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Abstract

We design a decidable extension of the description logic SROZQ underlying the Web
Ontology Language OWL 2. The new logic, called SRTOZQ, supports a controlled use
of role axioms whose right-hand side may contain role chains or role unions. We give a
tableau algorithm for checking concept satisfiability with respect to SRTOZQ ontologies
and prove its soundness, completeness and termination.

1. Introduction

The ever growing number and scope of application areas puts constant pressure on the
designers of ontology languages. Thus, the first version of the Web Ontology Language
OWL, which became a formal W3C recommendation in 2004, contained the description logic
(DL, for short) SHOZN that allowed the use of the basic DL ALC together with inverse
and transitive roles, role hierarchies, nominals and unqualified cardinality restrictions. Its
second reincarnation OWL 2, adopted in 2009, is based on a more powerful formalism,
SROIQ, which extends SHOZN with such features as complex role chains, asymmetric,
reflexive and disjoint roles, and qualified cardinality restrictions (Horrocks & Sattler, 2004;
Horrocks, Kutz, & Sattler, 2006; Cuenca Grau, Horrocks, Motik, Parsia, Patel-Schneider,
& Sattler, 2008).

The addition of role inclusions that involve role chains was motivated by multiple use
cases in the life sciences domain which require means to describe ‘interactions between
locative properties and various kinds of part-whole properties’ (Cuenca Grau et al., 2008).
For example, the role inclusion axiom

hasLocation o isPartOf T haslLocation

states that if an object x is located in y, and if y is part of z, then x is also located in
z (Rector, 2002). However, having resolved the issue of role chains in the left-hand side of
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role inclusion axioms, as in the example above, SROZQ and OWL 2 fall short of providing
means to represent such chains and/or unions of roles on the right-hand side, which are often
required for modelling structured objects, in particular, in the emerging area of ontological
product modelling and collaborative design (Bock, Zha, Suh, & Lee, 2010).

Consider, for example, the product model of cars by Bock (2004) and Krdzavac and
Bock (2008), part of which is shown in the UML-like diagram below:

A
Car B
‘Wheel Engine powers
powers
hasEngine
hasWheel hasWheel
‘Wheel Engine Oilpump
@
Car hasOilpump powers Gear
rers powers
hasCrankshaft powers
hasHub
Hub Crankshaft hasGenerator Generator Hub Crankshaft
m“’(!l 8 powers|

Figure 1: A product model of a car (Krdzavac & Bock, 2008).
The fragment in Fig. 1 (A) involves two statements:
hasEngine o hasCrankshaft o powers T hasWheel o hasHub (1)

says that whatever is powered by a crankshaft in an engine of a car is a hub in a wheel of
the same car and, conversely,

hasWheel o hasHub T hasEngine o hasCrankshaft o powers (2)

states that a hub in a wheel of a car is powered by a crankshaft in an engine of that car.
The fragment in Fig. 1 (B) means that an engine in a car can power wheels, the generator
and the oil pump, which can be represented by the axiom

hasEngine o powers T hasWheel L hasGenerator L hasOilPump. (3)
Finally, Fig. 1 (C) is supposed to mean that the role powers is transitive:
powers o powers T powers. (4)

Role inclusion axioms of the form (1), (2), (4) were a feature of the original KL-ONE
terminological language (Brachman & Schmolze, 1985), where they were called ‘role-value-
maps’ and could be applied to certain individuals. Role inclusions with disjunctions on the
right-hand side also arise in the context of spatial reasoning with description logics (Wessel,
2001, 2002), where they are used to represent compositions of the RCC8-relations such as
PO o TPP C PO U TPP UNTPP (in English: if a region x partially overlaps a region y
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and y is a tangential proper part of a region z, then either x partially overlaps z, or z is a
tangential proper part of z, or = is a non-tangential proper part of z).

Role inclusions with a complex right-hand side are not allowed by the syntax of SROZQ
and OWL 2, which makes adequate representation of models such as in Fig. 1 problematic.
Indeed, in these languages, we cannot exclude situations when, for example, cari is related
to hubl via hasEngine o hasCrankshaft o powers and, at the same time, hub1 is part of car2.
Axiom (1) asserts the ezxistence of an individual that is a wheel in car! and has hub1.

The main issue with axioms such as (1) is that they are similar to rewrite rules in
semi-Thue systems, the word problem for which is known to be undecidable. One of the
simplest examples was given by Tseitin (1956) who showed that the associative calculus
(Thue system) with the axioms

ac = ca, ad=da, bc=cb, bd=db, edb=be, eca=ae, abac = abacc

is undecidable. Schmidt-Schauf} (1989) used the undecidability of the word problem to show
that the logic underlying KL-ONE is undecidable. Baader (2003) proved (by a reduction
of semi-Thue systems) that the tractable description logic ££ becomes undecidable when
extended with role inclusions containing role chains on the right-hand side. On the other
hand, he observed that role inclusions with a single role on the right-hand side do not
increase the complexity of ££. Horrocks and Sattler (2004) proved that the extension
of SHZQ with axioms of the form Ro S C R and S o R T R is undecidable; however,
decidability can be regained by requiring that such axioms do not involve cycles. Axioms
of the form (3) also lead to undecidable logics: Wessel (2001, 2002) showed (by reduction
of PCP) that the extension of ALC with role axioms of the form SoT C Ry U--- L R, is
undecidable.
Similar problems have been investigated by the modal logic community. In modal logic,
axioms of the form
Dh A Dinp — Dj1 e Djmp7 (5)

known as modal reduction principles, have always attracted attention and still present a
great challenge (for example, it is open whether the extension of the basic modal logic K with
either of the axioms O0Op — OOp or O0p — OOOp is decidable). Axioms of the form (5)
give rise to grammars generated by the production rules iy-... i, — ji-...-Jm, and the modal
logics axiomatised by such axioms are called grammar logics (del Cerro & Penttonen, 1988).
It was shown by Demri (2001) and Baldoni (1998) that if this grammar is regular, then the
corresponding modal logic is decidable in EXPTIME; on the other hand, linear (context-
free) grammar logics can be undecidable. It follows, in particular, that the satsifiability
problem for ALC knowledge bases extended with role inclusions Ry ... R, C S1...S} is also
ExPTIME-complete provided that the grammar generated by the rules Sy ... Sy — Ry ... R,
is regular (Demri, 2001, Section 5.3).

In this paper, we design a decidable extension SRTOZQ of the description logic SROZQ
that supports a controlled use of role inclusion axioms with a complex right-hand side such
as in the examples above. Thus, we can use role inclusion axioms with a chain or union of
roles on the right-hand side, and we can also express equality of two role chains or unions
such as in (1) and (2). To ensure decidability, we impose certain regularity conditions on the
role axioms in a given ontology that generalise the syntactic restrictions of Horrocks et al.
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(2006) and Kazakov (2010). These conditions are checked in polynomial time and employed,
as a pre-processing step, to build finite automata for some roles in the ontology. Intuitively,
the automaton for a role R recognises role chains that are subsumed by R according to the
ontology and passes the concept C to the end of the chain whenever its beginning belongs
to VR.C.

Our decision algorithm builds on the tableau technique developed by Horrocks et al.
(2006) and uses some ideas of Halpern and Moses (1992, pp. 34-35) in order to pass sets
of concepts along role chains required by role inclusions with a complex right-hand side
such as (1)—(3). If there are no such axioms, our tableau algorithm behaves precisely as
the tableau algorithm for SROZQ; otherwise it may suffer multiple exponential blowups
(depending on the number of role inclusions with a complex right-hand side).

An alternative approach to modelling complex structures with description logics was
suggested by Motik, Cuenca Grau, Horrocks, and Sattler (2009). Their decidable formalism
is based on description graphs that can encode axioms of the form (1), but not in the
presence of transitivity (4) (in which case the language generated by the role chain in the
left-hand side of (1) is infinite and cannot be represented by a finite graph). To ensure
decidability, Motik et al. (2009) impose acyclicity conditions on the description graphs and
do not allow the same role to appear in the description graph and the DL ontology. For
example, we cannot straightforwardly combine a description graph encoding the model in
Fig. 1 with a vehicle tax ontology containing axioms such as

Car M JhasEngine.LargeEngine T JvehicleTax.HigherTax. (6)

In SRTOZQ, the addition of (6) to (1)—(4) does not cause a problem.

The structure of the paper is as follows. We define the syntax and semantics of the
description logic SRTOZQ in the next two sections. In particular, Section 3 defines and
gives the intuition behind the regularity conditions imposed by SRTOZQ on role axioms.
The aim of Section 4 is to illustrate by a number of examples the new challenges in the
tableau construction we are facing when dealing with SRTOZQ compared to the case of
SROZQ. We use these examples to motivate and explain the new ideas, notions and tech-
niques that are required for our tableau-based decision algorithm for SRTOZQ. Tableaux
for SRTOIQ are defined formally in Appendix A. In Appendix B, we give a tableau al-
gorithm for SRTOZQ and prove that it is sound, complete and always terminates. We
discuss the obtained results and open problems in Section 5.

2. Description Logic SRTOZQ

We begin by formally defining the syntax and semantics of the description logic SRTOZQ.
The alphabet of SRTOZQ consists of three countably infinite and disjoint sets N, Nr and
N7 of concept names, role names and individual names, respectively. We also distinguish
some proper subset Ny ; N¢, whose members are called nominals. This alphabet is
interpreted in structures, or interpretations, of the form Z = (AZ, 1), where AT # () is the
domain of interpretation, and -Z is an interpretation function that assigns to every A € Ng
a subset AT C AT, with A being a singleton set if A € Ny; to every R € Ny a binary
relation RT € AT x AT; and to every a € N7 an element aZ € AZ. Following the OWL 2
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standards, we do not adopt the unique name assumption and allow aZ = b for distinct
a,be N, I-

We now introduce the role and concept constructs that are available in SRTOZQ. For
each role name R € Ng, the inverse R~ of R is interpreted by the relation

(RT)F ={(y.x) € AT x AT | (z,y) € RT}.

We call role names and their inverses basic roles, set Ny = NgU{R™ | R € Nr} and write
rm(R) = rm(R~) = R, for R € Ng. We define a SRTOZQ-role as a chain Ry ... R, or a
union Ry U ---U R, of basic roles R;, and interpret these new constructs by taking

(Ry...Ry)* Rfo...oREL
(RyU---UR,)* = Rfu.--URZ,

where o denotes the composition of binary relations. Define a function inv(-) on role chains
by taking inv(R; ... R,) = inv(Ry,)...imv(Ry), where inv(R) = R~ and inv(R~) = R, for
Re N, R-

In the set Ak of role names, we distinguish some proper subset Ng and call its members
and their inverses simple roles; those basic roles that are not simple will be called non-
simple. Simple and non-simple roles will have to satisfy different constraints in concepts
and role inclusion axioms to be defined below.

SRTOLQ-concepts, C, are defined by the following grammar, where A € N, R is a
basic role, S a simple role, and n a positive integer (given in binary):

cC == A | 1 | T | -C | CinCy ’ CiuCy |
3R.C | VRC | <nSC | >nSC | 3S.Self.

The interpretation of these concepts is defined as follows, where §X is the cardinality of X:

I:AI J_I:@

(-C)YE=AT\CE, (Nt =cincEt, (Ciucy)t =ctucy,
(BR.C)E = {z e AT |3y € CT (x,y) € R},

(VR.C)F = {z € AT | Vy((z,y) € R" =y e Ch)},

(3S.Self)t = {z € AT | (z,2) € ST},

(<nS.CO)f ={ze At |#{y | (z,y) € " Ay e CT} <n},
(>nSC) {ajeAI|jj{y|(a:,y)ESI/\yGCI}Zn}.

A SRTOZQ-knowledge base (KB, for short) consists of a TBox, an RBox and an ABox.
A TBox, T, is a finite set of concept inclusions (Cls), which are expressions of the form
C1 E (5. Such a Cl is satisfied in T if C’lz - C’QI, in which case we write Z = C; C Cy. An

ABozx, A, is a finite set of assertions of the form
a:C, (a,b):R, (a,b):—S, a#b,
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where a and b are individual names, R a basic role, S a simple role, and C' a concept. The
satisfaction relation for such ABox assertions is given by

TkEa:C iff o €7,
T (a,b): R iff (af,b?) € RY,
T = (a,b): S iff (af,b%) ¢ ST,
TkE=a#b iff of #£07.

An RBox, R, is a finite set of disjointness constraints and role axioms. A disjointness
constraint Dis(S1,S2) is imposed on simple roles Sy, So; it is satisfied in Z if ST N ST = ().
A role axziom (RA) can be of the following six types, where S, S’ are simple roles; Q', Q,
Q1,...,Qm, non-simple roles; and R, Ry, ..., R,, are arbitrary basic roles:

RAs of the form (A)—(D) are called role inclusions (Rls), while those of the form (E) and
(F) role equalities (REs). An RBox R may contain any set of role axioms satisfying the
regularity conditions to be defined and discussed in the next section.

Note that, although RAs in SRTOZQ are only restricted to the form (A)—(F), they
can encode more general role inclusions of the form (provided that they meet the regularity
conditions to be defined below)

(Ri...Ry)U---U(RP...R ) C (R R U U(RY...Ry ). (7)
(In particular, one can easily write an RBox capturing all the RAs (1)—(4) from the intro-
duction.) A detailed discussion of what can actually be represented by SRTOZQ RBoxes
will also be given in the next section.

If o; is a chain or union of roles, i = 1,2, then g; C gy (or 91 = g2) is satisfied in Z if
oF C of (vespectively, of = 0%). We say that the KB K = (T,R,.A) is satisfiable if there
exists an interpretation Z satisfying all the members of 7, R and A. In this case we write
Z = K and call Z a model of K.

Our main reasoning problem in this paper is concept satisfiability with respect to KBs:
given a SRTOZQ concept C and a KB K, decide whether there is a model Z of K such
that CT # (). All other standard reasoning problems such as subsumption, KB satisfiability
or instance checking are known to be reducible to concept satisfiability with respect to
KBs. Moreover, concept satisfiability with respect to arbitrary KBs can be reduced to
concept satisfiability with respect to KBs of the form (), R,0) (with empty TBoxes and
ABoxes); (see Horrocks et al., 2006, Thm. 9).
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For a concept C, we denote by nom(C') the set of all nominals that occur in C, and by
role(C) the set of all basic roles R such that either R or inv(R) occurs in C; role(C, K) and
role(C, R) contain those basic roles and their inverses that occur in C' or £/R.

