

We also observe that LTL;  ontologies can be encoded by positive existential queries

mediated by covering axioms that are available in LT Ly op,:
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Theorem 19. Deciding L-rewritability of (Boolean and specific) LTLyym OMPEQs over
=-ABozxes is EXPSPACE-complete.

Proof. By Theorem 16, we only need to show the lower bound, which can be done by
reduction of LTL;), = OMAQs q = (0, A) to LTL,  OMPEQs. By Remark 3, we can
assume that the axioms of O take the form C' — 1 or C' — B, for some C =C{ A---ANCj,
and atomic B. We construct an LTL?mm OMPQ ¢’ = (O, ») that is Z-equivalent to q by

taking O" with the axioms BA B — 1L and T — BV B, for all B € sig(q), where B is a
fresh atom, and

x=A Vv \/ %0%C v \/ 0:0:(CAB).
C—1inO C—Bin O

Intuitively, B represents the negation of B and s is equivalent to the formula

[ A oA A G0(C—B)]— A
C—1linO C—Bin O

It is readily seen that, for any Z-ABox A, the certain answer to q over A is yes iff the answer
to ¢’ over A is yes, and k is a certain answer to g(z) over A iff it is also a certain answer
to q'(z). Tt follows that q’ is L-rewritable over Z-ABoxes iff q is L-rewritable. a

7. Deciding L-rewritability of Linear LTL, =~ OMPQs

horn

As well known, deciding FO-rewritability of monadic datalog queries is 2EXPTIME-complete
(Cosmadakis et al., 1988; Benedikt et al., 2015; Kikot et al., 2021), which becomes PSPACE
for the important class of linear monadic queries (Cosmadakis et al., 1988; van der Meyden,
2000). In this section, we focus on linear LTLhOOm OMPQs. First, in Section 7.1, we
show that it suffices to consider L-free OMQs only and that deciding L-rewritability of
specific LTLYS  OMPQs is polynomially reducible to the same problem for Boolean LTL}'S

horn horn

OMPQs and the other way round. Then, in Section 7.2, for any linear LTLhoom OMAQ q, we
construct in polynomial space a DFA 21’ such that q is L-rewritable iff L(2l") is £-definable.
So, by Theorem 15, deciding L-rewritability of linear LTL%DOm OMAQs can be done in
PSPACE. An essential part of this proof is the construction of a (polynomial-size) 2NFA 912
that recognises a certain encoding of the language of q. We also show that any DFA can
be simulated by a linear LTLS, = OMAQ), which yields a PSPACE lower bound for deciding
L-rewritability. Section 7.3 gives semantic criteria of FO(<)- and FO(<, =)-rewritiability of
LTLS ~ OMPQs and a PSPACE algorithm for checking these criteria based on 52(5.

horn

7.1 Two Useful Reductions
We start with two technical observations. The first one rids ontologies of L.

Lemma 20. Let O be an LTLfO%l ontology, let O result from O by removing every aziom
of the form Cy A --- NCyp — L, and let O" result from O by replacing every axiom of the
form Cy AN+ ANCp — L withCyN---NCy = A, A — OpA', A — OpA', A — A, for a
fresh atom A’. Let 2 be a signature that does not contain the newly introduced atoms A'.

(i) Every Boolean OMAQ q = (O, A) is Z-equivalent to q¢' = (0", A). Ewvery specific
OMAQ q(x) = (0, A(z)) is E-equivalent to q'(z) = (0", A(z)).
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(i1) Every Boolean OMQ q = (O, ») is Z-equivalent to q" = (O, ), where

CiN-NCr—1LeO

Every specific OMQ q(x) = (O, »x(x)) is E-equivalent to q"(x) = (O, (x)).

Proof. We only show the first claim in (7); the other claims are similar and left to the reader.
Let A be any Z-ABox. Suppose the certain answer to ¢’ over A is no. This means that
there is a model Z of O” and A such that Z,n = A for all n € Z. Then Z is also a model of
O and A. Indeed, if Z,n = C1 A+ - AC}, for some axiom CiA---ACp — L in O and n € Z,
then Z,n = A’, and so Z,n |E= A, which is a contradiction. It follows that the answer to g
over A is no. Conversely, suppose the answer to q over A is no. Let Z be a model of O and
A such that Z,n [~ A for all n € Z. Extend Z to the fresh atoms A’ by setting Z,n = A'.
Then Z is a model of @” and A, as required. Qa

The next proposition, which will be used in the proofs of Theorems 16 and 22, shows that
deciding L-rewritability of specific LTLYY _OMPQs is polynomially reducible to deciding

horn

L-rewritability of Boolean LTLYC -OMPQs. Recall from (e.g., Artale et al., 2021) that,

horn

for any LTLS -ontology O and any ABox A consistent with O, there is a canonical (or

minimal) model Co, 4 of O and A such that, for any positive concept s and any k € Z,
(0,A) | (k) iff Cou (k) (31)

Proposition 21. Let O be an LTLEgn—ontology without occurrences of 1., A an atom, s a
positive concept, and = a signature. Let X, X' be fresh atomic concepts and Zx = ZU{X}.

Then the following hold:

(i) The specific OMAQ q(x) = (O, A(x)) is L-rewritable over Z-ABozxes iff the Boolean
OMAQ qx = (OU{ANX — X'}, X') is L-rewritable over Zx-ABoxes.

(i) The specific OMPQ q(z) = (O, »(x)) is L-rewritable over E-ABoxes iff the Boolean
OMPQ qx = (O, N X) is L-rewritable over Ex-ABozes.

Proof. We only prove (ii). Suppose Q(z) is an L-rewriting of g(x) = (O, »(x)) over =-
ABoxes. We show that 3z (Q(z) A X (x)) is an L-rewriting of g over Zx-ABoxes, that is,
for every Zx-ABox A, we have G4 = 3z (Q(z) A X(2)) iff Co,4 = (22 A X)(n), for some
neZ US4 E Iz (Q(x)ANX(x)), then S4 E Q(n) and S 4 = X (n), for some n € tem(A).
Since Q(x) is a rewriting of g(z), we have Co 4 = »#(n), and since X does not occur in
O, we must have X(n) € A. Conversely, suppose Co 4 = (3 A X)(n), for some n € Z.
Then clearly X(n) € A and, by (31), n is a certain answer to g(z) over A, from which
&4 = 3 (Q(x) A X(2)).

Suppose Q is an L-rewriting of gy over Zx-ABoxes. Fix a variable x that does not
occur in @ and let @~ (x) be the result of replacing every occurrence of X (y) in Q with
(r = y). We show that Q@ () is an L-rewriting of q(x) over Z-ABoxes. Given a Z-ABox
A, for any k € tem(A), we have

CoaExk) it Coavxwy F (AX)(k) iff Gauxpy FQ iff GaFEQ (k)

as required. a
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7.2 Deciding FO-rewritability of Linear LTL;. ~ OMAQs

horn

In this section, we use A to refer to both the ABox A and its representation as the word
w4 over the alphabet Y=. For a linear LTLhoom ontology O, let idb(O) be the set of atoms
that occur on the right-hand side of axioms in O. For an atom A and j € Z, we define
OYA = A and, inductively, O/ A = OO0 A for j > 0, and O 1A = OO/ A for j < 0. Let
q = (0, ) be an LTLY ~OMPQ. For a type T for q (see Proposition 5), we denote by 7
its restriction to atoms in = and their negations. Given a model Z of O and n € Z, we denote
by 7z(n) the type for g that is true in Z at n. For a L-free O, we write 7o, 4(n) instead of

Tco.4(n), where Co 4 is the canonical model of O and A with the key property (31).

Theorem 22. For L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-rewritability of linear
LTLS. ~ OMAQs over Z-ABozes is PSPACE-complete.

horn

Proof. To show the upper bound, it suffices, by Lemma 20 (i) and Proposition 21, to
consider Boolean LTL =~ OMAQs q = (O, B) with a L-free O. In view of Remark 3, we

horn
can also assume that the axioms in O are of two types:

CiN-ANCp — A, (32)
CiA---NCLAO'A— A, (33)

where k > 0, C1,...,C) contain no IDB atoms, A € idb(O) and i € {—1,0,1}.
We define a quadruple 25 = (Q, Xz, 4, Qo)—a 2NFA without final states—giving the
transition function d as a set of transitions of the form ¢ —, 4 ¢’. Namely, we set Qo = {qo},

Q@ = Unco QaU{go,an} U{ga | A € idb(O)} and

6= 6aU{to —a1 @ | a €=}
acO

The states in @, and transitions in J, are defined as follows. If a € O is of the form (32)
and C; = OJid;, 1 < i <k, then Qn = {qo} UQ), and do = {q0 —a0 ¢a | @ € =} U,
where @', and 0/, are defined below. If j; < 0 (the cases j; = 0 and j; > 0 are analogous),
then 0/, is such that 91% makes |j1| steps to the left by reading any symbols from Y=. If after
that the 2NFA reads any symbol a with A; ¢ a (remember that C; = O/t A;), it moves to
the ‘dead-end’ state ¢,. Otherwise, it makes |j1| steps to the right and repeats the same
process for Cy = 072 Ay, etc. After executing the transitions for C, = O A;, and provided
that ¢, has been avoided, the 2NFA comes to state g4. For « of the form (33), Q, is the
same as above but d, = {g4 —4,0 ¢a | @ € =} U d, for the same §), as above, leading to
either g or qa.

