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Abstract

We address the problem of computing approximate marginals in Gaussian probabilistic
models by using mean field and fractional Bethe approximations. We define the Gaus-
sian fractional Bethe free energy in terms of the moment parameters of the approximate
marginals, derive a lower and an upper bound on the fractional Bethe free energy and
establish a necessary condition for the lower bound to be bounded from below. It turns out
that the condition is identical to the pairwise normalizability condition, which is known to
be a sufficient condition for the convergence of the message passing algorithm. We show
that stable fixed points of the Gaussian message passing algorithm are local minima of
the Gaussian Bethe free energy. By a counterexample, we disprove the conjecture stating
that the unboundedness of the free energy implies the divergence of the message passing
algorithm.

1. Introduction

One of the major tasks of probabilistic inference is calculating marginal posterior prob-
abilities of a set of variables given some observations. In case of Gaussian models, the
computational complexity of computing marginals might scale cubically with the number of
variables, while for models with discrete variables it often leads to intractable computations.
Computations can be made faster or tractable by using approximate inference methods like
the mean field approximation (e.g., Jaakkola, 2000) and the Bethe-type approximation (e.g.,
Yedidia, Freeman, & Weiss, 2000). These methods were developed for discrete probabilistic
graphical models, but they are applicable to Gaussian models as well. However, there are
important differences in their behavior for the discrete and Gaussian cases. For example,
while in discrete models the error function of the Bethe approximation—called Bethe free
energy—is bounded from below (Heskes, 2004; Watanabe & Fukumizu, 2009), in Gaussian
models this might not always the case (Welling & Teh, 2001).

An understanding of properties of the Bethe free energy of Gaussian models might
also be help to understand the properties of the energy function in conditional Gaussian
models. Conditional Gaussian or hybrid graphical models, such as switching Kalman filters
(Zoeter & Heskes, 2005), combine both discrete and Gaussian variables. Approximate
inference in these models can be carried out by expectation propagation (e.g., Minka, 2004,
2005) which can be viewed as a generalization of the Bethe approximation, where the
marginal consistency constraints on the approximate marginals are replaced by expectation
constraints (Heskes, Opper, Wiegerinck, Winther, & Zoeter, 2005). In order to understand
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the properties of the Bethe free energy of hybrid models, a good understanding of the two
special cases of discrete and Gaussian models is needed. While the properties of the Bethe
free energy of discrete models have been studied extensively in the last decade and are well
understood (Yedidia et al., 2000; Heskes, 2003; Wainwright, Jaakkola, & Willsky, 2003;
Watanabe & Fukumizu, 2009), the properties of the Gaussian Bethe free energy have been
studied much less.

The message passing algorithm is a well established method for finding the stationary
points of the Bethe free energy (Yedidia et al., 2000; Heskes, 2003). It works by locally
updating the approximate marginals and has been successfully applied in both discrete (e.g.,
Murphy, Weiss, & Jordan, 1999; Wainwright et al., 2003) and Gaussian models (e.g., Weiss
& Freeman, 2001; Rusmevichientong & Roy, 2001; Malioutov, Johnson, & Willsky, 2006;
Johnson, Bickson, & Dolev, 2009; Nishiyama & Watanabe, 2009; Bickson, 2009). Gaussian
message passing is the simplest case of a free-energy based message passing algorithm on
models with continuous variables, therefore, it is important to understand its behavior.

Gaussian message passing has many practical applications like in distributed averaging
(Moallemi & Roy, 2006), peer-to-peer rating, linear detection, SVM regression (Bickson,
2009) and more generally in problems that involve solving large sparse linear systems or
approximating the marginal variances of large sparse Gaussian systems typically encoun-
tered in distributed computing settings. For further applications the reader is referred to
the work of Bickson (2009) and references therein.

Finding sufficient conditions for the convergence of message passing in Gaussian models
has been successfully addressed by many authors. Using the computation tree approach,
Weiss and Freeman (2001) proved that message passing converges whenever the precision
matrix—inverse covariance—of the probability distribution is diagonally dominant!'. With
the help of an analogy between message passing and walk—sum analysis, (Malioutov et al.,
2006) derived the stronger condition of pairwise normalizability?. A different approach was
taken by Welling and Teh (2001), who directly minimized the Bethe free energy with regard
to the parameters of approximate marginals, conjecturing that Gaussian message passing
converges if and only if the free energy is bounded from below. Their experiments showed
that message passing and direct minimization either converge to the same solution or both
fail to converge. We adopt a similar approach, that is, instead of analyzing the properties
of the Gaussian message passing algorithm using approaches like in Weiss and Freeman or
Malioutov et al., we choose to study the properties of the Gaussian Bethe free energy and
its stationary points. This will help us to draw conclusions about the existence of local
minima, the possible stable fixed points to which message passing can converge.

This paper is structured as follows. In Section 2 we introduce Gaussian Markov random
fields and the message passing algorithm. In Section 3 we define the Gaussian fractional
Bethe free energies parameterized by the moment parameters of the approximate marginals
and derive boundedness conditions for them. These two sections are based on the authors
earlier work (Cseke & Heskes, 2008). In Section 4 we analyze the stability properties of the
Gaussian message passing algorithm and, using a similar line of argument as Watanabe and

1. The matrix A is diagonally dominant if [As| > 3., [Ai;| for all .

2. Following the work of Malioutov et al. (2006), we call a Gaussian distribution pairwise normalizable if it
can be factorized into a product of normalizable “pair” factors, that is, p(z1,...,zn) = Hij W, (xs,x5)
such that all ¥;;s are normalizable.
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Fukumizu (2009), we show that its stable fixed points are indeed local minima of the Bethe
free energy. We conclude the paper with a few experiments in Sections 5 and 6 supporting
our results and their implications.