3. Regular RBoxes

As mentioned in the introduction, unrestricted RAs can easily simulate all kinds of unde-
cidable problems. In this section, we define regular RBoxes that are allowed in SRTOZQ.
For SROZQ RAs—that is, RAs of the form (A) and (B)—our restrictions are the same
as those used by Kazakov (2010). As suggested by the term ‘regular,” we are going to use
the regularity restrictions to construct finite automata for roles R that recognise role chains
subsumed by R in the RBox in question.

Suppose R is a set of RAs. To define the regularity conditions (to be given in Def-
inition 3), we require the following binary relation <’ on the set of role names occur in

R:

— m(R;) <" m(Q), i=1,...,m, for RIs of type (B),
rn(R) <’ rn(Q), for Rls of type (C),

n(R) <" rn(Q;), i =1,...,m, for RIs of type (D),

- rn(R;) <" rn(Q"), i=1,...,m, for REs of type (E).

Denote by =< the transitive and reflexive closure of <’. We write R; ~r Ry if both
R1 jR R2 and R2 jR Rl, and R1 <R R2 if R1 jR R2 and R2 ﬁR Rl. By the depth dR(R)
of R in R we understand the largest n for which there exists a chain R <g Ry <r -+ <gr
R, <z R.

We represent R as the union R = RAURpURcURp UREURE, where Rx contains
those RAs from R that are of the form (X), X € {A,B,C,D, E,F}. We also write R4 p
for R4 U Rp, etc.

For an RI r = (0 C R) € R4, p and role chains ¢’ and ¢”, we write ¢’ T, o if either

= 0jo0h and ¢" = | Roh, or o = ¢linv(p)oh and ¢” = o}inv(R)0), for some o) and gb.
We write ¢ Cr 0" if ¢’ T, ¢”, for some r € R4 p, and denote by CX the reflexive and
transitive closure of Ex. It follows immediately from the definitions of < and £} that we
have:

Lemma 1 If p = ¢'R'0" and 0 T} R, then rn(R') <r rn(R).

Following Kazakov (2010), we say that an RI (9 C R’) € Ra p is stratified in R if, for
every R ~r R/ with o = 01 Ros, there exists R; such that o1 R Cx 1 and R0 CF, R'. We
call Ry p stratified if every RI o C R with o &% R is stratified in R.

For every role R in R, we define the following language Lg(R) of role chains regarded
as words over basic roles:

Lr(R) = {o| 0Cxr R}.
Theorem 2 (Kazakov, 2010) Suppose R is an RBox with stratified Ra p. Then the
language L (R) is regular, for every role R in R. Moreover, one can construct a non-

deterministic finite automaton recognising Lgr(R) the number of transitions in which does
not exceed O(|R|?4= (1)),
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We are now in a position to define regular RBoxes.
Definition 3 An RBox R is called regular if the following conditions are satisfied:
(cl) Ra p is stratified;
(c2) rn(R) <r m™(Q), for Rls of type (C);
(c3) ™m(R) <gr ™(Q;),i=1,...,m, for Rls of type (D);
(c4) ™(R;) =g ™m(Q"),i=1,...,m, for RAs of type (E);
(c5) there exists a quasi-order ﬁ71z D =g for which

~ m(Q') <% ™(Q), for each RA of type (E);
— m(Q) =% m(Q;), i =1,...,m, for each RA of type (F);

(c6) there exists a quasi-order j% D =g for which

~ m(Q) <% rn(Q’), for each RA of type (E);
- m(Qi) <% ™(Q), i =1,...,m, for each RA of type (F);

(c7) there do not exist RAs r and r’ such that one of the following conditions holds:

Q = QoR1...Ry), r=(Q =Q1U---UQn), mQ) = m(Q) and

(
mm(Qo) = rn(Q;), for some j, 1 < j < m;

— /r/ = <Q6 = QoRllR/Tn/), r = ( /1 = QIRI-”Rm)a rn((%) = TTL(Qll) and
)

= (@ = QU UQL) T = (@ = QU UQu), m(Q) = m(Q) and

(
rm(Q}) = rn(Q;), for some 4,7, 1 <i<m/, 1 <j <m.

In the remainder of this section, we discuss the regularity conditions (c1)—(c7) and il-
lustrate them by concrete examples. Note first that condition (cl) is required to ensure
decidability of SROZQ; as mentioned in the introduction, dropping it immediately leads
to undecidability (Demri, 2001; Horrocks & Sattler, 2004). To understand (c2), consider
the following:

Example 4 Let R = {RQ C @', @ T QR}. The former RI is of type (B), while the latter
one is of type (C). Clearly, @ C QR does not satisfy (c2), and so the RBox is not regular.
To see why this situation is ‘dangerous,” we observe that R = RQ C QR. Now, if the TBox
generates infinite chains of @)- and R™-arrows starting from the same point, then the RI
RQ C QR would generate the N x N-grid shown on the left-hand side of the picture below:
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? ;
Q Q
Q1
Q1 .
R Y R R
Q Q Q Q" Q Q Q
@
R 1 R Y R R
Q| ;.0 Q Q Q /Q Q /Q
¢} X >0 o - o]
R™ R™ R~ R R R

It is routine then to reduce the undecidable N x N-tiling problem to KB satisfiability.

On the other hand, the RBox R’ = {R T QRQ~} is regular (rn(R) <z m™(Q)).
However, it cannot generate a proper N x N-grid (as shown on the right-hand side of the
picture above). To be able to encode the N x N-tiling problem, we require additional Rls
such as Q~Q C @1 and Q~Q1Q T Q1. But then the resulting RBox will not satisfy
condition (c1).

Condition (c3) is similar to (c2); that its omission leads to undecidability was shown
by Wessel (2002). To illustrate (c4), we give one more example.

Example 5 Consider the RBox R = {Q'Q C Q1, Q@ = @~ Q1}. Clearly, it does not satisfy
(c4), but with this condition omitted, we only have Q" <z Q1 and Q <z Q1. Now observe
that the ‘dangerous’ RI Q~ Q1@ C Q1 from Example 4 is a consequence of R.

Since the REs (E) and (F) imply @ C QRy ... Ry, and Q C Q1 U - - U@,y of types (C)
and (D), condition (c5) is similar to (c2) and (¢3). For (c6), consider the following:

Example 6 The RBox R = {Q1Q2 C Q2, Q3Q4 C Q3, Q4 = @25} is regular. However,
R1 = RU{Q1 = Q35'} is not regular because ™ (Q1) <r, ™(Q2), ™m(Q4) <r, ™m(Q3),
m(S) <r, ™(Q4), rn(S") <r, ™m(Q1), and so (c1)—(c5) and (c7) are satisfied, while
(c6) is not. Now, R; implies Q35'Q2 C Q2 and Q3Q2S T Q3, from which we obtain
Q3Q255'Q2 C Q2. The RBox containing this RI generates a language that is not regular.

Finally, we require condition (c7) in view of the following:

Example 7 The RAs Q' = QR and Q' = Q U Q clearly imply Q C QR. As we saw in
Example 4, in the presence of the RI RQ C @), this would lead to undecidability. Condition
(c7) does not allow RBoxes of this sort to be counted as regular.

As was already noted, we restrict SRTOZQ RBoxes to RAs of types (A)—(F) mainly
in order to simplify notation and proofs; see (7). Every RI R;...R, C P;...P, is
equivalent to the RI inv(R,)...mv(Ry) T inv(Py,)...inv(P1). In particular, the RI
inv(R) C inv(Qm) . . . inv(Q1)inv(Q) is equivalent to the RI R C QQ ... Qy, of type (C),
and so we can use the former in SRTOZQ RBoxes provided that rn(R) < rn(Q). Every
RIR,...R, C P,...P,P|... P! can be replaced with the RIs Ry...R, C P; ... P,T and
T C P/...P, for a fresh role name T, without affecting the satisfiability of the KB. In
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particular, if ™m(R;) < m™(Q), then we can represent R;...R, T Pi... PkQPyy1... Py
by means of three SRTOZQ Rls: R;...R, C R, inv(R) C inv(T)inv(P) ... inv(P;) and
TC QPFxy1 ... Py, for fresh role names R and T'. Instead of Ry ... R, C P U---U P, we
use Ri...R,E Rand RC P, U---U P,,, for a fresh role name R. The same can be done
for role equality axioms.

The reflexivity constraint Ref (R) (saying that R is reflexive) can be expressed by means
of the RI S E R and CI T C 3S.Self, where S is a fresh simple role.

Example 8 The RI (1) from the introduction is represented in SRTOZQ by two Rls:

hasEngine o hasCrankshaft o powers C @, (8)
@ C hasWheel o hasHub, 9)

where @ is a fresh non-simple role name. One might suggest that (9) could be replaced with
the RI @ o hasHub™ C hasWheel. However, this is not the case: the interpretation given
below satisfies the former but not the latter (obviously, @ o hasHub™ C hasWheel does not

imply (9)).

hasWheel N 9 hasWheel

O N2t e}
hasHub  hasHub

Example 9 Consider the (regular) RBox R = {RC Q1R1, Q1 CE Q2P, P = Q3R} and the
ABox A = {(zo,z1) : P}. Any model of R and A contains a sequence of (not necessarily
distinct) points xg, x1, z2,... arranged according to the patter shown in the picture below:

When applying the tableau algorithm to R and A (to be introduced in the remainder of
the paper), we construct the same model, but represent it as a tree-shaped structure by
omitting the Q1-, Q2- and @s-arrows, which can always be restored. (In general, we always
omit the first role on the right-hand side of an axiom of type (C) and (E), and all roles
on the right-hand side of an axiom of type (D) and (F).) This is illustrated in the picture
below.
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Zo

O T2

4. SRTOIQ Tableaux by Examples

We prove decidability of SRTOTQ using a tableau-based algorithm, which is a generalisa-
tion of the algorithm given by Horrocks et al. (2006). We assume that the reader is familiar
with the tableau technique for standard DLs such as ALCZ (Baader, Calvanese, McGuin-
ness, Nardi, & Patel-Schneider, 2003). Our aim in this section is to explain, using concrete
examples, both the problems one encounters when constructing tableaux for SRTOZQ and
the way to resolve these problems suggested in the paper. Having worked through the
examples, the reader will have grasped the general idea of the tableaux for SRTOZQ.

We assume that all concepts are in negation normal form (NNF). In particular, when we
write =C, for a concept C, we actually mean the NNF of =C. Denote by con(C') the smallest
set that contains C' and is closed under sub-concepts and —. For a KB K = (T, R, A), we
denote by con(K) the union of con(C'), for all concepts C' occurring in K. For a basic role
R and ¥ C con(K), we set X% = {C | YR.C € ¥}.

4.1 RIs with Role Chains on the Right-Hand Side
Example 10 Consider first the KB £ = (7, R, .A), where

A={a: A}, R={RCQP}, T={AC3RT, ACVQ.B, ACVQ.C}.

We start the construction of a tableau for K by applying the standard tableau rules for ALC.
Thus, we create a root node z( (corresponding to the only ABox individual a) and label it
with £(zg) = {A,3R.T,VQ.B,VQ.C}, indicating thereby (some of) the concepts that should
contain a according to K. In view of IR.T € ¢(x(), we then create an R-successor x; of xg.
The interpretation, corresponding to the resulting tableau and shown on the left-hand side
of the picture below, is clearly a model of 7 and A, but not of R.

f($0) Z(J}o)
oO——»0 O
To R 1 ) R 1
Q P

€2

To satisfy R, we need a (Q-successor xo of xg, which has x1 as its P-successor. However,
the resulting interpretation, shown on the right-hand side of the picture above, is not a
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tree. To keep the tableau tree-shaped, we would prefer to create xo as a P -successor of
x1 without drawing the @Q-arrow from zy to xo explicitly. To trigger the creation of xo
and to ensure that a Q-arrow can always be inserted between xy and zs, we add to each
label ¢(x;) a new ‘quasi-concept’ of the form VR.IP~.4(x;) \é, which encodes R C QQP. The
intended meaning of this quasi-concept is as expected: every R-successor of x; must have a
P~-successor whose label contains all the concepts in ¢(z;) VQ ={C |VQ.C € ¢(z;)}. (Note
that tableau nodes are not part of the syntax for quasi-concepts. The quasi-concepts, in
fact, extend the syntax with the expressions such as dR.S, where S is a set of ordinary
concepts.) If we agree to extend the standard tableau rules for VR and 3P~ to such quasi-
concepts, then we only need one new tableau rule (which will be generalised later on in the

paper):
(r1) if (RC QP) € R and VR.HP*.K(:U)PZ) ¢ ((x), then set £(z) := E(:B)U{VR.HP*.E(QJ)%}.
Now, returning to our example, we apply (rl) to £(xg), ¢(x1) = 0 and obtain:
U(zo) := {A, IR.T, VQ.B, VQ.C, VRIP~ {B,C}},
((x1) := {VR.3P~.0, 3P~ {B,C}}.
We then create a P~-successor xg of x; with ¢(z2) = {B,C,VR.3P~.0}, as in the picture

below, and stop with a complete and clash-free tableau, which gives a model of IC if we
insert the missing Q-arrow between xzy and xs.

f(l‘o) é(xl) E(xz)
lo! > >0
To R T P~ xTo

Note that inserting the missing QQ-arrow in the example above becomes more problematic
if we extend 7 with the CI B C VQ~.—A because then we shall have to add —A to ¢(xg),
and obtain a clash. However, we cannot do this without constructing that arrow explicitly.

To cope with this problem, together with é(mo)%, we can also pass to {(z2) the set
Eé(xo) of those concepts C' € {(xg) that can potentially occur in VQ~.C' € ¢(x2), namely,
the set £(xg) N con(K) é_. We can store this set in some special ‘memory’ of x5 in order
to compare it with £(z2) VQ,: if f(xg)%, Z €5 (20), then we report a clash. However, this
does not solve our problem yet. To see why, consider the extension of 7 with B C VQ~.C
(rather than B T VQ~.—A). As C does not belong to £(z¢), we would have to report a clash,
though an addition of C' to ¢(xg) would not lead to a contradiction. A solution we suggest
for such situations is to make sure that, for every concept D in {C | VQ~.C € con(K)} and
{VQ.C | VQ.C € con(K)}, either D € ¢(xg) or =D € £(x).