In what follows, be(.A) and b(.A), for e € {lr,rr,rl,ll} and A € X%, are defined with
respect to 2% (see Section 5 taking into account that the final states of the 2NFA are not
relevant in the definition of be(.A)). Let X 4(¢) be the reflexive and transitive closure of
by (A™) o by (ASY), for 0 < £ < |A|. Let N = M + 2M?, where M is the number of
occurrences of Op and Op in O. The proof of the following technical result can be found in
Appendix A .4:

Lemma 23. Let A € X% be of the form 0VNBON. Then A € T?;gji‘o) (€) iff there exists a run
(90,0), ..., (q,0), (qa,i) of A% on A, for all £ with N < ¢ < |A]— N.
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As Ql% has a run (QO,O), SRR (qae)v (QA7,L) on A iff (QO7QA) € blT(Agz) © X.A(g)v for all
¢ < |A| and A € sig(O), we immediately obtain that

8O0 = {A] (40, 44) € bir(A=) 0 X4(0)}. (34

Define a 2NFA 2% = (¥z,Q', 0, Qo, F) with Q' = QU{gp}, & = 0U{qp —4,1 qB | a € X},
and F' = {gp}. Using Lemma 23, we obtain:

Lz(q) = {A e sz |0V AN € L(2A3)}. (35)

Our aim is to construct in polynomial space a DFA ' with Lz(q) = L(') whose L-
definability can be decided in PSPACE. We construct 2’ from ng in the same way as in Sec-
tion 5 except the definition of ¢, and F’, which is now as follows: ¢} = ({(q0,q0)}, br(0V))
and F' = {(By-, Br+) | (q0,q1) € By 0 X}, where X is the reflexive and transitive closure of
by (0V) o B,,. By (35), we have Lz(q) = L(2'), and it is readily seen that 2’ is constructible
from q in PSPACE. That £-definability of 2’ is decidable in PSPACE, follows from the proof
of Theorem 15.

We now establish a matching lower bound. By Lemma 20 and Proposition 21 (i), it
suffices to show it for specific linear LTLY ~ OMAQs q(x) = (O, F.pnq(x)), which will be done
by reduction of L-rewritability for DFAs 2 = (Q,, 6, qo, F'). We set E = QU {X,Y} with
fresh X, Y and construct a linear LTL)  ontology O with idb(O) C {7 | ¢ € Q} U {F.pnq}
(treating ¢ as an atomic concept) that simulates the behaviour of the DFA 20 by means
of the axioms X — OpGo, gAY — Fopg for all ¢ € F, g AN A — OpF for all transitions
g—arind, ANC — L for all distinct A,C € =. Then L(2() is L-definable iff Lz(q(x)) is

L-definable, which is proved similarly to Lemma 18. a

7.3 Deciding FO-rewritability of Linear LTL;. _ OMPQs

horn

We next show that FO(<)- and FO(<,=)-definability of linear LTLy =~ OMPQs can be
recognised in PSPACE. By Lemma 20 and Proposition 21, it suffices to do this for Boolean
OMPQs g = (O, ») with L-free O, in which case we can assume that s = CpOpid/. Let Ty
be the set of all types for q.

We start with FO(<)-definability. Recall that we established the PSPACE upper bound
for deciding FO(<)-definability of the language of a given DFA 2( in two steps. First, in
Theorem 6 (i), we gave a criterion in terms of words in the alphabet of 2, and then, in
Theorem 15, we showed how to check that criterion in PSPACE. Similarly, in Theorem 24
below, we prove a criterion of FO(<)-rewritability of OMPQs we are dealing with in terms

of ¥=-ABoxes. Then, in Theorem 25, we show how this criterion can be checked in PSPACE.

Theorem 24. Let g = (O, ») be an OMPQ with a L-free LTLYS -ontology O. Then q is

horn

not FO(<)-rewritable over =-ABoxes iff there exist A,B,D € ¥% and k > 2 such that the
following conditions hold:

(i) =2 € Toapp (Al = 1) = T _aprp(|ABF| — 1);
(ZZ) VAS T@jABk-«—lD(’AB’ - 1) = ToyABk+ID(‘ABk+1| — 1)

Moreover, we can find A, B,D and k such that | Al,|D|, k < 204l
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Proof. Define a DFA 2 = (Q,Xz,8,q-1, F) by taking Q = 2T, ¢_ 1 =Ty, F = {q € Q |
»x € 1 forall T € ¢}, and 6(q,a) = {7 | 7" —, T for some 7’ € ¢}, where —, was defined
in the proof of Proposition 5. As in that proof we can show that L=(q) = L(2(). We write
q =4 ¢ to say that, having started in state ¢ and read A € X%, the DFA 2 is in state ¢'.
We require the following property of 2. For a set {7; | ¢ € I} of types for q, let
@Bicrmi = Nies 77 U Uiy 77, where 77 and 7; are the sets of positive and negated
concepts in T;, respectively. Suppose now q_1 =4, o =4, - = A, , In—1 = A, qn 15 2
run of Aon A= Ag... Ay, and let ¢ = {7 € ¢; | T = 4,,,..4, T, for some 7’ € ¢, }. Then

To4) =Pa, for —1<i<n. (36)

(=) Suppose q is not FO(<)-rewritable. By applying Theorem 6 (i) to 2, we find
A,B,D € ¥t and k > 2 such that ¢_1 =4 g0, 90 =8B 1, 9@ =p+ ¢ and g9 =p ¢,
@ =D ¢, for some qo,q1,q),q; € Q such that ¢ ¢ F and ¢} € F. Since ¢, ¢ F, by (36),
we obtain - € Ty aprp(lA| — 1) = To_aprp(|AB*| — 1) as required in (i). And since
¢, € F, (36) yiclds 5 € 7o _apr+1p(|AB| —1) = T gpr+1p(|ABFT| — 1), as required in (i).

(<) Assuming (i) and (ii), let go,q1,g2 be states in 2 with ¢_1 =4 q0 =8 ¢1 =k
q2 =B ¢5- Let g3, ¢4 be such that ¢o =p ¢3 and ¢, =p ¢4. It follows by (36) that g3 ¢ F and
q5 € F. Observe that, if we had gy = ¢2, we could conclude that g is not FO(<)-rewritable,
as the conditions of aperiodicity for 2 (see the proof of (=)) would be satisfied. Since we
are not guaranteed that, we use the following property of the canonical models that follow
from (i) and (ii): (a) T agep(|ABY| — 1) = 7o agrip(|AB¥| — 1), for any j > 1; (b)
To.us-rp([AB T — 1) = T spririp(|AB¥ T — 1), for any j > 1. Take some i,j > 1
that satisfy qo = 4gvi @1 =B ¢} =k @1 =8 ¢, for some q4,qy € Q. By (4), (i), (a) and
(b), we have g5 ¢ F and ¢ € F for such g5 and ¢ that ¢4 =p g5 and ¢, =p ¢f. Therefore,
q is not FO(<)-rewritable, as the conditions of aperiodicity for 2 are satisfied (as in the
(=)-proof with A, B, D and k being AB* B, D and kj, respectively).

To establish the bounds on the size of A, D and k, we first notice that there is A with
|A| < 2|T4|* Indeed, consider the sequence

(To.u5:D(0), To aw+1p(0)), -, (Toasrp (1Al = 2), To agrr1p (Al — 2)).

If the i-th member of this sequence is equal to its j-th member, for ¢ < j, then we take
A = A<t AZT | where A< is the prefix of A before i and A2 the suffix of A starting at ;.
Then 7o aprp(|A'|=1) = 7o _agep([A|=1) and T yprtip(|A'B|-1) = T azep(|AB|-1),
and conditions (i) and (i7) are satisfied with A’ in place of A. In the same way we obtain
the upper bound for D. To show that there exists k < 2|T4|?, we consider the sequence

(To.usrp(AB| = 1), 70 apr+1p(|AB* — 1)),...,
(Toasrp(|AB Y = 1), 7o _agrtip(|ABF| — 1)).

Clearly, if the i-th member of this sequence is equal to its j-th member, for i < j, then
conditions (7) and (i) are satisfied with k£ — (j — 4) in place of k. Qa

In the theorem above, we did not claim that there is B with |B| < 2004 However, this
is indeed the case for linear LTL} _-ontologies, as follows from the proof of the next result:

679



Kurucz, RYZHIKOV, SAVATEEV & ZAKHARYASCHEV

Theorem 25. Deciding FO(<)-rewritability of OMPQs q = (O, 5) with a linear LTLS -
ontology O over Z-ABozes can be done in PSPACE.

Proof. By Theorem 24, we need to check the existence of A,B,D, k > 2, such that
|A|,|D|, k < 20U4D and conditions (i) and (i7) hold. Without loss of generality, we as-
sume that A has a prefix )V and D has a suffix 0. (As before, N = M + 2M?, where M
is the number of occurrences of O and Op in O.)