To formalise the idea above as tableau rules, we require some new notation. We allow
quasi-concepts of the form fg(x) = (t",t7,17), where t" = Q, t¥ = {(x) g and t— =
¢(x) N con(K) Zz_; we also denote the first component of this triple by (7,(z), the second by
Ezz (z), and the third by £ (x). The special memory associated with node z will be denoted
by m(z); we assume that originally it is empty. We require the following tableau rules,
which supersede the former (rl):

(rl) if (R C QP) € R, rule (r3) is not applicable, and VR.IP~ Lg(x) ¢ ¢(x), then set
Uzx) = l(x) U{VR.IP Ly(z)};
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(r2) if IP~.t € {(x), for t = (t",t",¢7), and x has no P~ -neighbour! y with t¥ C £(y) and
t € m(y), then we create a new P~ -successor y of z and set £(y) = t¥ and m(y) = {t};

(r3) if (RC QP) € R and there is D € {VQ.C | VQ.C € con(K)}U{C | VQ~.C € con(K)}
with {D,-D} N¥(z) = 0, then we set {(x) := £(z) U{E}, for some E € {D,~D};

(clash) if (¢",t",t7) € m(x) and K(:):)|\Zm(tr) ¢ t~, then report a clash.
Example 11 To illustrate, consider the KB K = (T, R,.A), where
A={a:4}, R={RCQP}, T={AC3RT, ACVYQ.B, BCYQ .C, C CVQ.D}.

We obtain the following complete and clash-free tableau for /C:

l(xg) = {A,3IR.T,VQ.B}, (by ©)
U(zo) == Ll(x0) U{VQ.D,C}, (by r3)
{(0) := L(xo) U {VRIAP™ Lg(w0) }, £(x0) = {B, D}, Lg(x0) = {C}, (by rl)
create x1 with xoRx1, {(z1) = {VQ.B,VQ.D,~C}, (by 3R, r3)
(1) = L(x1) U{VRIP™ Lg(x1), 3P Lg(x0) }, £ (1) = {B, D}, Lg(x1) =0,

(by r1, VR)
create wg with 1P~ xg, m(22) = {{g(x0)} and £(z2) = £§)(z0) = {B, D}, (by 12)
U(2) = £(x2) U {YQ~.C,¥Q.B,YQ.D, C,YRIP~ Lo(z2))}. (by C, 13, r1)

There is no clash because K(xg)]\zm(Q) C Eé(xg).

4.2 RIs with Role Unions on the Right-Hand Side

Our next example illustrates tableaux for RIs with unions on the right-hand side.

Example 12 Consider the KB £ = (T, R, A) with

A={a: A}, R={RCQUTY,
T={AC3R .C, AC3R .D, CCVQ.A, CCVQ.B, CCVT.—A,
DCVT.A, DCVT.B, DCVQ.-B}.
By applying the standard rules, we obtain the tableau shown in the picture below:

L(z1) = {C,VQ.A,VQ.B,YT.~A} {(x2) = {D,VT.A,NT.B,YQ.-B}

Zo
((z0) = {A,3R".C,3R".D}

1. Intuitively, a neighbour is a successor or a predecessor of a given node. A formal definition of this notion
will be given in Section B.
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Now, to satisfy R, we have to draw either a Q- or a T-arrow from x; to xg, and also from
T2 to xg. As before, we do not do this explicitly. To ensure that such arrows can always
be drawn, we add to each ¢(x;) a quasi-concept of the form VR.(E(:L@)% V U(x;)|%), where
as before £(z;)|% = {C | VP.C € £(z;)}. The meaning of this quasi-concept should be
self-evident. Thus, we extend the ¢(z;) to:

i=l(z0) U {VR.(0V 1)},
U(z1) = L(z1) U{VR.({4, B} v {-A}) },
:={(x2) U{VR.({~B} vV {4, B})}.

But then we have to add either A, B or —=A to ¢(z¢) in view of the quasi-concept in ¢(x1),
and also either =B or A, B in view of the quasi-concept in ¢(z2). The only clash-free way
of doing this is to extend ¢(zp) with A, B. Clearly, we can draw a Q-arrow from z; to xg
and a T-arrow from x5 to zp.

We can now formulate tableau rules for handling role unions in Rls, taking into account
quasi-concepts with triples considered above:

(r4) if (RC QUT) € Rand thereis D € {VP.C' | VP.C € con(K)}U{C | VP~.C € con(K)},
for P € {Q,T} with {D,-D} N {(x) = 0, then we set £(z) := ¢(x) U {E}, for some
E e {Da "D}a

(r5) if (RC QUT) € R, rule (r4) is not applicable, and VYR.({g(x) V b1 (z)) ¢ ¢(x), then
we set {(x) := L(z) U{VR.({g(x) V lr(z))};

(r6) if (t1 V t2) € (x), for t; = (t1,t7,t;), i = 1,2, and there is no j € {1,2} such that
tjv- C l(x) and t; € m(z), then take some j € {1,2} and set {(x) := {(x) U tjv- and
m(x) :=m(z) U {t;}.

4.3 RlIs with Role Chains on the Left-Hand Side

The technique illustrated in the examples above works perfectly well for RIs with a single
role in the left-hand side. To cope with more complex Rls, we follow Horrocks and Sattler
(2004) and Horrocks et al. (2006) and encode every R € role(K) in a regular RBox R
by means of a nondeterministic finite automaton (NFA) 2Ar = (Sy,, role(K), sg, da,, ar),
where Sy, is a finite set of states, role(K) is the input alphabet, sp € Sy, is the initial
state of Ag, o, : Su, X role(K) — 25k is the transition function and ap € Saiy, is the
accepting state. If there are no REs in R, then 2 accepts precisely those role chains that
belong to the language Lg(R); in other words L(2(g) = Lr(R).

In the tableau construction, whenever VR.C' € {(z), we extend ¢(x) with the quasi-
concept V2%.C, where s is the initial state of 2[r. Next, if VQL%.C € {(z), y is a T-neighbour
of z and ¢ € dy,(p, T), then we extend £(y) with VA%.C. Finally, if VA%.C € {(y), where a
is an accepting state of Ar, we extend ¢(y) with C. To define tableau rules more formally,
we first confine attention to a single RI of the form r = (R C QP).

We start by defining sets of quasi-concepts that are allowed for RBoxes containing 7.
Denote by gc the set of all quasi-concepts of the form VQ[%.C such that VR.C € con(K)
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and p is a state of [Ar. For a set ¥ C ge and a basic role T', we now set:

ST = {v%.C | vAE.C € ¥ and g € by, (p, T)}, (10)
gct(r) = {vah.C | VAL.C € gc and there exists g € ., (p, Q)} Uqel)-, (11)
ge(r) = {vA5,. 3P~ (", t",t7) | p a state of Ak, t" = Q, t C qc|}), t~ C qc|\Z?_ boo(12)
It will be convenient to think of the labels ¢(z) in tableaux as consisting of two disjoint

parts £(z) = ¢(z) U a(x), with ¢(z) containing standard concepts and a(x) quasi-concepts;
that is: ¢(z) C con(K) and

a(z) C qe U qe(r) U {3P"t | VL3Pt € ge(r)} U {-€ | € € qc*(r)}.

We now allow quasi-concepts of the form ag(z) = (Q, a(x) g, a(z)N qc%,); we denote the

first component of this triple by a,(z), the second by c%(x), and the third by ag(z).
Using the new notation, we rewrite (r1)—(r3) as follows:

(r1) if » € R and there exists € € gc*(r) with {€, =€} Na(z) = (), then we set a(x) :=
a(z) U {D}, for some D € {€,~C};

(r2) if VR.C € c¢(x) and VA%.C & a(x), where s is the initial state of 2Ag, then we set
a(z) == a(z) U {VA%.C};

(r3) if r € R, rule (r1) is not applicable for r and VA%.3P~.ag(x) & a(x), where s is the
initial state of Ag, then we set a(z) := a(x) U {VA%.3P.ag(z)};

(ra) if VA€ € a(x), g € du,(p,T), y is a T-neighbour of z and V2%,.€ & a(y), then we set
a(y) == a(y) U {VAR.C};

(r5) if VRI%.C € a(x), a an accepting state, and C ¢ ¢(x), then we set ¢(z) := ¢(x) U {C};

(r6) if VA%L.3P~.t € a(x), where a is an accepting state, and IP~.t ¢ a(x), then we set
a(z) := a(z) U {3P " .t};

(r7) if 3P~.t € a(z), for t = (¢",t",t7), and x has no P~-neighbour y with ¢t C a(y) and
t € m(y), then we create a new P~-successor y of  and set a(y) = t¥ and m(y) = {t}.

The clash rule remains the same as before, with a in place of £. Note that the rule (r7) can
be replaced with two rules such that one creates a new node y and sets a(y) = {t}, while
the other rule sets a(y) := a(y) Ut". In this case we do not need m(y). We illustrate the
new terminology and tableau rules by revisiting Example 11.

Example 11 (cont.) Consider again the KB K = (7, R, .A) with
A={a: A}, R={RCQP}, T={AC3RT, ACVQ.B, BCVYQ .C, C CVQ.D}.

In the tableau below, Ag and Ar are NFAs with L(0g) = {Q}, L(Ar) = {R}, each having
two states: initial s and accepting a.

¢(0) = {A,IR.T,¥Q.B}, a(wo) = {¥2A,.B}, (by C, 12)
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a(zg) := a(zo) U {VQISQ.D,VQ[%,.C}, c(zg) := ¢(xo) U {C}, (by r1, 1‘5)
a(zo) = a(zo) U {VA%.IP.ag(zo) }, where

a(z0) = {VY2AH.D, VA B}, ag(w0) = {V2AE,_.CY, (by 13)
create x1 with zoRx1, ¢(z1) =0, a(z1) = {v3).D, VA, B, VAL _.C, (by 3R, rl)

a(z1) := a(z1) U{VA5.3P.aq(z1)}, ag(z1) = (Q, {vA4.D,vAL. B}, {vA4_.C}), (by r3)
a(z1) := a(z1) U {VA%.3P.ag(zo), 3P .ag(zo) }, (by 4, 16)
create o with m(x2) = {ag(z0)}, 21P za, c(x2) =0, a(zg) = {vALH.D, VAL B}, (by r7)
¢(z2) :={B,D,VQ~.C}, a(zs) := a(z2) U {VA,_.C}, (by 15, C, 12)

a(xa) := a(wg) U {VAE.D, VAL B, VRGO, VAR TP (Q, {VAG. D, VA BY, D)},
(by r1, r3)

As a(:cg)wm(Q) = {VQ[%,.C } € ag(20), the resulting tableau is complete and clash-free.

4.4 Interaction of RIs with Role Chains on the Right-Hand Side
Example 13 Consider the KB £ = (7, R, A) with
A={a: A}, R={RCQP, QCQ11},
T={AC3RT, ACVQ.B, BCLVYQ .C, CCVYQ.D, C CVYQ,.B}.

Here we have two RIs of the form (C), with @ occurring on the right-hand side of R T QP
and in the left-hand side of @ C Q1 P;. We expect the tableau algorithm to construct a
model of K as shown in the picture below:

To_-*" R z1 P~ T~l2 Pr Tl 3
o= 2o =

A, VQ.B, C, ¥Q.D, VQ..B B, YQ~.C, D B

However, if we apply the available rules, we can only produce the following tableau:

V5. 3P ag (o), VAH.3P; .ag, (1) 3P~ .ag (o) V%D, VL. B
O >0
o R X1 P~ T2

where ag(zo) = (Q,{VE.D, V4. B}, {VE,_.C}) and ag, (z0) = (Q1,{VAY,.B},0). As
there is no explicit Q-arrow between zp and x2, we cannot apply (r4) to obtain the quasi-
concept VRA¢).3P; .aq, (zo), and so, by (r6), 3P .aq, (zo) in za, which would trigger the
construction of a P| -arrow from x2 to 3. To overcome this problem, we will use the quasi-
concept encoding the RI Q C @1 P; in the construction of the quasi-concept for R C QP.
More precisely, we add V¢,.3P; .ag, (zo) to acvg(xo), thus obtaining

ad(zo) = {VAH.D,VAL. B, VAL 3P| .ag, (z0)}-
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As V%3P .ag(xo) is in a(zg), we apply (r4) and obtain VA%.3P~.ag(zo), and so, by
(r6), also 3P~ .ag(xo) in a(z1). We then construct xzp with a(z) containing three quasi-
concepts VQL“Q.D, VQL“Q.B and VQ[“Q.EPl_ .ag, (zo), the last of which requires the existence of

a P| -successor z3.

In order to formalise the previous idea, we introduce a dependency relation <1. Given
RIs R; C Q1P and Ry C Q2P;, we write (R C Q1P1) < (R T Qo) if there are states
p,q of Ag, such that either ¢ € g, (p,Q2) or q € 0, (p,Q5). In particular, we have
(Q C Q1P) < (RC QP). As R is regular, it is not hard to see that the relation < is
acyclic. Indeed, it follows from the definition of <, Lemma 1, Definition 3 and 2Ag, that
mm(Q2) <r ™ (Q1) (since ™ (Q2) 2r r™m(Ry) and ™ (R1) <r ™(Q1)).

Now, by induction on < we define sets ge(r) for RIs r = (R C QP). For the <-minimal
r, qc(r) is defined by (12). Then, assuming that qe(r’) is defined for every r' <1 r with
r=(RC QP), we set

gc(r) = {VA5,.3P~ ¢ | p state in AR},

where ¢ = (t",1%,t7), t" = Q, t" C qel) UUop ae()[Gs 7 C aelly U Upgp ae(r)[G-
and, for ' = (R' C Q'P’) and X(r') C ge(r'),

2% = {vAL,.¢ | VAL, .¢ € X(r) and ¢ € daty (0, 1) }-
We also set

gc*(r) = {VA,..€ | there exists ¢ € o, (p, Q), VA€ € gc U U ge(r')} U

r'<r
{(val.¢ | g€ dy,(p,Q7), VAL.C € geU U ge(r')}.
r'<r

Returning to our example, we see that 1 <r, for r1 = (Q C Q1P1), r = (R C QP),
and so gec(ry) remains as it was before, while ge(r) is becoming larger and, in particular,
contains {V5,.3P~.(¢],t],t7) | p € {s,a}}, where
t] C {VU4.D, VAL B, VAL 3P, (Q1, {vAH, . B}, 0),vAH.IP.(Q1,0,0)}, 7 C {vA,_.CY.
For example, gc(r) contains the quasi-concept

VA% 3P.(Q, {VAY.D, VAL B, VUG AP .(Q1, {2, B}, 0)}, {VAL_.CY).

The construction of a tableau for K in Example 13, using the newly defined sets gc(r), is
routine and left to the reader.

The dependency relation < between RlIs in RBoxes will become more complex in the
presence of unions of roles.
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4.5 Role Equalities

Example 14 Consider the RBox R with two RAs: ST C R of type (B) and R = QP of
type (E). Clearly, R = QP can be replaced by the RIs R C QP and QP C R, but the
resulting RBox {ST C R, RC QP, QP C R} will not be regular. Let us observe now that
both RBoxes

R'={STCR, QPC R} and R"={STC R, RC QP}
are regular. Denote by 2z the NFA for R determined by R’, and by 2; the NFA for R

given by R” (see the picture below).

QlR Ql1

start —(s @ start —(s @

R R
Q P

Let us see now whether we can use any of these automata in the rules (r2) and (r3) on
page 823 for the role R. Consider the KB K = (7, R, .A), where R is as above and

A={a: A}, T={AC3RT, ACVYQ.B, ACVYQ.C, AC VR.D}.

First we try 2Ag. By applying the tableau rules we obtain the following;:

A,3R.T,YR.D,YQ.B,YQ.C,¥25,.D, Y3, . B, VA .C v%.D, D
O 1a®
Zo R X1

Now we have to apply (r3) to the RI R C QP and add the quasi-concept V%.3P~.ag(xo)
to a(xg), where ag(zo) = (Q, a(zo) va a(zg) N qc\\é,). Because of the Q-transition in g,
we must then have V2J,.3P~.ag(zo) € a(aco)%, which is impossible because a(x) Z? cannot
be an element of itself.

Alternatively, we can use 2y for R. This gives us

VYR.D,v2;. 3P .ag(wo), V5. D 3P~ .ag(xo), VA$.D, D vAS.C, YUY . B
e} > »O
Xo R T P~ X2

with ag(zo) = (Q, {V4g.C, V4. B}, 0), which defines a model of K when we add the missing
Q-arrow from x( to xs.

Now, we replace the CI A C JR.T in K with A C 3Q.3P.T and use 2; for R. In this
case, we obtain the following tableau:

VR.D,V2;.3P .ag(x0), VA;.D
O
Zo Q 1 P T2
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To produce a satisfying interpretation Z, we have to add an R-arrow from xq to x2. However,
this cannot be done ‘for free’ (as in Example 10) because 3 ¢ D. An alternative would
be to use A and R’ instead of R (because we do not have to apply (r3) to R C QP). We
then obtain the following tableau:

VR.D,V2A5.D VL%, D V%D, D
O > >0

o Q X1 P X2

The addition of an R-arrow from z( to x2 gives an interpretation Z such that Z = QP C R
and xo € DT.

To sum up: the rule (r2) requires the NFA 2g, while (r3) requires 2(;. So rule (r2) on
page 823 remains the same and we rewrite rule (rl) and (r3) to include role equalities as
follows:

(r1) if r € R, for r = (R C QP) or r = (R = QP), and there exists € € gc*(r) with
{€, =€} Na(z) =0, then we set a(z) := a(z) U {D}, for some D € {€, ~¢};

(r3) if r € R, forr = (RC QP) or r = (R = QP), rule (rl) is not applicable for r
and V. 3P~ .ag(x) & a(z), where s is the initial state of 4, then we set a(z) =
a(z) U{VA;.3P.ag(z)}.

Note that in the case r = (R T QP) NFA 2, is same as Ar and in the case r = (R = QP)
NFA 2 is different from 2z as described above.

5. Main Result and Discussion

The examples of the previous section provide the basic ingredients that can be added to
SROZQ tableaux of Horrocks et al. (2006) and Horrocks and Sattler (2007) in order to
obtain sound and complete tableaux for SRTOZQ. We present all the technical details
and definitions in Appendix A. A corresponding sound, complete and terminating tableau
algorithm is given in Appendix B. Thus, we obtain the following:

Theorem 15 Concept satisfiability with respect to SRTOZQ KBs is decidable.

It is to be noted that the decision algorithm in Appendix B is a (quite sophisticated)
extension of the standard tableau procedure for SROZQ; if the input RBox does not
contain RAs of the form (C)—(F) then our tableau algorithm behaves exactly as the SROZQ
procedure. To simplify presentation and avoid a number of technical details, we decided
not to optimise our tableau algorithm in this paper. In fact, there is plenty of room for
optimisations; for example, one can work on a more careful choice of quasi-concepts as well
as utilise the approach of Motik, Shearer, and Horrocks (2009).

The exact complexity of concept satisfiability with respect to SRTOZQ KBs is still
unknown. If the RBox contains one RA r; of the form (C)—(F), our algorithm will have
to construct the set ge(ry) of quasi-concepts, which contains subsets of the previously
constructed sets of quasi-concepts ge(rg), and so may suffer an exponential blow-up. Fur-
thermore, the algorithm may suffer one more exponential blow-up every time we add an
extra RA of the form (C)—(F), and thereby extend the <-chains of RAs, because again the
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set of quasi-concepts may become exponentially larger. To investigate the complexity of
full SRTOZQ, it may be useful to consider first its various sub-languages. For example,
we conjecture that ALCZ-concept satisfiability with respect to regular RBoxes that only
contain axioms of type (C) and the roles rn(R;), i = 1,...,m, do not appear in left-hand
side of Rls, is PSPACE-complete. SZ-concept satisfiability with respect to RBoxes which
contain only one axiom of the form R T QP, where rn(R), ™ (Q), rn(P) are different role
names that are not transitive, is also PSPACE-complete.

The step from SROZQ to SRTOZQ is, to some extent, similar to the step from SHOZQ
to SROZQ: as SROLZQ extends SHOZQ with role inclusion axioms containing role chains
in the left-hand side, SRTOZQ extends SROZQ with role inclusion axioms containing role
chains or unions in the right-hand side. Attempts to extend various DLs with such role
inclusions have been made since 1985 (Brachman & Schmolze, 1985; Baader, 2003; Wessel,
2001, 2002); however, all of them resulted in undecidable formalisms. Similar problems
were investigated in modal logic, where it was shown that regular grammar logics are de-
cidable (Demri, 2001). Our regularity condition for RAs axioms generalises the restrictions
of Horrocks et al. (2006) and Kazakov (2010). (However, a closer inspection of how our
results are related to grammar modal logics is needed.) Simanéik (2012) showed that com-
plex Rls in SROZQ can be encoded using SHOZQ axioms. It would be of interest to find
out whether a similar reduction is possible in the case of SRTOZQ.

One of the aims of introducing complex role inclusion axioms in DLs is to model complex
structured objects. Suppose, for example, that we have to represent the cycle shown on the
left-hand side of the picture below:

In SROZQ, we can only use the RI axiom RjRoR3R4 E @, which produces the required
cycle only if there is a chain of the form RjRsR3R4. Using description graphs from the
work of Motik et al. (2009), we can express the existence of the cycle above as a whole. In
SRTOIQ, we can model this situation by the following regular RBox, where @ and Q-
are fresh role names:

R3 C Q2R , Q5 E Q RiRy, Ry EQ RiR2R3

(see the picture above). The RBox produces the required cycle if there is at least one R;,
for ¢ = 1,2,3,4, in a model. In this connection, it would be of interest to consider the
extension of SHOZQ with RI axioms of the form (A) and (C).
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Appendix A. SRTOZQ Tableaux

As observed by Horrocks et al. (2006, Thm. 9), without loss of generality we can define
tableaux for SRTOZQ KBs with empty TBoxes and ABoxes. Let R be a regular RBox
and Cp a SRTOZQ concept. We assume that Rep g r = {r; | i = 1,...,l}, where, for
some ki, k, l1 such that 1 < k; <k <[l <I,

(RiCQiPj1...Pyy,), fori=1,... ki,
ri = (Ri=QiPn...Py,), fori=k+1,... )k,
ri = (Ri=TaU---UTyy,,), fori=k+1,...,10,
(RRCThU---UTyy,), fori=I0L+1,...,1

r, =

r, =

For every R € role(Cy, R), we construct, as a preprocessing step, an NFA 2 and special
NFAs ;, for i« = 1,...,1, as described below. Recall that L(2) denotes the language
recognised by 2. If p is a state in 2, then AP is the NFA obtained from 2 by making p the
(only) initial state of 2.

Define an RBox

R =RapU{QiPa... P, TR |i=k +1,...,k}U
{Tingi|i:k+1,...,l1,jZl,...,mi},

which only contains axioms of types (A) and (B). Since R is regular and in view of conditions
(c1), (c4) and (c6) in Definition 3, the RBox R’ is stratified. By Theorem 2, we use R’ to
construct, for any R € role(Cy, R), an NFA Ap = (Sy,, role(Co, R), sgr, 0y, ar) such that
L(Ar) = Lr/(R).
We also define RBoxes
RZ:R/\{QZPﬂP”mERZ}, i:kl—l-l,...,k,
R=R\{T,; CRi|j=1,...,m}, i=k+1,...,1,
and construct NFAs 2(; such that L(2;) = Lri(R;), i =ki+1,...,0;. Fori=1,... k and
t=10+1,...,1, we simply set 2; = Ap,.

Now, we are going to define formally the set gc(Cp, R). The elements of ge(Cp, R) are
called quasi-concepts (for Cp w.r.t. R); we use them to define labels for tableau nodes. In
the definition of gc(Cp, R), we require a dependency relation < on Re p. g F-

For each role name Q € {rn(Q;), ™m(Ti1), ..., ™ (Tim,;) | 1 <i <1}, let AutIn(Q) be the

set of those ¢ € {1,...,1} for which there are states p and ¢ of 2; such that g € dy, (p, Q) or
q € dy,(p, Q7). We define < on R p,g,r by taking r; < r; if

— 1< j<kandie Autin(rn(Q;)), or

— k< j <landthereis h € {1,...,m;} such that i € Autin(rn(T,)).
The following lemma shows that the transitive closure of < is acyclic:
Lemma 16 (i) If r; <r; then r; Q7; does not hold.

(i) If riy Q7iy and ri, <A 7iy, then 7, <74, does not hold.
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Proof. Observe first that if i € AutIn(Q) then there is a Q- or @~ -transition of 2;, and so
we have (Q) <L rn(R) If i <k then rn(R) <% m(Q;), and so rn(Q) <% rn(Q;). If
i > k then rn(R; ) <% mn(Tys), and so n(Q) <% rn(Ti), for all h € {1,...,m;}.

(i) Let r; < 7;. Four cases are possible.

Case 1: i,j < k. Then i € AutIn(rn(Q;)), and so mn(Q;) <% rn(Q;). Similarly, if we
had r; < r;, then mm(Q;) <%€ rn(Q;), which is impossible.

Case 2: j < k and i > k. Then i € AutIn(rn(Q;)), and so rn(Q;) <% mm(Ti), for all
he{l,...,m;}. If 7; < r; then there is Tjp,, 1 < hg < my, such that j € Aut[n(rn(ﬂho)).
Hence, rn(Tjn,) <% rm(Q;), which is a contradiction.

Case 3: i <k and j > k. This is a mirror image of case 2.

Case 4: i,j > k. Then there is T, 1 < hg < mj, such that i € AutIn(rn(T}jp,)), and so

rn(Tiny) <% ™ (Tie), for all e € {1 ,m;}. Similarly, if we had r; < 7;, then there is Tj,,
1 < e < my, such that mn(Tie,) <k rn(Tjh), for all h € {1,...,m;}, which is impossible.
The proof of (ii) is similar and left to the reader. Q

We will require the following notation. Let
gc = {VA,,.C | VR.C € con(Cy) and p a state of Ar}.
For a set 3 C gc and a basic role P, we set
Y% = {vA%L.C | VAL,.C € ¥ and q € dy, (p, P)}.

Sometimes it will be convenient for us to write ge(rg) in place of ge and assume that ro<ir;,
for all ¢, 1 <1 <. Now, assuming that gc(r;) is defined for every r; < r; where 0 < j <1
and 1 <14 <1, we define ge(r;) to be the set of all VA?.€ such that

— ¢ is a state of 2;;

—fori <k, &=3p, .---3P.(t t8,t) and th = Qi

~fori >k, €=\ (th,t), ¢, ) and ¢} = Tip;

=t © Unar, ae(ry)l

= th S Uy ar, 36 [nep)-
For X(r;) C gc(r;) and a basic role P, let

Y(r)[$ = {VALE | VAIP.€ € B(r;) and g € 5y, (p, P)}.

Finally, we set

c(Co, R U qe(ri),

and, for ¥ C qc(Cp, R) and a basic role P,

l
Sp=JEnge(r))F and D ={vALC| VAP.€ € ¥ and q € du(p, )},
j=0
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where ¢ is the empty role chain. For X C qe(Cy,R) and 1 < ¢ <, let

= 3p,,, ---3F;. T')tvat_ ) T:Q‘; lf’lSka
E(r;, %) :{ pma zl_( 0 ro 0)s to b I (13)
et (G ths )5 th = Tins if i >k,
where tz = E!Yza t, =XN QC(C’O,R)WM(%), 0 < h < my. Clearly, VAS.(E(r;, X)) € ge(r;).

Intuitively, if ¥ is the label of a node u, that is, ¥ = a(u), then Z(r;, ) is the quasi-concept
encoding the RA 7; in the node u.

Example 17 Let R = {r1,r2}, where r; = (R1 C Q1 PiP) and ro = (R T Ty UTh).
The NFAs for the roles in R have two states: initial s and accepting a. Suppose

Y= {Vlel.Cl, VQlan_.Cg, VQ[STI.C';J,, VQ[STQ.C4,V915T2.C5, VQ[“TI_.C’G}.
Then

E(ry,X) = Ele_EIPl_.(Ql, {Vﬂla L .Cl}, {VQ[“ - .CQ}),
E(’I’Q, Z) = (Tl, {\V/Q[%l .Cg}, {VQ{al_.CG}) vV (TQ, {VQ[%Q.C4,V91%2.C5}, @)

Remark 18 If P is a symmetric role (i.e., (P~ C P) € R), then each occurrence of P and
inv(P) is treated as rn(P). For example, {VP.D,YP~.C}|,_ = {D,C}.