We start by guessing numbers N4 = |A|, Np = |D| and k. We guess two types 79 and
71 that represent T _45rp(N) and T _gpsrp(| Al — 1), respectively, and three types 7, 70,
77 that represent 7o _sgr+1p(N), To apr+1p(|Al—1) and, respectively, 7o _apr+1p(|AB|—1).
Next, we compute b(#V) and guess b(A), b(B), b(D). Note that, given b(B), we are able to
compute b(X) for each X € {B' |1 <1i < k+1}. Now, we guess A—symbol by symbol—by
means of a sequence of pairs

(b(A=Y),b(A7%), ..., (b(A=NATT) b(A=NA7T))

such that b(A=%)-b(A>?) = b(A), for all 4, and there exist a; € Y= with b(ASH!) = b(AS?).
b(a;) and b(A>%) = b(a;) - b(A>**1); we also require that a; = () for i < N. Observe that,

by (34), the pairs of the sequence with ¢ > NN together with b(B) and b(D) give Ti;%&(?kp(i).
sig(0)

o agep V), we check whether it is subsumed by 7o (if not, the algorithm
terminates with an answer no). We also need to check that »’ € TCo (a®

When computing 7
Jlacryy (0) implies
s € 19, for each 5 of the form Ops”, Opsd” from subg (if not, the algorithm terminates and
returns no). We have now checked that the type 7 is potentially guessed correctly (subject

to further checks). We can apply the same method to check that 7 is potentially (g(;l)essed
0,45+ ()
and 7o agep(i — 1), we are able to compute 7o sgep(]Al — 1) or obtain a conflict, e.g.,

_|<>FA S TO,.ABkD(i — 1) and A € T?Qg;(;’j’)k’D

answering no. In the former case, we check if 7o 4pep(JAl — 1) is equal to 71, in which
case T1 is guessed correctly, and if not, the algorithm terminates answering no. In the same
way, we check if 7 is guessed correctly using Co,aBk+1D-

correctly. For the remaining N < i < Ny, since T spep(i) is determined by 7

(7). In the latter case, the algorithm terminates

Now, we show how to check that the types 7o agep (i), for [A] <i < |AB¥|, are correct,
that 7/ is guessed correctly, and that the types 7o ggr+1p(i) with [AB| <i < |AB*!| are
correct. We only demonstrate the algorithm for 7o 4srp(i). Observe that »' € 7o 4pzrp(i)
ift 5/ € To apep(j) iff 5 € 71, for any 5’ of the form D" and ¢ from subgy and
Al —1<i,j< ]ABk|. To do the required check, we need to guess a sequence of pairs

(b(B=0),b(B>0)), ..., (b(B=IBI=1) b(B>IBI-1y) (37)

such that b(B<%)-b(B>%) = b(B), for all i, and there are a € Xz with b(B<*1) = b(B<%)-b(a)
and b(B>%) = b(a) - b(B>"*!). While we do not have any bound on |B| yet, we can easily
observe that any sequence (37) with repeating members at positions 0 < ¢’ < i” < |B|—1is
equivalent for the purposes of this proof to the sequence with all the members ¢, ...,i" — 1
removed. Thus, we can assume that |B| < 20U4D if B exists at all. By (34), using an

element 4 of this sequence, we can compute T?iogf;)kDﬂAB” + 1), for all j < k. We only

need to check that such an atomic type is not in conflict with the temporal concepts in
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?iggfgkp(]ABﬂ +4). If a conflict is detected for some i

and j, the algorithm answers no. Here, we also verify that Ty spep(|AB*| — 1) = 71 and
To.a5-+1p(JAB*TH — 1) = 7{. Finally, we check that all the types T¢_gprp(|AB¥| +4) and
To,.a5-+1p(JAB* T 4 i) are correct, for 0 < i < Np — N. Details are left to the reader. Q

T1, 8., OpA € 71 and -4 € T

A criterion for FO(<, =)-definability of linear LTL}]S OMPQs (cf. Theorem 6 (i4)) is
given by the next theorem whose (rather technical) proof can be found in Appendix A.5:
Theorem 26. Let q = (O, ) be an OMPQ with a 1 -free LTLYS -ontology O. Then q is
not FO(<, =)-rewritable over Z-ABoxes iff there are A,B,D € X% and k > 2, such that (i)
and (it) from Theorem 24 hold and there are U,V € 3%, such that B =YVU, [U| = |V,

(v41) TO7ABkD(|ABi| —-1)= TO7AB;CD(|.AB"V| —1), for alli <k, and
(iv) Toapreip(|AB'| = 1) = To apreip(|ABV| = 1), for alli, 1 <i < k.

This result allows us to obtain a PSPACE algorithm by a straightforward modification
of the proof of Theorem 25. Thus, we obtain:

Theorem 27. Deciding FO(<, =)-rewritability of OMPQs q = (O, ») with a linear LTL} -
ontology O over =-ABoxes can be done in PSPACE.

At present, we do not know how to transform Theorem 6 (ii7) into PSPACE-checkable
conditions on the canonical models and ABoxes, so the complexity of deciding FO(<, MOD)-
rewritability of linear LTL, ~ OMPQs remains open.

horn

8. FO(<)-rewritability of LTLy,,,. OMAQs and LTL,, , OMPQs

krom core

Our final aim is to look for non-trivial classes of OMQs deciding FO(<)-rewritability of
which could be ‘easier’ than PSPACE. Syntactically, the simplest type of axioms (8) are
binary clauses C7 — Cy and C; A Cy — L, known as core axioms, which together with
C1V (s form the class Krom. In the atemporal case, the W3C standard language OWL 2 QL,
designed specifically for ontology-based data access, admits core clauses only and uniformly
guarantees FO-rewritability (Calvanese et al., 2007; Artale et al., 2009).

In this section, we use NFAs with e-transitions that can be defined as 2NFAs where
backward transitions ¢ —,,_1 ¢ are disallowed and transitions of the form ¢ —,0 ¢’ hold
for all @ € ¥, in which case we write ¢ —¢ ¢'.

As we saw in the proof of Theorem 19, OMPEQs with disjunctive axioms can simulate
LTLY —~ OMAQs, and so are too complex for the purposes of this section. On the other

horn

hand, LTLS =~ OMAQs and LTLS,, OMPQs are all FO(<,=)-rewritable (Artale et al.,

krom core

2021). Below, we focus on deciding FO(<)-rewritability of OMQs in these classes.

8.1 LTLY.  OMAQs

krom

Theorem 28. Deciding FO(<)-rewritability of Boolean and specific LTLgmm OMAQs over
Z-ABozes is CONP-complete.
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Proof. Suppose q = (0, A) (q(z) = (O, A(z))) is a Boolean (respectively, specific) LTLS,
OMAQ. Using the form of Krom axioms, one can show (e.g., Artale et al., 2021) that, for
any ABox A and [ € Z (respectively, | € tem(.A)), we have (O, A) = A(l) iff at least one of
the following holds: (i) there is B(k) € A such that O = B — O'"¥A (the O" notation was
defined in Section 7.2); (i7) O and A are inconsistent, i.e., there exist k1 < ko, B(k1) € A
and C (k) € A such that O = B — Of*"-(.

Let lit(q) = {C,-C | C € sig(q)}. For any Ly, Ly € lit(q), we construct a unary NFA
Az, 1, of size O(|q|) that accepts the language Lr,, = {a" | O = L1 — OfLy, n > 0}
over the alphabet {a}. The set of its states is lit(q), Lj is the initial state, Lo the only
accepting state, and the transitions are L —, L' if O E L — OgL/, and L —. L' if
O = L — L. For = C sig(q), we define two sets: =3 = {B € Z| (0,{B(0)}) = 3z A(z)}
and 2% = {B € Z | (0,{B(0)}) = Vz A(x)}.

Lemma 29. (a) The Boolean OMAQ q is FO(<)-rewritable over =-ABoxes iff, for any
B,C € =\ =3, the language Lp-c is FO(<)-definable.

(b) The specific OMAQ q(x) is FO(<)-rewritable over =-ABoxes iff the following con-
ditions are satisfied:

(b1) for all B € E, the languages Lpa and L-4-p are FO(<)-definable;

(ba) for all B,C € =\ EY such that at least one of the L and L_a-c is finite, the
language Lp-c is FO(<)-definable.

Proof. (a, =) If q is FO(<)-rewritable, then Lz(q) over the alphabet ¥z is FO(<)-definable,
and so is the language Lz(q) N L({B}0*{C}), for any B,C € Z. For B,C € £\ 3, we
have {B})"{C} € Lz(q) iff O = B — Of'=C iff a"' € Lp-c. Therefore, Lp-c is
FO(<)-definable.

(a, <) For a E-ABox A, the certain answer to q is yes iff either there is B(k) € A,
for some B € =3, or there are B,C € Z\ Z3 and k < [ such that B(k),C(l) € A and
O = B — OF'=C. As these conditions are FO(<)-definable, q is FO(<)-rewritable.

(b, =) If g(z) is FO(<)-rewritable, then Lz(q(z)) over the alphabet I's is FO(<)-
definable, and so are the languages Lz(gq(x)) N L({B}0*(’) and L=(q(z)) N L(0'0*{B}),
for any B € Z. We have {B}0") € L=z(q(z)) iff O = B — OF™ A and ¢/0*{B} € L=(q(z)
iff O = B — Opt' A, Therefore, Lpa and L 4-p are FO(<)-definable.

Let B,C € £\ EY and Lp, be finite. There is | € Z with (O, {C(0)}) ¥ A(l) and there
is k with k > n for all «” € Lpa. For m > k+|l|, we have (O, {B(0),C(m)}) = A(m+1) iff
O = B — O'~C. So Lp-¢ is FO(<)-definable. The case when L_4-¢ is finite is similar.