We are now in a position to define SRTOZQ tableaux. Note that the most essential
difference compared with the tableaux for SROZQ (Horrocks et al., 2006) are the rules

(p19), (p21) and (p22).
A tableau for Cy w.r.t. R is a structure of the form T" = (S, ¢, a, £), where S is non-empty

set, ¢: § — 2¢0(C0) q. § — 29¢(CoR) ¢, role(Co, R) — 25%5 such that the following
conditions hold:

(p1) Cy € c(up) for some ug € S,

(p2) if C € ¢(u) then ~C ¢ c(u), where C is either a concept name or IR.Self,
(P3) T € c(u) and L ¢ c(u) for any u,

(p4) if IR.Self € ¢(u) then (u,u) € E(R),

(p5) if -3R.Self € c(u) then (u,u) & E(R),

(p6) if (C1 M Cy) € ¢(u) then Cy € ¢(u) and Cy € c(u),

(p7) if (C1 U Cy) € ¢(u) then Cy € ¢(u) or Cy € ¢(u),

(p8) if AR.C € ¢(u) then there is some v € S with (u,v) € E(R) and C € ¢(v),
(P9) (u,v) € E(R) iff (v,u) € E(inv(R)),

(p10) if (< nS.C) € c(u) then #{v € 8 | (u,v) € £(S) and C € ¢(v)} < n,
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(p11) if (> nS.C) € ¢(u) then {v € S| (u,v) € £(S) and C € ¢(v)} > n,
(p12) if (< nS.C) € ¢(u) and (u,v) € £(5), then C € ¢(v) or =C € ¢(v),
(p13) if o € c(u) N¢(v), for some o € nom(Cy), then v = u,

(p14) for each o € nom(Cy), there is some v, € S with o € ¢(v,),

(p15) if Dis(R,S) € R then E(R)NE(S) = 0,

(p16) if (u,v) € E(R) and R C* S, then (u,v) € £(5),?

(p17) if VR.C € ¢(u) then VA%.C € a(u), where s is the initial state of Ag,
(p18) if ¥A%.C € a(u), where a is an accepting state, then C' € ¢(u),

(p19) V.€ € a(u), where s is the initial state of ; and € = Z(r;, a(u)), for all u € S
and 1 <1 <,

(p20) if (u,v) € E(R) then a(u)[} C a(v),

(p21) if V%.¢ € a(u), where i < k, € = Jinv(Pip,). -+~ Jinv(Py).(t",t7,¢t7) and a is an
accepting state, then there are vg,v1,...,vn, = u such that (vj,vj_1) € E(inv(F;)),
for 1 < j < my, t¥ C a(vg) and a(vo)\?m(tr) ct,

(p22) if VA¢.C € a(u), where a is an accepting state, ¢ > k and € = \/hm:"l(tz,tz,t}:), then
there is j € {1,...,m;} such that tjv- C a(u) and a(u)|? Ct:

inv(t]) = 750

(p23) a(u)l! € a(u).

Let T = (S,c,a,&) be a tableau, R a basic role and u,v € S. If a(u)% C a(v) and
a(v)|ym(R) C a(u), then we write ar(R,u,v). If there is an R-arrow from u to v then
ar(R,u,v) holds; see Proposition 20 (i). On the other hand, the meaning of ar(R,u,v) is
that we can always insert an R-arrow (for a non-simple role R) from u to v without violating
any of the tableau conditions.

Lemma 19 A concept Cy is satisfiable w.r.t. a SRTOIQ RBox R if and only if there
erists a tableau for Cy w.r.t. R.

Proof. (<) Let T' = (S,¢,a,€) be a tableau for Cy w.r.t. R. Define an interpretation
T = (A%, 1) by taking AT = 8, CF = {u | C € c(u)}, for a concept name C € con(Cp).
For a role name R, we define £(R) (by induction on <%) and R” in the following way. For
a role name R, we define £(R) and R? by induction on <k in the following way. For <k-
minimal R, we set £(R) = £(R). We extend £(-) with E(inv(R)) = {(u,v)|(v,u) € E(R)}

2. Here C* is the transitive closure of C.
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and £(S1...8,) = E(S1) 0 ---0&(Sy,). Suppose now that £(S) is defined for all S <L R.
Then we set, where w; = Pj; ... Py, and E(w;) = E(Pip) o -+ 0 E(Pim,),

E(R) = E(R) U
U {(u,v) | ar(R,u,v) & Jo € L(2;) 3z ((u, 2) € E(0) A (v,2) € E(w;))} U
{il[R=Q:}
U {(u,v) | ar(R,u,v) & o € L(A;) 3z ((v,2) € E(0) A (u, 2) € E(w;))} U
{il R=inv(Qi)}
U {v) | ar(R u,0) & Fo € L(W) (u,0) € E(0)} U
{i|3j R=Ti;}
U {(u,v) | ar(R,u,v) & Jo € L(2A;) (v,u) € E(o0)},
{il3j R=inv(T;)}
Rt = {(uo,un) | Jug, .., Up1 ((ui,uiﬂ) S E(Sl+1) ANS1S59...8, € L(Q[R))}
We need £(R) to adjust £(R) by taking account of the omitted R-arrows for Rls of the form

(C)—(F) as we do not use these Rls in the construction of 2Ag. The picture below illustrates
such a situation for a role Q and two RIs QQ T Q and R C QP (£(Q) C £(Q) C Q7).

We have to show that Z is a model of Cy and R. To this end, we require the following:

Proposition 20 (i) If (u,v) € E(R) then ar(R,u,v).
(ii) If (u,v) € E(R) then ar(R,u,v).
(iii) If o € L(2A), (u,v) € E(0) and VA*.€ € a(u) then VA€ € a(v).
(iv) If (u,v) € RT and YA%.€ € a(u) then VA%.€ € a(v).

Proof. (i) Follows from (p20) and (p9). More precisely, if (u,v) € E(R) then, by (p9),
(v,u) € E(inv(R)). By (p20), (u,v) € E(R) implies a(u)|% C a(v), while (v,u) € E(inv(R))
implies a(v)\jnv(R) C a(u). Thus, we obtain ar(R, u,v).

(i) Follows from (i) and the definition of £(R).

(iii) Let o = S; ... Sy. Since (u,v) € £(0), we have u = ug, ..., u, = v with (u;_1,u;) €
£(S;), for i = 1,...,n. On other hand, since S ...S, € L(), there are s = pg,...,p, = a
such that p; € dy(pi—1,5:). We have VAP.€ € a(ug). If VAP'.C € a(u;), ¢ < n, then (ii) and
pitr1 € (Sgl(pi, Si—i—l), (ui,uiﬂ) € E(SZ—‘,-I) give VAPi+1 & € a(ui+1). So V*.¢ € Cl(U).

(iv) Follows from (iii) and the definition of RZ. Q

We show now that 7 is a model of R by considering all types of constraints.

Dis(S1,S2): Then the S; are simple roles, SZ-Z = &(S;), and so, by (p15), ST N ST = .
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Sy: The S; are simple roles and ST = £(S;). Thus, if (u,v) € ST then (u,v) € £(S1)
and, by (p16), (u,v) € £(S2); hence (u,v) € SZ.

.S, C R: We have Sy...S5, € L(2g). If (u,v) € (S1...5,)F then there are u =

ug, ..., u, = v such that (u;_1,u;) € (5;)%, for i = 1,...,n. By the definition of
(S;)%, there are u;—1 = u, ..., ul, = u; with (u’ uj_q, ]) € E(S") for 1 < j < n;, and

Y Iy

51S5... 8L € L(AUg,). Therefore, ST... S} S7...5" € L(Ag) and (u,v) € RE.

RRC R, RS;...S;,ERand Sy...5,RC R are considered analogously.

R~ C R: As mentioned earlier, each occurrence of R~ is treated as R. It follows that

R, C

R; C

R; =

R;

(u,v) € E(R) if and only if (v, u) € £(R), and (u,v) € £(R) if and only if (v,u) € E(R).
In addition, (u,v) € R” if and only if (v,u) € RZ. Indeed, let (u,v) € RT. Then, by
the definition of RZ, there exist u = ug, uy,...,u, = v with (u;,u;11) € £(S;;+1) and
S1Sy...5, € L(AR). Now we have (u;41,u;) € E(inv(S;4+1)) and, by the construction
of Ar, inv(S,)...inv(S1) € L(AR), and so (v,u) € RZ.

QiPi1 ... Pim,;: Let (u,v) € RE. Then, by (p19), we have V2($.€ € a(u), where s is the
initial state of ; and € = =Z(7;, a(u)) = Jinv(Pip,)- - Elmv( 1)(Qi,a(u )|VQi,a(u) N
qc(Co, R)|Y i (Q; )). By Proposition 20, VQ[?.Q € a(v), where a is an accepting state.
Now, by (p2l1), there are vg,vi,...,vm;, = v such that (vj,vj_1) € E(inv(F;)),
a(u)%i C a(vp) and a(vo)|Ym(Qi) a(u) N qc(C’o,R)|mU(Q) C a(u), that is, (vg,v) €
(Pi1 ... Pim,)* and ar(Q;, u,v). Hence, (u,v9) € QF and (u,v) € (QiPi1 ... Pim,)*.

T U+ UTy,: Let (u,v) € RE. Then, by (p19), we have V215.€ € a(u), where s is the
initial state of A; and € = Z(ry, a(u)) = V2, (Tin, a(u)%h, ( )N qc(C’o,R)|mv(Th))
By Proposition 20, V¢.€ € a(v), where a is an accepting state. Now, by (p22), there is
Jj € {1,...,m;} such that a(u)|\%ij C a(v) and a(v)\jm(Tij) a(u )ﬂqc(Co,R)\mv( ;) S
a(u), i.e., ar(Tij,u,v). Hence, (u,v) € T% and (u,v) € (Tip U --- U Ty, ).

QiPi1 ... Pim,;: Let (u,v) € RE. Then there exists a role chain ¢ € L(g,) such that
(u,v) € E(0). If o € L(2;) then (u,v) € (Q;Py1 ... Py, )*, and the proof is same as for
RiC QP ... Py, So suppose 0¢ ( i) is shortest possible. Since ¢ T}, R;, there
is a sequence ¢ Cpy 01 Epy -+ By 0n B Ry, where 7 € R/, for1<j<n+1,and
at least one 7; is not in R*. If 7’] §Z’ R, for j < n+1, then we can find a shorter g, and
$0 i1 = (QiPi1 ... Pim; T R;). Therefore, o = Q69’1 - Oy, 18 such that of Tk, Q;
and o, T, Pyj, for 1 < j < m;. Thus, (u,0) € (QiPi1 ... Pim,)7.

Let now (u,v) € (Q;P;1 ... Pim;)F. Then there exists vy such that (u,v9) € QF and
(vo,v) € (le oo P )t In the case (u,vp) € 5(@1)\5(621) then by construction of
£(Qi) we have (Jo € L(2;))(32) (u,2) € E(0). If v = z then we have (u,v) € RZ.
Otherwise the proof is same as for Q;F;1 ... Py, C R;.

=T U---UTy,,: Similar to the previous case.

To prove that 7 satisfies Cy, we show that

C € ¢(u) implies u € CT, for each u € S and each C € con(Cy). (14)
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Together with (p1), this will imply ug € (Cp)*. We prove (14) by induction on the con-
struction of concepts. If C is a concept name then (14) follows from the definition. For L
and T, it follows from (p3), and for Cy M Cy, C; U Cy, AR.C, > ¢S.C, and 3S.Self, from
(p6), (p7), (p8), (pll) and (p4). The case of ~C follows from (p2) and (p5) and case of
< ¢S.C follows from (p10) and (p12). Consider now the (only interesting) case C = VR.D.
Let VR.D € c¢(u) and (u,v) € RT. By (p17) we have V5.D € a(u), where s is the initial
state. Therefore, by Proposition 20, we have VA%.D € a(v) and a is an accepting state.
Now, by (p18), D € ¢(v); by IH, v € D*, and thus u € (YR.D)*.

For o € nom(Cy), by (p14), there is v, with o € ¢(v,), and so v, € of. If u € of then
7

o € ¢(u), and so, by (pl3), u = v,. Thus, o” is a singleton set.
(=) Suppose Z = (AZ, 1) is a model of Cy and R. We define T = (S, ¢,a,&) by taking
S=AL  E&R)=RL, c(u)={C e con(Cy)|uecCt}uU{T}

and define a(u) as follows. First, we define by induction on < auxiliary sets a(u,r), where
r is an RI of the from (C)—(F). Recalling that ro < r; for all ¢, 1 < i <1, we set

o (u, 7o) = {VA%.C | s is the initial state, VR.C' € con(Cy) and u € (VR.C)*} U
{va%.C € gc| for all $15;...S, € L(A%),u € (VS$1.¥Ss. -+ ¥S,,.C)*
and if ¢ € L(A%) then u € CT}.

Then, assuming that a’(u, ') is defined for every r’ <1 r;, we set
o (u, ;) = {VALE | Jv € AT Jw € (role(Co, R))* (w,q) € prefiz L(;),
(v,u) € (W), €=E(r;, | J o(v,7))},

' r;
where (w)t = S¥...SZ forw =5;...S,, and
prefir L(A;) = {(w, q) | q a state in A;, Vo' € L(AT) ww' € L(A;)}.

Note that {V25.€ | s the initial state, € = Z(r;,|J
Finally, we set

prar; @ (0, 7)) Cd (u, 7).

l
a(u) = Ua'(u,rj).
=0
We now prove that T is a tableau for Cy w.r.t. R. Properties (pl)-(pl6) follow im-
mediately from the definitions of ¢ and &£, while (p17)—(p19) follow from the definitions
of ¢(u) and a(u). For (p20), suppose (u,v) € E(R), VAP.€ € a(u) and ¢ € dy(p, R).
Then VAP.€ € d(u,r;), for some i. If ¢ > 0 then 2A = 2; and, by the definition of
o (u,7;), there are v/ € AT and w € (role(Cp,R))* with € = E(ris U, @/ (W 7)),
(w,p) € prefir L(A) and (v/,u) € (w)f. Let w' = wR. Then (w',q) € prefiz L(2A) and
(u',v) € (w')E, so VALE € d'(v,7;) C a(v).

Vs var.e vale.e
ONNNANNNANNNNNNNNNNNNNNNNNNNSH—————0
o w u R v
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For i = 0 (i.e., when € is a concept C' and VAP.C' € a/(u,7q)), suppose VAL.C ¢ o' (v, ).
By the definition of a’(v,7), this can be for two reasons (Horrocks et al., 2006):

~ There is Sy...S, € L(A9) and v ¢ (VSy.---VS,.C)L. However, this implies that
RS...S, € L(AP) and u ¢ (YR.YS,. - --V¥S,.C)%, contrary to VAP.C' € a’(u).

~ ¢ € LAY and v ¢ CT. But then R € L(AP) and u ¢ (VR.C)%, which is again a

contradiction.

Therefore, V49.C € d'(v,70), and so a(u)|% C a(v).

To show (p21) and (p22), suppose VA?.€ € a(u), where a is an accepting state. By the
definition of a(u), there are v € AT and w € (role(Cp, R))* such that (w,a) € prefiz L(2L;),
(v,u) € (w)? and € = Z(r;, Upr g, @ (v, 7)) = Z(r;, a(v)). Since a is an accepting state, we
have w € L(2;), and so (v,u) € (R;)7.

For (p21)—i.e., i < k—we have € = Jinv(Py,). - - - Jinv(Py).(t",t7,t7), where t" = Q;,

t7 = a(v) \(Z)p t~ =a(v)N qc(Co,R)]\Zm(Qi). We also have (v,u) € (QiP1 ... Pim,)%, and
there are vp, v1,...,0m, = u such that (v;_1,v;) € P% and (v,v0) € QF. Therefore, by
(p20), t7 C a(vo) and a(vo)|},,my St

For (p22)—i.e., i > k—we have € = ﬁﬂt};,tz,t;), where t) = Ty, tz = a(”)‘VTih’

t, = a(v) N qc(Co, R) \ZM(T'}L) for 1 < h < m;. We also have (v,u) € (Tg U--- U Ty, )%,
and tvhere is 7 € {1,...,m;} such that (v,u) € Tg Therefore, by (p20), tjv. C a(u) and
a(u)‘mv(t;) c t;'

(p23) is considered in the same way as (p20). Q

Appendix B. The Tableau Algorithm

The tableau algorithm, for SRTOZQ concepts Cy and RBoxes R, works on completion
graphs similarly to the algorithms given by Horrocks et al. (2006) and Horrocks and Sattler
(2007). To present it, we require some additional notation. We assume that the given R is
same as in Appendix A with Reppr ={r;|i=1,...,l}. For 1 <i <[ and a basic role
P, where P = Q; for i <k, and P € {T;1,...,Tim,} for i > k, let

qgc*(ri, P) = {VAP.C€ | there exists q € dy(p, P), VAP.€ € U gc(rj)}

;<7

U{YALE | g € du(p, inv(P)), VAP.€ € | ] ge(r))}.

7r;<T;

We now set gc*(r;) = gc*(r;, Q;), for i < k, and gc*(r;) = U2, gqc*(ri, Tyj), for i > k.
The set gc*(r;) of quasi-concepts is to be guessed by the algorithm. Let g¢(Cp, R) be the
minimal set such that:

— qe(Co, R) U {-vaP.¢ | var.¢ e |._, ge*(r:)} € ge(Co,R),
— if VUP.€ € g€(Co, R) then € € ge(Co, R),
— if IP.¢ € g&(Cy, R) then € € ge(Co, R),
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— if (\/;nzl Q:j) € @(Cg,R) then {Q:l, RN Q:m} - @(C{),R)

Unlike ge(Ch, R), the set ge(Cp, R) contains sub-quasi-concepts. (Quasi-concepts of the
form —VAP.¢ will only be used to make sure that V2P.€ does not belong to a label.)

Given an SRTOZQ concept Cy and an RBox R, a completion graph for Cy and R is a
structure of the form G = (Vi, Vs, Eq, Ey, ¢, a,[,2), where

— V1NV, = 0; the elements of V7 are called root nodes, and the elements of V5 are called
internal (or non-root) nodes;

— (V, Ey) is a directed forest with nodes V' = V3 U V5 and arcs E;p (its roots have no
incoming arcs);

— E, is a set of arcs between nodes and root nodes, as well as arcs of the form (z,x),
for x € Vo

— for each (z,y) € E, where E = E; U Fs, we have [(z,y) C role(Cy, R); if R’ € [(z,y)
and R’ C* R, then y is called an R-successor of x; y is called an R-neighbour of x if y
is an R-successor of z or x is an inv(R)-successor of y; also, z is called an e-neighbour
of = (cf. Horrocks et al., 2006);

— for each x € V, ¢(z) C con(Cp) U{< mS.C |< nS.C € con(Cy), and m < n} and
a(x) - W(C(],R),

— 2 is a symmetric binary relation on V;
— for each o € nom(Cy), there is x € V; such that o € ¢(z).

Following Horrocks et al. (2006) and Horrocks and Sattler (2007), we distinguish between
two sets of nodes: those in V; can be arbitrarily interconnected (they are called root nodes),
while those in V5 form a tree structure (they are called internal nodes). Intuitively, a
completion graph is a collection of trees whose root nodes can be arbitrarily connected and
there may also be arcs from internal nodes to root nodes (see Fig. 2 on page 841). We also
distinguish between two sets of arcs: those in F; connect nodes in the same tree, while
those in F9 are the remaining arcs in the graph.

To illustrate the difference between R-successors and neighbours, suppose (R' C R) € R

T oy = (R} ¥

and [(z,y) = {R'}, as in the picture above. Then y is both an R’- and R-successor of z,
but z is neither an inv(R’')- nor an inv(R)-successor of y; y is both an R'- and R-neighbour
of z, and z is an inv(R’)- and inv(R)-neighbour of y.

To ensure that the tableau algorithm eventually comes to a stop, we use a blocking
technique that is similar to the one of Horrocks et al. (2006). A node z € V5 is called
blocked if it is either directly or indirectly blocked. A node z € Vj is directly blocked if none
of its (not necessarily immediate) Ej-ancestors is blocked, and there are nodes 2/, y and
such that:

/s
— Yy 1s not a root,
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~ (2',x) € E1, (y,y) € E1 and y is an Ej-ancestor of 2/,
—¢(x) =c(y), c(z') = (), a(z) = a(y), a(z’) = a(y’) and [(2/, x) = (v, y).
In this case we say that y blocks .

OAMNNANNANNANHO————————ONNNNNNANNNANNNNNAAHO———O
root y Wy) Y o W' x) @

A node y is indirectly blocked if one of its Fj-ancestors is blocked.
For a simple role S, x € V and C € con(Cp), let

SG(z,C) ={y | y is an S-neighbour of z, C' € ¢(y) and
if x € V] then y is not indirectly blocked}.

We say that a completion graph G contains a clash if there is x € V such that at least one
of the following conditions holds:

- 1L ec(x),

— {A,-A} C ¢(x), for a concept name A,

— {vaP.¢, =vAP.¢} C a(x), for a quasi-concept YAP.¢ € J\_, gc*(ry),

— 1z is an S-neighbour of z and —3S5.Self € ¢(z),

— Dis(R,S) € R, while y is both an R- and an S-neighbour of z, for some y € V,
~ (£ nS.C) € ¢(z), while {yo,...,yn} C SC(x,C) with y; 2 y;, for 0 <i < j <n,

— for some o € nom(Cp), there is node y 2 x with o € ¢(x) Nc(y),

€= (t",t",t7) € a(z) and a(a:)|\zm(tr) Zt .

A completion graph that does not contain a clash is called clash-free.

To simplify the tableau rules, we require some terminology and notation originally used
by Horrocks et al. (2006) and Horrocks and Sattler (2007). An R-neighbour y of z is
said to be safe if either € V5 or x € V5 and y is not blocked. The result (and the
procedure) of pruning a node y in G = (V1,Va, Ey, Ea, ¢, a,[,2), denoted Prune(y), is the
graph obtained from G in the following way: we remove every (y, z) from E and, if z € V5,
Prune(z); we also remove y from V. The result (and the procedure) of merging nodes y
and x in G = (V1, Vo, Eq, Es, ¢, a,1,2), denoted Merge(y, x), is the graph obtained from G
as follows:

1. for all z such that (z,y) € E:

— if {(x,2),(2,2)} N E =0, then add (z,z) to E (to E; if x € Vs, otherwise to E»)
and set [(z,z) := (z,y),

— if (z,2) € E, then set [(z,2) :=(z,2) Ul(z,y),

— if (x,2) € E, then set [(z,2) := [(z,z) U {inv(R) | R € [(2,y)}, and
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— remove (z,y) from E;

2. for all root nodes z such that (y, z) € Es:
— if {(z,2), (z,2)} N E =0, then add (z, 2) to E2 and set [(z, 2) := [(y, 2),
— if (z,2) € E, then set [(z, z) := [(z, 2) U (y, 2),

if (z,z) € E, then set [(z,z) := [(z,2) U{inv(R) | R € [(y,2)}, and

— remove (y, z) from FEo;

3. set ¢(z) :=¢(x) Uc(y) and a(z) := a(x) Ua(y);
4. add = 2 z, for all z with y 2 z;
5. Prune(y).

Let G = (V4, Vi, E1, Ey, ¢, a,1,2) be a completion graph. The completion rules can extend
G in two ways: by adding a new leaf and by adding a new root. We say that a node = € V5,
with (y,x) € Ej, is of level i in the forest (V, Eq) if either i = 1 and y € Vi, or ¢ > 1 and
y € Vaisoflevel i —1in (V, Ey). A node x € V] is of level i in the graph (V1, EoN(Vy x V7))
if either i = 0 and there exists o € nom(Cp) such that o € ¢(x), or i > 0, z is not of level
<(i—1)in (Vi,EaN (V1 x V1)) and there is y € V; of level i — 1 in (V1, E2aN (V4 x V1)) with
(y,z) € Es.

The tableau rules will be applied according to the following strategy: the (o)-rule is of
highest priority; after that we apply the (=,)- and (<, )-rules, starting with root nodes of
lower levels; applications of all other rules follow.

Our tableau algorithm is non-deterministic. It takes a SRTOZQ concept Cy and an
RBox R as input and returns ‘yes’ or ‘no’ to indicate whether Cj is satisfiable w.r.t. R or not.
The algorithm starts by constructing the completion graph G = (V1, Vs, Ey, Ea, ¢, a, [, %),
where

~ Vi ={z, ] 0€ nom(Co)} U{zc,},
- Va=10,

- By =0, By =10,

¢(zo) = {0}, c(xc,) = {Co},

- a(zo) =0, a(zg,) =0,

~ =0,

— 2 is empty.

Then the algorithm non-deterministically applies one of the completion rules given in Ta-
bles 1 and 2; it keeps doing so till either the current completion graph contains a clash, in
which case the answer is ‘no’, or none of the rules is applicable, in which case the algorithm
returns ‘yes’.

To prove that this algorithm always comes to a stop and returns a correct answer, we
require the following lemma:
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Lemma 21 Let G = (V1, Vo, Eq, Es, ¢, a,[,2) be the structure constructed at some step of
the algorithm. Then, for every x € Vi, there exists exactly one y € V' such that (y,z) € Ej.

Proof. The proof is by induction on the number of steps. The basis of induction (V2 = ()
is trivial. So suppose that our claim holds for some step and consider what happens after
an application of a completion rule. By applying the rules (3), (r8) and (>) to a node =z,
we add one or more nodes to Vo, with x being the only predecessor of these nodes. Also,
we have to consider the rules (<), (o) and (=,), which merge nodes, because other rules
do not change V5 and F;. Merging nodes changes the graph by possibly adding new edges,
deleting some edges and pruning some nodes. Observe that if we prune a node y then our
claim still holds because we delete the successors of y which belong to V5. Deleting an edge
does not spoil the claim either. Thus, it is enough to examine the cases when a new edge
is added to E;. If Merge(y,x) and x € V; then all newly added edges belong to Es, and so
after applying Merge(y, x) the claim still holds. The only interesting case is when we apply
Merge(z,y) in the rule (<) with (< nS.C) € ¢(z), y,z € S (x,C) and y, z € V. Because
of y,z € Vo, the nodes y and z have only one parent node, although z is not an ancestor of
y; so the following fours cases are possible.

Case 1: (y,x) € E; and (x,2) € E;. Then no new edge is added to Ep, and the claim
holds.

Case 2: (z,y) € By and (x, z) € Ey. Again, we do not add a new edge to Ej.

Case 3: (y,z) € Eq and (z,2) € F;. In this case € V5 and = has two parent nodes y
and z, which is impossible by IH.

Case 4: (y,x) € E9 or (z,z) € Ey. This case is not possible either because x € V4,
(£ nS.C) € ¢(z), y (or z) is an S-neighbour of =, and so before applying (<) we have to
apply (<,) or (=) in view of their higher priority. Q

We can now show termination.
Lemma 22 The tableau algorithm always terminates.

Proof. The sets con(Cy), ge(Co, R), role(Cpy, R) we use in the labels of nodes and edges
are finite. Let lyp = fnom(Cy), l1 = feon(Cp), la = £qe(Co, R), I3 = #role(Cp, R) and
Nmax = max{n | (> nR.C) € con(Cy) or (< nR.C) € con(Cp)}. The completion graph
and the completion rules have following properties. Each node x is labelled with two sets
¢(z) C con(Cp) and a(z) C ge(Cp, R). The number of different pairs of such labels does not
exceed 2172, Each edge (x,%) is labelled with a set [(z,y) C role(Cp, R), so the number
of different labels of edges is at most 2/3. The number of different labels for a pair of nodes
connected by an arc is at most L = 203+2i+22 - Therefore, any path in the forest (V, Ey),
which starts from a root node and is of length > L + 2, contains a blocked node. Every
application of any rule is determined by some (quasi-) concept and node, with the same rule
applicable to the same (quasi-) concept and node only once. The completion rules never
remove labels from nodes in the graph, and the only rules that remove nodes are (<), (0)
and (=,). Only (3), (>), (<) and (r8) generate new nodes, and each such generation is
triggered by a (quasi-) concept of the form IR.C', > nR.C;, < nR.C or 3P.C in the label of
a node x. The number of the concepts is < Iy + lo. The rules (>) and (<,) can generate at
most nyax successors of a given node, for each concept of the form > nR.C or < nR.C. The
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other two rules generate only one successor for each concept. It follows that the number of
created outgoing arcs for a node does not exceed [1 - Nypqz + l2. If a node y is removed from
G by (<), (o) or (=), its label migrates to the node z. So the rules (3), (>), (<,) and
(r8), which generate y that is later merged by (<), (o) or (=,), will not be applied again to
the same node.