(b, <=) Assuming that conditions (b1) and (b2) hold, we define formulas pp-¢, for any
B,C € 2. If Lp.¢ is FO(<)-definable, then set pp-c = Jz,y (B(z) A C(y) A ¥(z,y)),
where 9 (z,y) is an FO(<)-formula saying that a¥~* € Lp-c. Suppose B,C ¢ =% and
L ¢ is not FO(<)-definable. It follows from (bg) that both Ly and L_4-¢ are infinite.
By (b1) and the folklore fact that every star-free language over a unary alphabet is either
finite or cofinite, we have n1,ns € N such that a¥ € Lpy for all k > ny and o € L_4 ¢
for all & > ny. Then we set pp-¢c = Jz,y (B(z) A C(y) A (x,y)), where ¢(z,y) is an
FO(<)-formula saying that y — 2 < nj + ng and a¥* € L_¢. Finally, for B,C € E such
that either B or C is not in Z% and Lp-¢ is not FO(<)-definable, we set ¢p-c = L. For
B € =, let ppa(zr) = 3y (B(y) A ¥(y,x)), where ¢(y,x) is an FO(<)-formula saying that
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a*¥ € Lpa, which exists by (b1). Similarly, let p_a-p(z) = Jy (B(y) A ¥(y,x)), where
Y(y,z) is an FO(<)-formula saying that a¥~* € L_4-p. We claim that

p(x) = \/ (pa() Vo-a-p@) vV \/ ¢p-c
BeE B,Ce=
is an FO(<)-rewriting of q(z) over Z-ABoxes. Indeed, let (O, A) = A(l) for I € tem(A).
If (i) at the beginning of the proof of Theorem 28 holds, then we have G4 = ¢pa(l) or
G4 E p-a-B(l), so G4 E (). If (i7) holds, consider the B and C given by it. If Lp_¢
is FO(<)-definable, then &4 = ¢p-c and S 4 = ¢(I) as required. If Lp-¢ is not FO(<)-
definable and B,C ¢ =Y, consider B(k;) € A and C(ks) € A such that ky — k; € Lp—¢
given by (ii). If ko — k1 < ny + no, then &4 = pp-¢ and &G4 = ¢(l) as required. If, on
the contrary, ke — k1 > ny1 + no, we have either | — k; € L or ko — 1 € L_4-g. Then
GAE opa(l) or &4 p-a-p(l), s0 G4 = ¢(I). Finally, if either B or C is in ZY, we have

either S4 |= ppa or G4 = @oa or €4 | p-a-p or G4 | a0, 50 G4 | p(l). The
proof that & 4 = (1) implies (O, A) = A(l) is similar and left to the reader. a

Thus, to check FO(<)-rewritability of g and gq(x), it suffices to check FO(<)-definability,
emptiness and finiteness of the languages of the form Ly, 1, for Ly, Ly € lit(q). Emptiness
and finiteness can be checked in NL in the size of A, 1,,. Using Stockmeyer & Meyer’s (1973,
Theorem 6.1), one can show that deciding FO(<)-definability of the language of a unary NFA
is CONP-complete, which gives the required upper bound. To establish CONP-hardness, for
any given unary NFA 21 = (Q, {a},d, Qo, F) with Q = {Qo,...,Qn}, we define an LTLS .,
ontology Oy with sig(Oy) = QU{X,Y} and the axioms X — OxQo, @; A\Y — L, for every
Q; € F, and Q; — OrQ)j, for every transition Q; —, @; in 2. Let A be a fresh concept
name. The OMAQ g = (Oqy, A) (respectively, g(x) = (Oy, A(z))) is FO(<)-rewritable
over {X,Y }-ABoxes iff L(2) is FO(<)-definable because (O, A) = A(l) for some | € Z
(respectively, | € tem(A)), for an {X,Y }-ABox A, iff A is inconsistent with Oy iff there
are X (i),Y(j) € A with /="~ € L(). a

Our next result deals with a weaker (core) ontology language but more expressive queries.

8.2 LTLS,, OMPEQs

Theorem 30. Deciding FO(<)-rewritability of Boolean and specific LTLS

core OMPEQs over
E-ABozes is IIL-complete.

Proof. By Proposition 21 (ii) and Lemma 20, it suffices to consider Boolean OMPEQs
q = (O, ») with a L-free O. Also, for the same technical reasons as in Section 7.3, we can
assume that s takes the form <OpOpsr.

We first observe that checking FO(<)-definability of L=(q) can be reduced to checking
FO(<)-definability of finitely many simpler languages. For n > 0, let

k
Waz={a1...ar € S% | |as| > 1, Y Jas| < n}.
=1

With each B = ay...a, € W), = we associate the languages

Ly =L((0"a)... (0"ax)0") and L = LN Lz(q).
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Forh =wuy...upand V =v1...v in XL, we write i <V if k = [ and u; C v;, for all 7. Let
L ={VeXt|3Uec LU <V}. Weshow that

[1

L=(q) = Usew,, - Ls- (38)

Let A € L=z(q), and so (0, A) |= 3x »(x). Observe that, for any A and j € Z, (O, A) = »(j)
iff (0,A") | »#(j), for some A" C A with |A| < |5|. The latter statement is shown by
induction on the construction of s, where the base case »x = A follows from the proof of
Theorem 28, and left to the reader. This observation implies that (O, A’) | 3z »(x) for
some Z-ABox A" C A with | A"| < |s]|. Let B be the result of removing all () from A" (viewed

as a word). Clearly, B € Wiz and A € L;. The converse inclusion follows from the fact
that A € Lz(q) implies A" € Lz(q) for any A C A’

Lemma 31. The language L=(q) is FO(<)-definable iff Lp is FO(<)-definable, for every
B e VV\%LE-

Proof. (=) If Lz(q) is FO(<)-definable, then so is Ly as Lj; is FO(<)-definable.

(«) Suppose Lp is FO(<)-definable for any B € W, =. By (38), it suffices to prove
that L; is FO(<)-definable. For 0 < [ < k, let L}il = L((0*ak—i41) - .. (0*ay)0*). Note
that Ly, = L(0*) and L}ik = L}. We prove by induction on [ that, for any L C L18’Z,
if L is FO(<)-definable, then L' is FO(<)-definable. Let I = 0 and suppose L is FO(<)-
definable. Then L%ﬁ,l = L(()*), and so L is a finite or cofinite subset of L(()*). Either way the
language LT is FO(<)-definable. Now, suppose I > 0 and L C Ly, is FO(<)-definable. Let
A =(Q,T's,9,qo, F) be a minimal DFA accepting L. Let Qp = {q € Q | 3i dyi(qo0) = ¢}. For
p € Qp, let L, be the language accepted by the automaton (Qp, {0}, d|g,, {q0}, {r}) and let
L;, be the language accepted by the automaton (Q \ Qp, 'z, d|g\g,» day,_,., (), F). Clearly,
L;, C Ly, ; and both L, and L;, are FO(<)-definable. Since L), C L((*) and by IH, the
languages L) and LT are FO(<)-definable, and so LT = Upea, (L} (Uaoay 1. ta}) - L
is FO(<)-definable as well. a

Now we give a criterion of checking FO(<)-definability of L,, (cf. Theorem 24).

Lemma 32. Letw = a1 ...ax € W, =. Then L., is not FO(<)-definable iff there are words
A= (V)ilal) ... (@il*lal_l)@h, D= (@ifal)(Q)“HalH) . (@ikak)wkﬂ, B=0" and k > 2 such
that (i) and (i) from Theorem 24 hold. Moreover, we can find A,B,D and k such that
|Al,|B],|D|, k < 200aD.

Proof. We only outline modifications needed to the proof of Theorem 24 to obtain this
result and the specific form of A, B and D. Consider the automaton 2l defined in the proof
of Theorem 24 and denote by 2;, for 1 < j <k + 1, a copy of 2 restricted to the alphabet
(. We construct an automaton 2, by taking a disjoint union of all the 2; and adding a
transition ¢ —4; ¢, for 1 < j <k, from ¢ in ;5 to ¢’ € A;11 for each pair (¢,¢’) such that
2l contains an aj-transition from the original of ¢ to the original of ¢/. The initial state of
Ay is g—1 from 2A; and the final states are those in 21 q1. It is straightforward to see that
L, = L(2A,). The proof of Theorem 24 works for 2, in place of 2. That B consists of ()
only follows from the fact that non-trivial cycles in 2l,, can only be with ()-symbols. a
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We observe that (binary encoding of) AB*D and AB**!D in the lemma above can be
guessed and stored in polynomial time. Thus, it remains to show that conditions (i) and
(74) from Theorem 24 can be checked by an NP-oracle. The (more or less standard) proof
of the following lemma is given in Appendix A.6.

Lemma 33. Givenay,...,a € X= with |a;| = 1, for1 <i <1, binary numbers iy, ... ,ij+1,7,
a L-free LTLS .-ontology © and a positive existential temporal concept s, checking whether
Co.a = (j) for A=0"ay...0%q 0"+ can be done in NP.

We can now complete the proof of the upper bound. By Lemmas 31 and 32, Lz(q)
is not FO(<)-definable iff there exist a1...ar € Wiz, A= (07a1) ... (0%-1a_1)0", D =
(0%ra)) (D+ragyy) . .. (0 a0+, B = @™, k > 2, such that |A|,|B,|D],k < 200D (4)
— € Toaprp(Al — 1) = Toupep(|ABF| — 1); and (ii) € To gpr+ip([AB| — 1) =
To.as-+1p(JAB*TH — 1). We can check non-FO(<)-definability of Lz(q) by guessing the
required A, B, D, k and the four types involved in the conditions (i) and (iz). That the
four types are indeed correct can be checked in polynomial time by using the NP-oracle
provided by Lemma 33.