Now, we show that the number of nodes in the completion graph is limited. Together
with the observations above, this will mean that we can apply the completion rules finitely
many times, and so the algorithm will eventually come to a stop.

To this end, we require the following claim: if x € Vj is of level ¢ in (V1, Eo N (Vy x V7)),
y € Va is not indirectly blocked and (y,x) € Es, then y is of level < L +2 — ¢ in (V, Ey).
Indeed, for i = 0, y is of level < L 4 2 because y is not indirectly blocked and each node of
> L + 2 level is indirectly blocked. If x is of level ¢ > 0 then the only way to add an edge
(y,z) € Es is first to apply the rule (o), which will add an Fs-edge between some yy € Vo
and xg € V7, and then repeatedly apply (=,). The node z is of level 0 in (Vy, EoN (V1 x V7)),
while yg is of level < L 42 in (V, Ey). If we apply the rule (=,), then yo will be merged
with some successor x1 € Vj of xq created by an application of (<,.). The node x; is of level
<1, and we add the edge (y1,z1) € Ea, where y; is a parent of yp and of level < L 42 —1
in (V, Ey); see Fig. 2. By repeating the same argument, we see that the node y is of level
<L+2—iin (V,Ey).

-
N

N
N

N

ot—0
OOE
N (e}
N
N
N
o<A\/°0

N

s e

Figure 2: Before and after an application of (=,); the bold arcs are in Es and the nodes o
are in V7.

The claim proved above means that if a node z € V is of level L+2 in (Vi, EoN(Vy x V7)),
then there is no y € V4 with (y,x) € Es. Hence, the rule (<,) cannot be applied to a node
x of level L + 2, and so there is no root node of level L + 3.

The only rule that can add new nodes to Vj is (<,.). It can be applied at most /; times
to a given node and add at most lj - Ny, successors. At the beginning Vi\{z¢,} contains
lp nodes, so (<) can create at most Iy - 1 - nmax successors of these nodes. By applying
(<,) to them again, we obtain < lg - (I1 - 7max)? new nodes (of level < 2). It follows that

L+2

itV < 1+ Z lo- (I1 - Mmax)” = O(lo - (I1 - Tema) ¥ 2).
=0

The number of nodes in V3 is also limited. At the beginning V5 = (). For each node in V7,
the algorithm can create < I1 - Nynqee + 2 arcs that lead to nodes in V5. Thus, the number
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of nodes of level 1 in V5 does not exceed V7 - (11 * Nunaz + l2); the number of their successors
is at most #V1 - (I1 - Mmaz + l2)?%; and finally,

L+2
Vo < > Vi (I nmaw +12)" = OEVA - (I nas + 12) " ).
i=1
This completes the proof of the lemma. a

The next lemma shows that the answers returned by the algorithm are correct.

Lemma 23 The tableau algorithm returns ‘yes’ if and only if there exists a tableau for Cy
w.r.t. R.

Proof. (=) Suppose the algorithm returns ‘yes’ by generating a clash-free completion graph
G = (V1, Vo, Eq, Ea, ¢, a,[,2) to which no completion rule is applicable. Let V' = V; UV,
and E = F1 U Ey. We write 5(x) = x, if x € V5 or € V5 is not blocked; and B(z) = y, if
x € V5 and y blocks z.

Define a set paths(G) inductively by taking (cf. Horrocks et al., 2006):

— if 29 € Vi then (zg,z0) € paths(G); in this case we write Root(zg) = (xo, z0o),

— if m € paths(G), a node z € Vs is not indirectly blocked and (tail(7),z) € Fj, then
the sequence m, (8(z2), z) is in paths(G).

Here tail(r) = z, and tail'(7) = !, for 7 = (x0,2(),...,(Tn, ). The members 7 of
paths(G) will be called paths in G.

We now define a tableau T' = (S,¢,d/, &) by taking S = paths(G), ¢ (7) = ¢(tail(7)),
o () = a(tail(m)) N qe(Co, R), for m € paths(G), and

E(R) ={(Root(x), Root(y)) | y is an R-neighbour of z} U
{(u, Root(y)) | y is an R-neighbour of tail(u)} U
{(Root(z),u) | tail(u) is an R-neighbour of x} U
{(u,u) | tail(u) is an R-neighbour of tail(u)} U
{(u,v) € S x S| v=u,(B(y),y) and y is an R-neighbour of tail(u), or

u=wv,(B(y),y) and y is an inv(R)-neighbour of tail(v)}.

We prove that T is a tableau for Cy w.r.t. R. Indeed, (pl) and (pl4) follow from the
initial step of the tableau algorithm and the fact that the labels of the root nodes are never
removed; (p2) follows from the definition and the fact that the completion graph G is clash-
free; (p3) follows from the rules creating new nodes and that G is clash-free; (p9) and (p16)
follow from the definitions of £(R) and R-neighbour (and R-successor); (p6) and (p7) follow
from the fact that the rules (M) and (L) are not applicable; (p12) follows from the definitions
of £(R) and R-neighbour and the fact that the rule (guess) is not applicable; (p15) and (p5)
follow from the definitions of £(R) and R-neighbour and that the completion graph G is
clash-free; (p17) and (p18) follow from the fact that (rl) and (r3) are not applicable; (p19)
from the fact that (r5?) cannot be applied; and (p20) and (p23) follow from the definitions
of £(R) and the fact that (r2) and (r6) are not applicable. The remaining cases are less
straightforward. In some of them, we require the following:
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(self)

(guess)

if C1 M Cy € ¢(x), x is not indirectly blocked and {C1,Cs} € ¢(x), then
c(z) :=c(z) U{Cy,Ca}

if C1 U Cy € ¢(z), x is not indirectly blocked and {C4,Ca} N¢(x) = 0, then
¢(x) := ¢(z) U{D}, for some D € {Cy,Ca}

if 35.C € ¢(x), z is not blocked and has no safe S-neighbour y with C € ¢(y)
then create a new node y € Vo with I(z,y) := {S}, ¢c(y) :={C, T}, a(y) :=0

if 3S.Self € ¢(x), = is not blocked and z is not S-neighbour of
then add (z,z) to Ey, if it is not there yet, and set [(x, x) := l(x,2) U {S}

if (< nS.C) € ¢(x), z is not indirectly blocked and
there is an S-neighbour y of z such that {C,~C} N¢(y) = 0,
then set ¢(y) := ¢(y) U{D}, for some D € {C,-C'}

if (>nS.C) e c(:c), x is not blocked and there are no distinct and safe
Yy yn € SF(x,C), then create n new successors yi, . ..,y, € Vo of x; set

Wz, y) :=={S}, c(yi) ={C, T} aly;) =0, y; Zyj, for 1 <i<j<n

if (<nS.C) € ¢(z), = is not indirectly blocked, #S% (2, C') > n and there are
y,z € SG(z,C) for which y 2 2 does not hold
then (1) if z is a root node or an Fj-ancestor of y, then Merge(y, z),

(2) otherwise Merge(z,y)

if, for 0,0’ € nom(Cy), there is a node y # x, with o' € ¢(z,) N ¢(y)
and such that x, 2 y does not hold in the completion graph,
then Merge(y, z,)

if (< nS.C) € ¢(x), z € Vi, and there is an S-neighbour y of =
such that y € Vs, (y,x) € Ey, C € ¢(y) and y is not indirectly blocked;
and if there is no n’ < n with (< n/S.C) € ¢(z) and there are S-neighbours
21y 2y € Vi oof x with C € ¢(2;) and z; 2 zj, for 1 <4,5 <n/, i # j,
then (1) guess m, 1 < m <mn, and set ¢(z) := ¢(x) U {(< mS.C)},

(2) create m new nodes yi,...,ym € V1 with

(1) = 1S}, clyr) = {C. T}, alys) == 0 and y; 2 5, 1 <i < j < m

if (< mS.C) € ¢(x), x € V1, and there is an S-neighbour y € V; of « with
C € ¢(y), y is not indirectly blocked and there are S-neighbours

Z1,...,2m € V1 of  with C € ¢(z;) and z; 2 zj, for 1 <4,5 <m, i # j, and
there is jo, 1 < jo < m for which y 2 z;, does not hold,

then Merge(y, zj,)

Table 1: Completion rules for the SRT™OZQ tableau algorithm.
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if VR.C € ¢(x), « is not indirectly blocked and V2%.C ¢ a(x), s the initial state,
then a(x) := a(x) U {V%;.C}

if vValh,.C € a(x), q € 0, (p, T) (where T can be ), x is not indirectly blocked,

y is a T-neighbour of z and VA%.C & a(y),

then a(y) := a(y) U {vA%.C}

if vA%.C € a(x), a an accepting state, x is not indirectly blocked and C' ¢ ¢(x),
then ¢(z) := ¢(x) U{C}

if x is not indirectly blocked and there is € € gc*(r;) with {€, =€} Na(z) =0,

then a(x) := a(x) U {D}, for some D € {€, -}

if  is not indirectly blocked, (r4?) is not applicable, V2I¢.€ ¢ a(x),

¢ = Z(r;,a(x)), for the initial state s, then a(x) := a(x) U {VA;.C}

if VAP.€ € a(x), x is not indirectly blocked, g € dy(p,T) (where T can be ),
y is a T-neighbour of z and VU.€ & a(y),
then a(y) := a(y) U {VL.C}

if V*.€ € a(x), a an accepting state, x is not indirectly blocked and € ¢ a(x),

then a(z) := a(z) U {C}

if 3P.¢ € a(z), = is not blocked and x has no safe P-neighbour y with € € a(y),
then create a new node y € V5 and set [(x,y) := {P}, c(y) :={T}, a(y) :={€}

if € €a(z), €=V}, &, x is not indirectly blocked, {€y,..., &y} Na(z) =0,
then a(z) := a(z) U {D}, for some D € {&€;,...,C,}

if ¢ € a(x), for € = (#",t",¢7), x is not indirectly blocked and " Z a(z),
then set a(z) := a(x) Ut’

Table 2: Completion rules for the SRTOZQ tableau algorithm (cont.)
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Proposition 24 Suppose u € paths(G), x = tail(u) and x has a safe R-neighbour y € V.
Then there is v € paths(G) with (u,v) € E(R), ¢/ (v) = ¢(y) and o' (v) = a(y) N qe(Co, R).

Proof. As yis an R-neighbour of z, either (z,y) € E or (y,x) € E. Four cases are possible:

— If (z,y) € E1, we set v =u, (B(y),y).
— If (z,y) € E2, then y € V; and we set v = Root(y).

— If (y,x) € E; then y is the only predecessor of z. In the case tail'(u) = x, there
exists a path v such that tail(v) = y and u = v, (z,z); and in the case tail'(u) # z
(i.e., when z blocks tail'(u)), there exist a predecessor y' of tail'(u) (¢c(y') = ¢(y),
a(y’) = a(y) and 3 is an R-neighbour of tail’(u)) and a path v such that tail(v) = o/
and u = v, (z, tail (u)).

— If (y,x) € B then z € Vi, u= Root(x). We set v = Root(y) if y € V1. If y € V5 then
y is not blocked (since y is safe), and so there exists a path v such that tail(v) = y.

In all of these cases, v is as required. a

(p4) If 3S.Self € ¢'(u) then 3S.Self € ¢(tail(u)). Since (self) is not applicable, tail(u) is
an S-neighbour of tail(u), and so (u,u) € E(R).

(p8) If 3R.C' € ¢/(u) then FR.C € ¢(z), where x = tail(u). Since (3) is not applicable, x
has a safe R-neighbour y with C' € ¢(y). By Proposition 24, there exists v € paths(G) such
that (u,v) € £(R) and C € ¢/(v).

(p10) If < nS.C' € ¢'(u) then < nS.C € ¢(x), where x = tail(u). Since the completion
graph G is clash-free and (<) and (=,) are not applicable, 1S (x,C') < n. Suppose that
(u,v) € E(R) and C € ¢/(v). By the definition of £(R), the following cases are possible:

— u = Root(x), v = Root(y) and y is an R-neighbour of . We have y € S¢(z,C) and,
since y € Vi, there is no v’ € paths(G) different from v and such that y = tail(v') or
y = tail’ (v").

— x € Vo, v = Root(y) and y is an R-neighbour of z. This case is considered analogously.
— u = Root(z), y = tail(v) € Vo, v # u, (y, tail'(v)) and y is an R-neighbour of z. This

case is not possible since < nS.C € ¢(x), z € Vi, (y,x) € E2 and the rules (<,) and
(=,) are not applicable.

— v = u and z is an R-neighbour of . Then z € S%(z, C') and there is no v € paths(G)
different from u and such that (u,v’) € £(R) and = = tail(v') or x = tail’ (V).

— v =u,(B(y),y) and y is an R-neighbour of z. Then y € S%(z,C), y € V5 and z is
the only predecessor of y. So there is no v’ € paths(G) different from v and such that
(u,v') € E(R) and y = tail(v') or y = tail'(v').

- u = v,(x,y), = B(y) and y is an inv(R)-neighbour of tail(v). Then tail(v) €
SG(x,C), y € Vo and tail(v) is only one predecessor of y; so there is no v’ € paths(G)
different from v such that (u,v’) € £(R) and tail(v) = tail(v') or tail(v) = tail' (v').
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Therefore, #{v € S | (u,v) € £(S) and C € ¢(v)} < 5% (x,C) <n

(pll) If (> nS.C) € (u) then (> nS.C') € ¢(x), where = tail(u). Since (>) is not
applicable, x has safe S-neighbours yi,...,y, with C € ¢(y;) and y; 2 y;, for 1 < 4,5 <n
and j # i. By Proposition 24, there exists v; € paths(G) such that (u,v;) € £(S) and
C € d(v;), for 1 <i < n. In addition, there can be at most one y with (y,x) € E; and, by
the proof of Proposition 24, if (y;,x) € E; then tail(v;) = y; or tail'(v;) = y;. So, v; and v,
are distinct for i # j, since tail(v;) # tail(v;) or tail' (v;) # tail’ (v;) (in the case (y;, x) € E,
(z,y;) € Eq and y; block y;, i.e., tail(v;) = tail(v;) = y;, we have tail' (v;) # tail (v})).