The proof of the matching lower bound is by reduction of YACNF—the satisfiabil-
ity problem for fully quantified Boolean formulas in CNF with the prefix Y3—which is
known to be ITh-complete (e.g., Arora & Barak, 2009). By Lemma 20 and Proposi-
tion 21 (éi), we can only consider specific OMQs. Suppose we are given a closed QBF
¢ = VX;...VX,3Y]...3Y,, ¢ = VaIyr) with a CNF . Define an LTLS,, OMPEQ
q,(z) = (Oy, 7,()) and = such that g, (z) is FO(<)-rewritable over ¥-ABoxes iff VzIy 1
is true. Let = consist of the atomic concepts A, B, A{, for1 <i<m,0<j<p;—1, where
p; is the i-th prime number, X,(C),Xli7 for 1 <k <mn, YZ-O,Yil, for 1 < ¢ < m. The ontology
O, has the following axioms for all such ¢ and k:

A A Al 0 AUTDmedr o0 < < p— 1,

A =YL A=Y X = OpX), X{— OpXjp, B— OpOrB.

The size of O, is polynomial in n +m. Let ¢’ be the result of replacing all X; in ¢ with
Xil7 all =X, with XZ-O, and similarly for the Y;. We set

2= AN N\(XPV X)) A (OB V Opt)).
=0
To show that g, () is as required, suppose Vx3y ¢ is true. Let (Oy, A) = ,(t), for some
Aand t. Then A(t) € Aand (Oy, A) E ANo(XPV X})(t). So, for any i, there is s < ¢ with
XP(s) € Aor X}(s) € A. Let ar: {X1,...,X,,} — {0,1} be such that (O, A) = Xfl(Xi)(s)
for all s >t and i. Take an assignment as: {Y1,...,Y;,} — {0, 1} that makes ¢ true. There

is a number 7 > 0 such that r = as(Y;) (mod p;) for all i. Then (O, A) = Yfﬂi) (t+m),
(Op, A) E¢'(t+ 1), and so (Oy, A) = Ot/ (t). Thus, the sentence

Alw) AN\ 3si ((si <) A (XD (s0) v X (s0))
=0

685



Kurucz, RYZHIKOV, SAVATEEV & ZAKHARYASCHEV

is an FO(<)-rewriting of q,(z) over Z-ABoxes.
If Ve3y 1 is false, there is an assignment a: {Xi,...,X,} — {0,1} such that v is
false under any assignment of the Y;. Suppose Lz(q,(v)) over I's is FO(<)-definable.

Let ag = {A} U UL {X{™} € T=. Consider A = {B(0)} UUycq, {Z()} for some
I > 0. Observe that, since (Oy, A) = Opt)/(l), I is a certain answer to g, (z) over A, iff
(Op, A) = B(l —1). Tt follows that L({B}(00)*ay) = L=(q,(z)) N L({B}0*ag) (recall that
a’ € T'g for each a € ¥z). Clearly, L({B}0*a}) is FO(<)-definable, and so L({B}(00)*al)

is FO(<)-definable, which is not the case (Straubing, 1994, Theorem IV.2.1). Q

8.3 LTLS,, OMPQs

If we increase the expressive power of LTLS, . OMPEQs q = (O, x) by allowing O-operators
in 5, the problem of deciding FO(<)-rewritability becomes PSPACE-complete, as established
by Theorem 35 below. The upper bound follows from Theorem 25 and the next observation
showing that, even though core disjointness constraints C; AC> — 1 may have IDB concepts

Cy and Cy, there is always an equivalent linear LTLS = ontology.

Proposition 34. For any Boolean (specific) LTLS,, OMPQ and any signature Z, one can

construct in polynomial time a =-equivalent Boolean (specific) linear LTL%OM OMPQ.

Proof. We only consider Boolean OMQs g = (O, ») as the case of specific ones is similar.
First, for each atom A in O, we introduce a fresh atom A and, for each axiom C; — Co
in O, we add to O the axiom Cy — C}, where C is the result of replacing A in C by A;
we also replace each axiom C; A Cy — L in O with C; — C5. Then we rename each atom
A (A)in g = (0, 5) to A" (respectively, A’), for a fresh A’ (respectively, A’). Denote by
C’ the temporal concept obtained by replacing A by A’ in C. Finally, we add the axioms
A— A and ANA" — 1 to O, for A € Z, denoting the result by ¢’ = (O’, ). It is easy to
see that g’ is linear because all the IDB atoms of O are of the form A’ or A’. For example,
let O = {OpA — B, 0D — C,CANB — L} and E = {4, B,D}. Then O contains the
axioms OpA’ — B', B’ = OpA', OxD' — C', C' — OpD’, C' — B’ together with X — X'
and X A X' — L, for each X € Z. Clearly, g and q' are Z-equivalent. For example, over
A ={A(0), D(2)}, both g and ¢’ return yes as both (O, A) and (O’, A) are inconsistent. O

Theorem 35. Deciding FO(<)-rewritability of Boolean and specific LTLS,,, OMPQs is
PSPACE-complete

Proof. The upper bound follows from Proposition 34 and Theorem 25. To prove the
lower one, we reduce the PSPACE-complete problem of deciding the emptiness of the in-
tersection of a set of DFAs (Kozen, 1977) to OMPQ rewritability. Let 2Ay,...,%, with
2A; = (Qi, %, 8% g, F;) be a sequence of DFAs that do not accept the empty word, have a

common input alphabet, and disjoint sets Q; = {qé, e q;Z} of states.
Let V; be the set of atoms N;w, for ¢,r € Q;, a € ¥, such that 6.(¢) = r. Consider

the ontology O with atomic concepts {X,Y, B} U Ulgz‘gn V,; and the following axioms, for
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1<i,l<n,qrsteQ;,qd, 7 ecQ,abec:

(1) N;w A Néﬁbm' — 1, if either a # b, or i =1 and (q,7) # (¢, r');
(2) Né’a’,, A OFN;"b’t — 1, if r # s;

(3) XAOpN,, — L, if q # qp;

(4) Np,»AOpY — L, if r ¢ Fi;

(5) XAOY — L

(6) Y = OpY;

(7) B — OpOpB.

Let
x = OPB/\X/\DF<( AV N \/Y).
Isisn 6 (9)=r
We claim that the OMPQs ¢(z) = (O, »(z)) and ¢ = (O, ) are FO(<)-rewritable over
=-ABoxes, for = = sig(q), iff (<<, L(A;) = 0.
(<) I My<i<p L(A;) = 0, then, for any E-ABox A and k € tem(A), we have O, A |= (k)

iff A is inconsistent with O because the formula X A Dp((/\lﬁgn Vsi(g)=r Niar) VY
cannot be true at any place in a consistent ABox. Let ¢ be the disjunction of the formulas
dz (C(z)AD(x)), for all axioms CAD — L of the form (1), the formulas 3z (C(x)AD(z+1)),
for all axioms C'AOpD — L of the forms (2) and (3), and Jz,y ((y < 2+ 2) AY (y) AC(x)),
for all axioms CAOpY — L of the forms (4) and (5). Then (x = z) A is an FO(<)-rewriting
of q(x), and ¢ is an FO(<)-rewriting of gq.

(=) Let w=a1...ar € (<<, L), q(i,j) = 0ay..a;(40), T = Ui{Né(%ﬁj—l),a]’,q(@j)};
let Ly = L({B}0)*{X}n;...n{Y}),and let L) = L{B}D)*{X"}n;...n{Y}). Clearly,
L, and L) are FO(<)-definable. If L=(q) is FO(<)-definable, then so is Ly = L; N L=(q).
However, Ly = L({B}00)*{X}n;...nx{Y}) is not FO(<)-definable. Similarly, L} =
L N L=(q(x)) is not FO(<)-definable. So L=(q) and L=(q(x)) are not FO(<)-definable. Q

9. Conclusions

The problems we investigate in this article originate in the area of ontology-based access
to temporal data. Classical atemporal ontology-based data access (OBDA), which over the
past 15 years has become one of the most impressive applications of Description Logics and
Semantic Technologies, is based on the idea of rewriting ontology-mediated queries (OMQs)
into query languages supported by conventional database management systems (DBMSs).
For relational data, standard target languages for rewritings are SQL—that is, essentially
FO-formulas—and datalog, which allows recursive queries over data. The idea of rewriting
has led to numerous and profound results that either uniformly classify OMQs according to
their FO- and datalog-rewritability or establish the computational complexity of recognising
FO- and datalog-rewritability of OMQs in expressive languages and design practical decision
and rewriting algorithms. In classical database theory, FO- and linear-datalog-rewritability
of datalog queries has been an active research area since the 1980s.

Unfortunately, those results and developed techniques are not applicable to OMQs over
temporal data, where the timestamps are linearly ordered by the precedence relation < and
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OMQs may contain temporal constructs. First, as well known, the interaction between tem-
poral and description logic operators tends to dramatically increase the complexity of OMQ
answering, which makes the uniform classification of OMQs according to their rewritability
type much harder. Some initial steps in this direction have been made by Borgwardt et al.
(2019), Artale et al. (2022). Second, even without the description logic constructs, pure
one-dimensional temporal OMQs give rise to the complexity classes and target languages
for FO-rewritings that have not occurred in the OBDA context so far. For instance, any
LTL;S, OMQ is rewritable into FO(<, RPR)—a class not appearing in the classical (atem-
poral) OBDA literature—that essentially requires recursion, which is weaker than linear
datalog recursion but still not expressible in SQL.

In this article, our concern is determining the optimal rewritability type for OMQs
given in linear temporal logic LTL. In fact, we argue in the introduction that such OMQs
provide an adequate formalism for querying sensor log data from various parts of complex
equipment where there is no relevant interaction between those parts, and the results of
measurements are qualitatively graded as, e.g., high, medium, low, etc. Our starting point
is establishing a close connection between rewritability of LTL OMQs and definability of
regular languages by means of FO(<)-formulas possibly containing extra predicates and
constructs. The computational complexity and definability of regular languages have been
investigated since the late 1980s. The relevant FO-languages identified are FO(<), FO(<, =),
FO(<,MOD) and FO(RPR), the first two of which are in AC? for data complexity, the third
is in ACC? and the last one in NC!. In practice, FO(<, MOD)-rewritable OMQs can be
implemented in SQL using the count operator, while FO(<, =)-rewritable ones do not need
it. It is also known that recognising FO(<)-definability of regular languages given by a
DFA is PSPACE-complete; recognising definability by FO(<,=) and FO(<, MOD) formulas
is known to be decidable, but the exact complexity has so far remained open.

The main technical results we obtain here are threefold. First, we settle the open
problems just mentioned by proving that deciding FO(<)-, FO(<,=)- and FO(<,MOD)-
definability of regular languages given by a DFA, NFA or 2NFA is PSPACE-complete. Sec-
ond, we show that deciding FO(<)-, FO(<, =)- and FO(<, MOD)-rewritability of LTL OMQs
is EXPSPACE-complete. And finally, we identify a number of natural and practically im-
portant OMQ classes for which these problems are PSPACE-, IT5- or CONP-complete; these
results could lead to feasible algorithms to be used in temporal OBDA systems.

While this article makes steps towards the non-uniform approach to temporal OBDA,
many interesting and challenging problems remain open. We discuss some of them below.

1. Our results on linear Horn, core and Krom OMQs are only established for ontologies
with Op and Op. Some of the techniques used in the proofs do not go through in the
presence of O and Op, and so it would be interesting to see if the same complexity results
hold for the fragments with all of these operators. One could also consider adding the
operators ‘since’ and ‘until’ to ontologies and/or queries in LTL OMQs. General results,
such as Theorem 16, will not be affected by this, but it is an open question for the fragments
mentioned above. Finally, we could not establish the complexity of deciding FO(<, MOD)-
rewritability of linear LTLSOM OMPQs. It is likely to be PSPACE, but we did not manage
to prove an appropriate criterion in the spirit of Theorems 24 and 26.

2. In this article, we consider queries with at most one answer variable. More expressive
query languages based on monadic first-order logic MFO(<) and allowing multiple answer
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variables have been suggested by Artale et al. (2021). It would be interesting to understand
the impact of replacing LTL queries with MFO(<) queries in LTL OMQs on their FO-
rewritability properties.

3. Another prominent temporal KR formalism that has great potential as an ontology and
query language for temporal OBDA is metric temporal logic MTL, which was originally
introduced for modelling and reasoning about real-time systems (Koymans, 1990; Alur &
Henzinger, 1993). Each operator in MTL is indexed by a temporal interval over which the
operator works: for example, <(g 154 is true at ¢ iff A holds at some t with0 < t'—t < 1.5.
The interpretation domain is dense R or Q under the continuous semantics and the active
domain of the data instance under the pointwise semantics (Ouaknine & Worrell, 2008).
MTL is more expressive and succinct than LTL and is also suitable in scenarios where
sensors report their measurements asynchronously. In the context of OBDA, MTL has
recently been investigated by Brandt et al. (2018), Ryzhikov et al. (2019), Walega et al.
(2020b), Tena Cucala et al. (2021), Wang et al. (2022). Target rewriting languages for MTL
OMQs include FO(DTC), FO(TC) with (deterministic) transitive closure, and datalog(FO),
which correspond to the complexity classes L, NL and P, respectively. At present, the
problem of recognising the data complexity and optimal rewritability type of MTL OMQs
is wide open.

4. In OBDA practice, we are concerned not only with the fact of FO-rewritability of a given
OMQ but also with the size and shape of the rewriting to be executed by a DBMS (e.g.,
Bienvenu et al., 2018, 2017). The experiments with a few real-world use cases reported
by Brandt et al. (2018, 2019) indicate that temporal OMQs with a non-recursive ontology
are scalable and efficient. But we are not aware of any theoretical results on the succinctness
of FO-rewritings for temporal OMQs.

5. Extending the results obtained above for 1D LTL OMQs to various 2D combinations of
LTL with description logics (such as DL-Lite, EL£ or ALC), Schema.org or datalog could
be especially challenging due to the interaction between the temporal and domain dimen-

sions. In the Horn case, one might try to use a variant of the automata-theoretic approach
developed by Lutz and Sabellek (2017, 2019).

6. Finally, from the application point of view, it is important to identify real-world use-
cases for temporal OBDA, relevant classes of OMQ, and then develop OMQ rewriting
and optimisation algorithms for those classes. Some work in this direction has recently
been done for both MTL and LTL (Wang et al., 2022; Brandt et al., 2018; Tahrat et al.,
2020). Although the results of this paper suggest algorithms that can identify the best
rewritability class (and so the most efficient database query language) for a given OMQ),
implementing and optimising such algorithms is a serious challenge. Furthermore, the
algorithms mentioned above need to be incorporated into a user-friendly OBDA system
such as Ontop (Rodriguez-Muro et al., 2013; Xiao et al., 2020).
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Appendix A.
A.1 Proof of Theorem 5 (i7)

Theorem 5 (ii). Let g = (O, ») be a Boolean and q(x) = (O, »#(x)) a specific OMQ. Then,
for any L € {FO(<),FO(<,=),FO(<,MOD)} and E C sig(q), the OMQ q is L-rewritable
over =-ABoxes iff L=(q) is L-definable; similarly, q(x) is L-rewritable over Z-ABozes iff
L=(q(z)) is L-definable.

Proof. For any A € Z and any a € Y=, we set

xaw =V aw. xdw)= N\ A N\ -Aw),

A€aeXs Aca Ada

where a(y) is a unary predicate associated with each a € ¥z. For any Z-ABox A and any
n € tem(A), we have 64 = A(n) iff &,, E xa(n), and &, = a(n) iff G4 E xa(n).
Thus, we obtain an L-sentence defining L=(q) by taking an L-rewriting of q and replacing
all atoms A(y) in it with y4(y). Conversely, we obtain an L-rewriting of q by taking an
L-sentence defining L=(q) and replacing all a(y) in it with x4 (y).

Consider next g(x). Let ¢(z) be an L-rewriting of g(z) and let ¢'(x) be the result
of replacing atoms A(y) in ¢(x) with X4(y) = Vcqer. @(y). Given an ABox A and
i € tem(A), we have S 4 = (1) iff &, E ¢'(1). Awordw =ag...a, € 'L isin L=(q(z))
iff (a) there is ¢ such that a; € X%, (b) a; € Xz for all j # ¢, and (c) &, = ¢'(i). Therefore,
for the sentence

o' =3 (P [(y=2 = \ dW)r(#£0) -V aw)])

U«IEEIE a€Y¥=

and a word w € T'Y, we have &, |= ¢” iff w = w4; for some A and i such that & 4 = ¢(i).
It follows that ¢ defines L=(q(x)).

Now, let ¢ be an L-sentence defining Lz=(g(z)) and let ¢/(z) be the result of replacing
atoms a(y) in ¢, for a € Xz, with a(y) A (z # y) and atoms d'(y), for o’ € XL, with
a(y)AN(z =y). Forw =aq...a, € XL, we have &, = ¢/(3) iff &, = ¢, where w; is w with
a; replaced by a). Let ¢”(z) be the result of replacing a(y) in ¢'(x) with xq(y). Then, for
any A and i € tem(A), we have &4 |= ¢" (i) iff Gy, = ' (4) iff Gy, , 9, and so ¥ (x) is
a rewriting of q. a

A.2 Proof of Lemma 7
Lemma 7. Suppose L € {FO(<),FO(<,=),FO(<,MOD)} and X, I and A are alphabets
such that X U {xz,y} C T C A, for some z,y ¢ X. Then a regular language L over ¥ is
L-definable iff the regular language

L' = {wirwyws | w € L, wy,wy € T*}

is L-definable over A.
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Proof. Let L = L(2l), for a minimal DFA 21 = (Q, %, 6, qo, F). Let tr be the trash state? in
2 if any. Given alphabets I'; A, consider the DFA

A = (QU{tr,q, [}, A, 8,40, {f}),

where ¢’ consists of the following transitions: (q,a,p) for (¢,a,p) € 0, p # tr, (¢, a,qp)
for (q,a,tr) € 0, (qp,a,qp) for a € T\ {z}, (¢,2,90) for ¢ € QU {qp}, (¢,a,qp) for ¢ € Q
and a € T'\ (XU {z,y}), (¢,y,qp) for ¢ € Q\ F, (q,y,[) for ¢ € F, (f,a,[) for a € T,
(g,a,tr) for g and a € A\ T, (tr,a,tr) for a € A. The DFA 2 is illustrated in the picture
below, where a transition labelled by a set stands for the corresponding transitions for
each element of that set, the transitions starting from the frame around 2( represent the
corresponding transitions from every state in 2, and the transitions from states in 2 to tr
(shown as the dashed arrow in the picture) are redirected to gj. It is readily checked that
L) = {wizwyws | w € L, wi,we € T'*}.
I\ (EU{z,9})

I\ {z}

start

A

We now show that L(2l) is £-definable iff the language L(2(') is L-definable. As the argument
is effectively the same for all £, we only show it in one case.

(<) If L(2A) is not FO(<)-definable, then, by Theorem 6 (i), there exist a state ¢, a
number k, and a word u € ¥* such that g ¢ d,(¢) and ¢ = d,x(q). One can readily check
that the same ¢, k and u satisfy the same condition in ', and so L(2l').