(p13) If 0 € ¢/(u) N ¢/(v) then o € c(tail(u)), and so there is o' € nom(Cy) such that
zy = tail(u) and u = Root(xy). Similarly, there is o” € nom(Cy) with z,» = tail(v) and
v = Root(z,). Since the rule (o) is not applicable, z, = x,, and so u = v.

(p22) Let VRAS.€ € o'(u), where a is an accepting state and € = \/7"* (¢} .¢7 ¢;"). Then
VA¢.C € a(x), where z = tail(u). Since (r7) cannot be applied, € € a(x), and since (r9) is
not applicable, there is j such that €; = (¢7,¢7,¢7) € a(z). Now, as (r10) is not applicable,

ARG AR
we have tjv- C a(z); and since G is clash-free, a(z)|? C t¢;. Thus, tjv- C d(u) and

inv(t})
“’(u)%(t;) Ct;.

(p21) Let V2A%.¢ € o'(u), where € = Jinv(Py,). - - Jinv(Pya).(t",t,t7) and a is an
accepting state. Then V2A¢.¢€ € a(tail(u)). We prove by induction on j that there is v; such
that Jinv(P;;). - - - Jinv(P).(t",t",t7) € a(tail(vj)). For j = m;, set vy, = u. As (r7) is not
applicable to tail(vy,,), Jinv(Piy,). - - - Jinv(Pi).(t7,t7,t7) € a(tail(vm,)), which establishes
the induction basis. Assume now that our claim holds for j and prove it for j—1. As tail(v;)
is not blocked and (r8) is not applicable, there is a safe inv(P;;)-neighbour y;_1 of tail(v;)
such that Jinv(P;;j_1)).---Jinv(Py).(t",t",t7) € a(y;j_1). By Proposition 24, there is
vj_1 € paths(G) with (vj,v;_1) € E(inv(Py;)) and Jinv(Pyj_q)). - - - Jinv(Pi).(1",17,7) €
a(tail(vj_1)). For j = 0, we have (t",t",t7) € a(tail(vp)). Further, as (r10) cannot be

applied, we have ¢V C a(tail(vg)); and since G is clash-free, a(tail(vg))]\ifm(ﬂ) C t~. Thus,
t7 C a/(vo) and o' (v0) [}, ry S 17

(=) Take a tableau T = (S, ¢, d,€) for Cp w.r.t. R and extend it in the following way:

(el) If VAL.€ € d'(u), where € = Jinv(Pip, ). - - - Jinv(P;).(t",t",¢7) and a is an accepting

state, then, by (p21), there are vg,v1,. .., Um, = u such that (v;,vj—1) € E(inv(Py;)),

for 1 < j < my, t" C o (vg) and a’(vo)wm(m C ¢~. In this case, we extend a'(v;) by
taking o/ (v;) :== o/ (v;) U {Jinv(Py;). - - - Jinv(Py).(¢7, 7, t7)}, for 0 < j < my.

(e2) If VAAS.C € o/ (u), where € = \/}", (7, ¢].t;), then, by (p22), there is j € {1,...,m;}

such that t? C d'(u) and o' (u )|V g t;. In this case, we extend a'(u) by taking

inv(t})
o (u) := o' (u) U{C, ¢;}.
(e3) If there exists € € Ué:o gc*(r;) such that € & a'(u), then a(u) := o' (u) U {—=€}.

(ed) If (€ nS.C) € (u) and ST(u,C) = {v e S| (u,v) € E(S), C € c(v)} = {v1,...,vm}
then, in view of (pl0), we have m < n. In this case, we extend ¢'(u) by taking

¢ (u) := ¢ (u) U{< mS.C}.

We now apply the completion rules using the extended tableau T so that in the end the
algorithm obtains a clash-free completion graph G = (Vi, Vo, Eq, Ea, ¢, a,[,%) and returns
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‘yes’. For this purpose, we define a map u: V — S and steer the applications of the non-
deterministic completion rules in such a way that ¢(xz) C /(u(z)) and a(x) C o' (u(z)), for
all nodes = € V' (cf. Horrocks, Kutz, & Sattler, 2005; Horrocks et al., 2006). Furthermore,
we require that, for each pair of nodes x, y and each role R, if y is an R-successor of x, then
((z), u(y)) € E(R), and x 2 y implies u(x) # p(y). This will ensure that G is clash-free,
since tableau T is clash-free.

We define p by induction as follows. To begin with, by (pl4), for each o € nom(Cy),
there is some v, with o € ¢(v,), and by (pl), there is some uy with Cy € ¢/(ug). The
algorithm starts by constructing nodes z,, for each o € nom(Cy), and x¢, with ¢(z,) = {0}
and c(zc,) = {Co}. We set pu(z,) = vo and pu(xc,) = up.

Observe that ¢(z,) C ¢/ (u(z,)) and c(z¢,) C ¢ (u(zcy,)); also a(z,) = 0 C o (u(x,)) and
a(ze,) =0 C d'(u(xe,)). We now consider applications of the completion rules.

If (M) can be applied to x € V with C; M Cy € ¢(x), then C1 M Cy € ¢/(u(z)), and so, by
(p6), C1,Cy € /(u(x)). When we apply (M), C1,Cs are added to c(z), so we again
have ¢(x) C ¢(u(z)).

If (L) can be applied to x € V with C; U Cy € ¢(x), then C; U Cy € (u(z)), and so,
by (p7), {C1,Co} N (u(x)) # 0. We apply (L) so that ¢(x) := ¢(z) U {D} for some
D € {C1,Cy} N (u(x)), and again ¢(z) C ¢ (u(z)).

If (3) can be applied to x € V with 35.C" € ¢(z), then 35.C' € /(u(x)), and so, by (p8),
there is a v with (u(x),v) € £(S) and C € ¢(v). By (p3), T € (v) and, by (p16)
for S C* §’, we have (u(z),v) € £(S’). We apply (3) so that a new node y is created
with I(z,y) := {S}, c(y) :={C, T}, a(y) := 0 and u(y) = v. But then ¢(y) C /(u(y)),
a(y) € o'(u(y)) and (u(z), u(y)) € E(S).

If (self) can be applied to z € V with 3S.Self € ¢(x), then 3S.Self € /(u(z)), and so,
by (p4), (u(x), p(x)) € E(S). By (p16) for § C* &, we have (u(x), u(x)) € £(S).
We apply (self) by adding the arc (z,x), if it is not there yet, and setting [(z, x) :=
[(z,2) U{S}. Then we obtain (u(z),u(x)) € £(S").

If (guess) can be applied to x € V' with (< nS.C) € ¢(z) and an S-neighbour y of z, then
(< nS.0) € d(u(x)), (u(x),uly)) € E(S), and so, by (p12), {C,-C} N (u(y)) # 0.
We apply (guess) so that ¢(y) := ¢(y) U {D}, for some D € {C,~C} N ¢ (u(y). Hence

c(y) C (u(y)).

If (>) can be applied to 2 € V with (> nS.C) € ¢(x), then (> nS.C) € ¢/(u(x)). By (pll),
there are vy,...,v, € ST (u(x),C), where ST(u,C) = {v € S| (u,v) € £(S), C €
¢(v)}. We apply (>) by creating n new successors yi, . . ., Y, of z and setting [(x, y;) :=
{St ews) ={C, T} a(y;) =0, y; Zy; and p(y;) = v, for 1 < i, <n, j # i. Then,
for S C* S', we have (u(z), u(yi)) € £(S') and also ¢(y;) C ¢/(u(yi)), for 1 <i < n.

If (<) can be applied to z € V with (< nS.C) € ¢(x) and {y1,...,ynt1} € SE(z,C), then

(< nS.C) € ¢(u(x)) and {u(y1), ..., m(ynt1)} S ST (u(x),C). By (pl0), we have
ST (u(z),C) < n, so there are ji, j2 such that u(y;,) = p(y;,) = v. Instead of y;,,
Yj,, we will write y, z; more precisely if y;, is a root or an Fj-ancestor of y;, then
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we set z = y;, and y = y;,, otherwise we set z = y;, and y = y;,. We apply (<) by
performing Merge(y, z). Since u(z) = v, the required conditions on p hold.

For (=), the proof is similar to the previous case.

If (0) can be applied to y € V with o € ¢(z,) N¢(y), for some 0,0 € nom(Cph), then
o € d(u(zo)) N (u(y)). By (pl3), we have u(z,) = p(y), and therefore ¢(z,) Uc(y) C
¢ (1(,)) U (uly)) = ¢ (pu(xo)). Similarly, a(z,) Ua(y) € a'(u(z,)). We apply (o) by
performing Merge(y, x,), so the required conditions for u hold again.

If (<;) can be applied to x € Vi and an S-neighbour y of = with (< nS.C) € ¢(x),
y € Vi, (y,z) € Ey and C € ¢(y), then (< nS.C) € (u(x)), (u(z), u(y)) € £(S) and
C e d(u(y)). By (p10), we have #ST (u(x),C) < n, so ST (u(x),C) = {v1,...,vm},
m < n. We apply (<) so that ¢(z) := ¢(z) U {(< mS.C)}, create m new nodes
Yi,- - Ym € Vi with (@, y;) := {S}, ¢(vi) == {C, T}, a(yi) =0, y; % y; and p(yi) = v;
forall 1 <i <m,1 < j < i Then, for S C* S we have (u(x),u(y;)) € E(S'),
c(yi) C (u(yi)), for 1 <i < m, and also, by (e4), c(z) C ¢'(u(x)).

If (r1) can be applied to z € V with VR.C € ¢(z), then VR.C' € ¢/(u(x)), and so, by
(p17), VA%.C € a/(pu(x)), where s is the initial state of Ar. We apply (rl) so that
a(z) = a(z) U {VA%.C}. Clearly, we have a(z) C a'(u(x)).

If (r2) can be applied to z € V with V5,.C € a(z), ¢ € du,(p, T), and y is a T-neighbour
of x, then VUL,.C' € o'(u(x)). If T # e then (u(z),u(y)) € E(T) and, by (p20),
v%.C € o (u(y)). If T = e then y = x and, by (p23), VA%.C' € ¢/(u(y)). In both
cases we apply (r2) so that a(y) := a(y) U{V%.C}, and again a(y) C o' (u(y)).

If (r3) can be applied to x € V with V%.C' € a(z), where @ is an accepting state, then
VA%.C € o (u(z)). By (p18), C € /(u(x)). We apply (r3) so that ¢(z) := ¢(z) U{C}.
Thus, <(z) C ¢/(u(x)).

If (r4") can be applied to x € V with € € gc*(r;), then, by (e3), {€, =€} N a'(u(x)) # 0.
We apply (r4?) so that a(z) := a(z) U {D}, for some ® € {€,~€} Na’(u(x)). Thus,
a(z) € o (u(x).

If (r5) can be applied to z € V, then V2I$.€ ¢ a(z), where s is the initial state of 2; and
¢ = E(r;,a(z)). By (pl9), VA5.¢" € o/ (u(x)), where ¢ = Z(r;,d'(u(x))). Suppose
¢ # ¢, Since a(z) C o' (u(x)), there exists €; € ge*(r;) such that € € o’ (u(z)) and
¢; & a(x). As (14%) is not applicable, we have =€; € a(z), and so =€; € ' (u(x)),
which is a contradiction. Hence € = ¢’. We apply (r5%) so that a(z) := a(z)U{V;.C}.
Thus, a(z) C o (u(z)).

If (r6) can be applied to x € V' with VAP.€ € a(z), ¢ € du,(p,T), and y is a T-neighbour
of x, then VAP.€ € o' (u(x)). If T # e then (u(x),u(y)) € E(T) and, by (p20),
V9.€ € a'(u(y)). If T = e then y = x and, by (p23), V2.€ € a’(u(y)). In either case,
we apply (r6) so that a(y) := a(y) U {V2.€}. Thus, a(y) C o’ (u(y)).

If (r7) can be applied to x € V with V*.€ € a(x), where a is an accepting state, then
V21%.€ € a'(u(x)). By (el) and (e2), € € o’ (u(z)). We apply (r7) in such a way that
a(z) := a(z) U{C€}. Thus, a(x) C o' (u(x)).
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If (r8) can be applied to z € V with IP.€ € a(z), then IP.€ € d/(u(x)), and so, by (el),
there is some v with (u(z),v) € E(P) and € € d'(v). By (pl6) for P C* S, we
have (u(z),v) € £(S"). We apply (r8) by creating a new node y with [(z,y) := {P},
c(y) == {T}, aly) == {€} and p(y) = v. Thus, ¢(y) € (u(y)), a(y) < a'(u(y)) and
(), u(y)) € E(S").

If (r9) can be applied to x € V with € € a(x), for € = /L, ;, then € € o'(p(z)). This
means that € is added to o/(u(z)) by (e2), and so, there is j such that €; € o’ (u(x)).
We apply (r9) so that a(z) := a(z) U{€;}. Thus, a(z) C o' (u(z)).

If (r10) can be applied to z € V with € € a(z), for € = (¢",¢7,¢7), then € € o' (u(z)). This
means that € is added to a/(u(x)) by (el) for u(x) = vy, or by (e2). In either case,
t¥ C o/(u(x)). We apply (r10) so that a(x) := a(z) Ut". Thus, a(z) C o (u(z)).

This completes the proof of the lemma. a

As an immediate consequence of Lemmas 19, 22 and 23, we obtain our main Theorem 15
according to which concept satisfiability w.r.t. SRTOZQ KBs is decidable. It is worth
noting that if the given RBox R does not contain RAs of the form (C)—(F) then our tableau
algorithm behaves in the same way as the algorithm for SROZQ (Horrocks et al., 2006).
However, if R contains one RA of the form (C)—(F) the algorithm will have to construct
the set ge(Cp, R) of quasi-concepts, which contains subsets of the previously constructed
sets of quasi-concepts gc(rp), and so may suffer an exponential blow-up. More precisely,
the new quasi-concepts in qc(Cp, R) are built from triples of the form (¢",¢7,¢7), where
t” C qe(ro)|f and t— C qc(ro)wm(ﬂ). Furthermore, the algorithm may suffer one more
exponential blow-up every time we add an extra RA of the form (C)—(F) and extend the
sequence T, < Ti,,Ti, < Tiy,..., T, , < T;, because again the set of quasi-concepts may
become exponentially larger.
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