(=) If L(') is not FO(<)-definable, then, by Theorem 6 (i), there exist a state ¢, a
number k, and a word u € A* such that ¢ % d,(¢) and ¢ = d,x(¢). There are no transitions
leaving tr and the only transition leaving f is to tr. It follows that, when reading u” starting
from ¢, A’ can visit f or tr. Suppose it visits ¢). As the only way of leaving ¢{, not to tr
is via z, the word u contains x. Let u = ujzug. But then, for any p ¢ {f,tr}, we have
du(p) = du,(qo), and so all d,i(q) are the same, which is a contradiction. Thus, 2" does
not visit g;. It follows that d,:(¢) € @ and u € ¥*. Then the same ¢, k, and u satisfy the
conditions of Theorem 6 (i) for 2, and so L(2) is not FO(<)-definable. Qa

4. A trash state is a state from which no accepting state is reachable. A minimal DFA can have at most
one trash state.
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A.3 Additional Axioms and Counters for the Proof of Theorem 16

Below are the axioms describing the transitions of the automata 2A;. For 2y, we use the
axioms

[A=0ATAE— [(OrA) = 0] A OpQ A [(OFL) = 0],
[A=0]AQAI[L=0]A(qi,21) = [(OrA) = 0] A OrQ A [(CrLL) = 1],

[A=0AQAL=n—-1]Az, — [(OpA) = 0] A OrQ A [(OrL) = n],
[A=0AQAL>n—1A[L<N]Ab—=[(OrA) =0] A OrQ A [(OrL) = L + 1],
[A=0AQA[L=N]AE— [(OpA) =0] AOpP A [(OrL) = 0],
[A=0APAL=0Aa— [(OpA) =0] AOpPy, for a# (qaceb), 0,
[A=0]APAL=0]A (gace:b) = [(OrA) = 0] A O P A[(OrL) = 1],
[A=0]APyNa— [(OpA) = 0] AOpPy, fora#4,
[A=0]APyNt— [(OrA) = 0] AOxP A [(OrL) = 0],
[A=0APAL>0]AL<N]Ab—=[(OrA) =0l AOpP A[(OrL) =L+ 1)],
[A=0APA[L=N]Ab—[A=0]AOF.

For 2l; with 0 < i < N and a,b,c € X'\ {f,b}, we need the axioms

>
Il

[A<N+IAT A= [(OrA) = A] A O Ry,
[A<N+1UATAL— [(OrA) = A]AOpQ A [(OrL) = A — 1],
[A<N+IUAQAL>1Aa— [(OA) = A AOQ A [(OrL) =L — 1],
[A<N+IAQAL=1]Aa— [(OrA) = A] A Ox Ry,
[A<N+1 AR, Nb— [(OpA) = A] A Op Raps

[A < NJARup Ac— [(OpA) = Al /\OFQ')/(a,b,c) A Op[L =A+1],
NIA Ry AN — [(OrA) :A]/\OFPW(a,b,jj)/\OF[]L:N_l]u
ANA<SNA+IUAQLNL<N]Ab— [(OpA) = A] AOpQq A [(OpL) =L + 1],
ANQaN[L=N]AE—= [(OrA) = A AOpPyy
ANA<SN+IUAQN[L=N]AE— [(OrA) = A]AOp Py A [(OpL) = A — 1]
ANA<SN+IUAPAL>1AD— [(OrA) = AJAOp Py AN [(OpL) =L — 1],
ANA<N+1UAP,ANL=1Ab— [(OsA) = A] A OpPyq
Al
Al

h
A
A
A
A
A
A

= e A Rt

i A
Vv Vv VvV VvV V

>
I

A<NAQyA[L=N|Ab— [(OeA) = A] A OpF,
— N] A Rap Ab — [(OpA) = A] A OpF.

e

— — — — — — — — — — — —— — —— —

To calculate the value of j in the construction of Opmop, we use the following counters,
formulas, and axioms.
For two counters X and Y, set

k
X=v/2) = XPA N (5 = X0 A% > X))
=2
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We have Z,n |= [X = Y/2] iff the values z of X and y of Y at n in Z satisfy x = |y/2]. We
define three new counters Cy, Cky, and (ngy, which come with the following axioms, for
all t1,19,t3 € {0, 1}, that should be added to the ontology:

XU AYE o (Cy)l Tt med 2, for all i € [1, k],
XiAY? = (Cf)Y,
XU UAY2 A (Cy)2, — (Cfy) 12 tiatiais) mod 2. for all i € [2, k],
Xi'AYY? = (Cy)Ys
X AY2 A (Ciy)'2y — (Cigy )12ttt tiatis) mod 2 for all i € [2, k].

Define the following formulas, where W, XY are some counters:

k
(le A Y;O A /\ (CS?Y)ZI)v
1 j=i+1
k
X>Y]=[X>Y]v A\ (Cxy)i,
=1

X>Y]=

-

(2

k
[W =X+ Y] = /\ /\ (X;l A }/ZQ A (Cs—gi_y):g N WiL1+L2+L3 mod 2)’
1=141 3,3€{0,1}

k
[W =X — Y] — /\ /\ (Xle A YiLz A (ng)is N WiL1+L2+L3 mod 2)'
=141 2,3€{0,1}

Wehave Z,n = [X> Y], Z,n = [X>Y]|,Z,n = [W=X+Y],or Z,n = [W = X-Y] iff the
values x of X, y of Y, and w of W at n in 7 satisfy, respectively, the following conditions:
r>y, x>y, w=x+yforr+y<2¥ andw=2—yforz>y.

In our ontology Omop, we use counters U;, V;, Ry, ]R;r, R, S, S, Sf, Dy, Gy, Hy, for
1 €]0,...,2k], along with some auxiliary counters Cxy. Intuitively, the counters with the
index [ hold the values of the corresponding expressions after the [-th step of the algorithm
according to the table below:

UlavlaRlaSl u,v, 7, s

R, S/ r+ps+p

R, S, —rmod p, —smod p

Dy lu — v

Gy the even number from the pair ((r — s) mod p), ((r — s) mod p) + p
H, the even number from the pair ((s — r) mod p), ((s — r)mod p) + p

We add the following axioms (simulating the algorithm) to the ontology Omop:

[A>0AJA<p]ASAL—= [Ug=p]A[Vo=A]A[Ry=0]A[So=1],
U > V)] = [D; =U; -V,
Vi >0 = D =V, — Uy,
R =R+ U AR =Up —RJA[S] =S +Up] A[S; =Up — Sy,
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R > St A ((R)Y A (S)D) V (RDTA (D7) = [Gr =R, — S A [H; = S +R ],

[R; > Si] A (((R)T A (S)) V (RDTA(SDT) = [Gr =Ry + ST A [H; Ry],

[St > Ry A (R A (S)Y) V(R A (SD1) = [Gr =R +S;TA[H; = Ry],

[St >R A ((R)T A (S V(RS A (SD1)) = [Gr =R —Si] A [H; =Sy +R ]
[Vi> 0] A (VYA (S)) = Ui = U A [Vigr = Vi/2] A Ry = R A [Si1 = Si/2],
[V >0l A (V)Y A (S)1 = Ui = U A [Vigr = Vi/2) A [Rigr = R A [Siq1 = §//2],
(Vi A (U A (R = [Unr = U/2] A [Viga = VIJ A [Rin = Ri/2) A [Si1 = Si],
(VD1 A (UDY A (BT = Ui = U/2] A [Vigr = Vi) A [Riga = R /2] A [Sig1 = Si],
(Vi A (U1 AU > V] = Uy = Dy /2] A [Viga = Vi) A [Rigr = Hi /2] A [Si41 = S,
(V)i AU AV > U] = [Upgr = U A [Vigr = Di/2] A [Riga = Ri] A [Si41 = G;/2),
[Vi=0] = [J=R;]

A.4 Proof of Lemma 23
Lemma 23. Let A € X% be of the form 0N BON. Then A € TSIg( ( ) iff there exists a run
(90,0, ..., (q,0), (qa,i) of A% on A, for all £ with N < { < |A| —

Proof. We call a sequence ® of the form

(CON--ANCR = A1,m), (CI A+ ACL ANO™M A — Az na), ...,
(CT" A ANCPENO"™ Ay = A myny1)  (39)
a derivation of A from O and A if the axioms are from O and the numbers ny, ..., %y, Nmi1

are such that nj;1 =n;+i; and A= C] “NCY j(n]+1) We say that such a derivation

ends at n if nyp1 = n. It is straightforward to verify that A € T?iogff) (£) iff there is a

derivation of A at ¢, for any ¢ € Z.
Let A be of the form 0~ BV . We now show that, for any ¢ with N < ¢ < |A| —

if there is a derivation of A at ¢, then there is a derivation of A at ¢
such that 0 < nj; < |A| for all n; in it. (40)

Proposition 36. Let D1, Do, D3 be derivations from O and A of the form:

D1 :...,(Cl/\~-/\Ck/\OiA—>A0,n0),
Dy = (00 Ay — A1,n1),..., (O™ 1Ay 1 — Apyn),
@3 = (Ci VANREIVAN Cl/c’ A OZAm — Am+1,nm+1), ce

If ©1D9D3 is a derivation of A at £, then there is a derivation ©194,D3 of A at ¢ from O
and A such that min{ng, ny41} — 2M? < n; < max{ng, nm41} + 2M? for all n; in .

Proof. Suppose n,,+1 > ng (the opposite case is analogous). Let j be the earliest number
in ®9 such that

— either n; = np41 and njyp = npq1 for some k > 0,
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— or nj = ng and njy = ng for some £ > 0.

If there is no such j, then Proposition 36 holds with D/, = D3. Suppose the former case holds
for the earliest j. Let Do = 940596, where D5 is the subsequence of D9 between j (not
inclusive) and j 4+ k. Consider any quadruple ((Aj,n;r), (Ajr,njm), (Agr,ngr), (A, ngr))
in @5 with j/ < j// < k" < kl, N = Ny Ny = Nk, Aj/ = Aj// and Ak/ = Ak//. Clearly,
D1(D495D6)D3 is also a derivation A at ¢ from O and A, where

5= (0945 = Ajyi,njp), .., (O =1 A5y — Ajrongr),
(Oij” Aj” — Aj//+1, iyl — d), -
(O =1 Agr_y = A, — d), (O Apr = A1, mpr41), -
(O+F=1 A k1 = Ak, Mjrk)

and d = nj» — nj. After recursively applying to D5 the transformation above for each
quadruple ((Aj,n;0), (Ajr,njm), (Agr, ), (A, nir)), we obtain @5, It is easy to check
that there exist no n; # ng and atoms A, B such that (0" A; — A, ny),..., (0242 — B,ny)
and (OB A3 — A, ng),...,(0"As — B,ny) are in Df. Therefore, [nj — nyq1| < 2M? for
all numbers nj in ©f. If the latter case holds for the earliest j, we can transform the
subsequence D5 of Dy between j (not inclusive) and j + k into the subsequence D% with
all numbers |nj —ng| < 2M 2. Then we find j in D¢ satisfying one of the two cases above
and transform g analogously. We proceed until there are no more j satisfying either of
the two cases and the result D) of the transformation is as required by the proposition. 0

To show (40), consider a derivation © of A at ¢, for N < ¢ < | A| — N, with the numbers
n;. Take the first n; such that n; > |B| + M or nj < 2M?. Suppose the former is the case.
Since A; = () for |0V B| < i < |A|, there are nj, for j' < j, such that 2M? < ny < |[B|+ M
and a (sub)sequence (O Ay — Ajyiq,nji1),..., (O91A;_1 — Ajn;) is in ®. We
expand this subsequence by taking all (O%A; — Ajt1,n),..., (Oij”*lAju_l — Aji,mjn),
such that j” is the first after j such that nj» = njy. Let © = ©1D2D3, where D5 is the
expanded sequence above. By applying Proposition 36, we obtain a derivation ©;0493 of
A at ¢, where all numbers n; in D19} are such that 2M? < n; < nj +2M? < |A|. In case
n; < 2M?, we analogously obtain a derivation of A at £, where all numbers n; in ©,D} are
such that 0 < nj —2M? < n; < |B|+ M. By continuing to apply Proposition 36 to D3 the
required number of times, we obtain a derivation of A at ¢ satisfying (40).

This completes the proof of Lemma 23 as, clearly, for any ¢ with N < ¢ < |A| — N,
there is a run (go,0),...,(g,€), (ga,i) of A5 on A iff there is a derivation of A at ¢ such
that 0 < n; < |A| for all n; in it. a

A.5 Proof of Theorem 26
Theorem 26. Let q = (O, ) be an OMPQ with a L-free LTLYS —ontology O. Then q is

horn

not FO(<, =)-rewritable over =-Abozes iff there are A,B,D € X% and k > 2 such that (7)
and (it) from Theorem 24 hold and there are U,V € X% such that B =YVU, [U| = |V,

(ii1) To apep(AB'| = 1) = To aprp(|ABV| = 1), for all i <k, and

(ZU) TO7ABk+1'D(|ABi‘ - 1) = TOPABk-&-l'D(’ABiV’ — ].), f07’ all © with 1 S ) S k.
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Proof. Consider the DFA 2 = (Q,,0,q—1, F) from the proof of Theorem 24 such that
L=(q) = L(2). (=) Suppose q is not FO(<, =)-rewritable. By Theorem 6 (i), there exist

AV, U, D e ¥t with [U| = |V| and k > 2 such that

-1 =A 9 =V q =uU 91 =V 91 =U " =U k-1 =V (k-1 =U 0,

qo =D 70, q1 =p 71 for some qo, ..., qx_1,70,71 € Q with 7o € F and r; € F. That (i) and
(7i) are satisfied for B = VU is shown as in the proof of Theorem 24. Then (i) and (iv)
easily follow from (36).

(«=) Suppose (i)-(iv) hold and set E(i,...,i;) = VU ... ViU. Let Fj (ig,...,ij) be
the prefix of &(ig,...,4;) of the form VU ... Vi’ -1V’ | for j' < j. By the properties of
the canonical models, we then obtain the following, for any 0 <n < m and any 0 < /¢ < k:

(a) To,48(io, . irmsr1)D [ AFkntelio, - - - ikmir—1)] — 1) = To_apep(|AB| — 1),

(b) 70,40, sr 1i0)D [AFkntt41 (005 - - s ikmak—1,%0)| — 1) = To_aprrrp(|ABTH = 1).
The rest of the proof relies on the following observation:

Proposition 37. Let 2 be a DFA with a set of states @, |Q| > 3, over an alphabet X.
Then, for any q € Q and w € ¥*, there exists ¢’ such that ¢ = jon-1 ¢ =01 ¢'-

Take the DFA 2 from the proof of Theorem 24, assume without loss of generality that
|Q| > 3, and, for m > 0, consider the sequence

/ /! / 1
g—1 = qylel-1 90 =ylel! 40 =uU o = ylei'-1 41 = ylelt 41 =U 41 = plQl-1 - - -
/
Qkm+k—1 =YIQ! Qkm4k—1 U Qkm+k-

By Proposition 37, ¢; = ¢, for 0 <1 < km+ k. By taking an appropriate m, as in the proof
of Lemma 24, we can find ¢ and j such that

q-1 jAV\Ql!fl(uV\Q\!fl)ik To =yplel-1 T =yplel-1 *** = yplQli-1 Tjk+k—1 =plQli-1 T0

and ry =y 1¢, for 0 < ¢ < jk + k. It can be readily shown using (a) and (b) that ¢ ¢ F
and ¢] € F for such ¢ and ¢} that ro =p ¢, and 71 =p ¢}. Now, we have found a state
ro in 2 that satisfies the condition of Theorem 6 (i) with u = UVIQ'~1 and v = VIQI',
Therefore, q is not FO(<, =)-rewritable. a

A.6 Proof of Lemma 33

Lemma 33. Given ay,...,aq; € Xz with |a;] = 1, for 1 < i < [, binary numbers

0y yii41,4, 6 L-free LTLgre-ontology O and a positive existential temporal concept »,

checking whether Co 4 | #(j) for A= 0"ay ... 0%aq; 0%+ can be done in NP.

Proof. We first show that, for any ABox A, we have Cp 4 |= 2(j) iff there exist numbers n,
n' and k, k' with 0 < n,k < |{Os/ € sub(»)}|+3,0<n' <n, 0 <Kk <k, aset of numbers
{J=ky-+-+y7=1,J05J1s---Jn} € Z, and types T_k,...,T—1,T0,T1,...Tn for (O, s) such that:

— Ji < Ji+1, for all ¢ with —k < i < n, and jy = 7;
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~ Jiv1 — gi < 200D if j; > max A or jiq <0

- sz)g’&o)(ji) C Ty, forall i with —k < i <mn, and » € 7¢;

— Tp =Ty and T_p = T_p/;

— for all i < n’ and Opsd € sub(s), Opsd € 7; implies »’ € T for some i’ € (i, nl;

— for all i € [n/,n] and Opsd € sub(s), Opsd € 7; implies » € T for some i’ € [0/, n];
— for all i <n’ and Opsd € sub(sc), 5/ € 7; implies Cpsd € 7 for all ' < i;

— for all i € [n/,n] and Opsd € sub(x), 5/ € 7; implies Opsd € Ty for all i € [0/, n],

and similarly for Ops formulas.

(=) Suppose (0, A) = 5(j), so s € To a(j). Let @ be the set of O € 7 4(j) for
which there exist (unique) j,. satisfying ~Cs/, 5 € 70 A(j.0). Let {j.o | O € DYU{j} =
{d=krs- -5 3-1,70, 15+ Jnr } such that jo = j j g < jpp1 < < jw-1 < jw. We take
the smallest numbers j,/41 and j” exceeding max A for which 70 4(jn41) = T0,4(j") and
J" > jw41. Let W be the set of all Opsd € 70 A(Jn+1). For each Opsd € ¥, we take the
smallest j,» € (jnr41,5"] with 5 € 70, 4(j,v). Let {j.v | Opsd € U} = {jrio,. .., Jn-1}-
Finally, we set j, = j” (for the appropriate n). The selection of k and j_k,...,j_p—1
is analogous and left to the reader. We take 7; = 70, 4(ji), for i € [—k,n|. Using the
periodicity property of the canonical models (e.g., Artale et al., 2021, Lemma 22), one can
check that the required conditions are satisfied.

(<) Suppose there are n, m, n’, m’, j; and 7; satisfying the conditions above. It is easy
to check by induction on the construction of »’ that s/ € 7; implies 5/ € 70 4(j;) for all
s € sub(x). As » € Ty, it follows that (O, A) = »(j).

It is now easy to provide the required NP algorithm. Indeed, we first guess the re-
quired binary numbers j; and types (recall that j;41 — ji < 20001+ if j; > max A or

Ji+1 < 0). The list of conditions above can be checked in polynomial time. In particu-
sig(O)

lar, 755 4 (ji) € T for A = 0 ay ...0%aq;0%+ can be checked in polynomial time using
arithmetic progressions (e.g., Artale et al., 2021, Theorem 14). a
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