2. Approximating Marginals in Gaussian Models

The probability density of a Gaussian random vector & € R" is defined in terms of canonical
parameters h and @ as

p(x) o exp {h% - ;wTQ:c} , (1)

where @ is s positive definite matrix. The expectation m and the covariance V' of x is
then given by m = Q'h and V = Q™! respectively. In many real world applications the
matrix @ is sparse with and it typically has low density, that is, the number of non-zero
elements in @) scales with the number of variables n.

This probability density can also be defined in terms of an undirected probabilistic
graphical model commonly known as Gaussian Markov random field (GMRF). Since the
interactions between the variables in p are pairwise, we can associate the variables x; to the
nodesv € V = {1,...,n} of an undirected graph G = (V, E), where the edgese € E C VxV
of the graph stand for the non-zero off-diagonal elements of Q. We use ¢ ~ j as a proxy for
(i,7) € E. By using the notation introduced above, the density p in (1) can be written as
the product

p(@) oc [ ij(wi, ;) (2)
inj
of Gaussian functions U;;(z;, z;) (also called potentials) associated with the edges e = (3, j)
of the graph. If h and Q are given then we can define the potentials as

Uij(wi, ) = exp {vj;himi + v hjas — v} Quwl /2 — v1,Q4523 /2 — Qijwixj}

where Ziwjvfj = 1 and ijﬂijj = 1 are partitioning h and Q into the corresponding
factors. In practice, however, the factors W;; might be given by the problem at hand and
h and Q as well as ij and fyf] computed by summing their parameters and computing the
partitioning respectively. Without loss of generality, we can and we will use Q);; = 1, since
the results in the paper can be easily re-formulated for general Qs by a rescaling of the
variables (e.g., Malioutov et al., 2006).

The numerical calculation of all marginals, can be done by solving the linear system
m = Q 'h and performing a sparse Cholesky factorization LLT = Q followed by solv-
ing the Takahashi equations (Takahashi, Fagan, & Chin, 1973). An alternative option to
calculate the marginal means and to approximate marginal variances is to run the Gaus-
sian message passing algorithm in the probabilistic graphical model associated with the
representation in (2). The Gaussian message passing algorithm is the Gaussian variant
of message passing algorithm (Pearl, 1988), which is a dynamical programming algorithm
introduced to compute marginal densities in discrete probabilistic models with pairwise in-
teractions and tree-structured graphs G. However, it turned out that by running it in loops
on graphs with cycles, it yields good approximations of the marginal distributions (Murphy
et al., 1999). Weiss and Freeman (2001) showed that when the Gaussian message passing
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Figure 1: An illustration of the incoming and outgoing messages at adjacent nodes i and j.

algorithm is converging, it computes the exact mean parameters m, thus it can also be
used for solving linear systems (e.g., Bickson, 2009). Message passing works by updating
and passing directed messages along the edges of the graph GG, which, in case the algorithm
converges, are then used to compute (approximate) marginal probability distributions. The
Gaussian and the discrete algorithms have the same functional form with the exception of
the summation (discrete case) and integration operators (Gaussian case). Each message
iej(z;) is updated according to

(o) = [ oy wiitona) T] nyen (o). (3)

keoj\i

where 0i = {j : j ~ i} denotes the index set of variables connected to z; in G. At each step
the current approximations g;;(x;,; ) of p(z;, z;) can be computed according to

Gij (i wy) o< Wig(ai, ) [ micr (@) [ mien (). (4)

1€di\j kedj\i

The update steps in (9) have to be iterated until convergence. The corresponding g;;(x;, z;)s
yield the final approximation of the p(x;,x;)s. It is common to use damping, that is,
to replace pj(z;) by uikj(xi)l_eugf“;(aﬁi)e with ¢ € (0,1]. In practice, this helps to
dampen the possible periodic paths of (3), but it keeps the properties of the fixed points
unchanged. Figure 1 illustrates the incoming and outgoing messages at the nodes associated
with variables z; and z;. A quite significant difference between the discrete and Gaussian
the message passing is the replacement of the sum operator with the integral operator.
While finite sums always exist, the integral in (3) can become infinite. This problem can
be remedied technically by a canonical parameterization (see Section 4) which keeps the
algorithm running, but it can lead to non-normalizable approximate marginals ¢;;, and thus
a (possible) break-down of the algorithm.

Message passing was introduced by Pearl (1988) as a heuristic algorithm (in discrete
models), however, Yedidia et al. (2000) showed that it can also be viewed as an algorithm for
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finding the stationary points of the so-called Bethe free energy, an error function measuring
the difference between p and a specific family of distributions to be detailed in the next
section. It has been shown by Heskes (2003) and later in a different way by Watanabe and
Fukumizu (2009) that stable fixed points of the (loopy) message passing algorithm are local
minima of the corresponding Bethe free energy. In this paper we show that this holds for
Gaussian models as well.

Our interest in the properties of the Gaussian Bethe free energy and the correspond-
ing Gaussian message passing algorithm is motivated mainly by their implications in more
general models and inference algorithms like non-Gaussian models and expectation propa-
gation, respectively. For this reason, we will not compare the speed of the method and the
accuracy of the approximation with the above mentioned exact linear algebraic methods.

As mentioned in the introduction, the approach we take is similar to that of Welling and
Teh (2001), that is, we study the properties of the Gaussian Bethe free energy, parameterized
in terms of the moment parameters of the approximate marginals. In the following we
introduce the mean field and the Bethe approximation in Gaussian models. Readers familiar
with this subject can continue with Section 3.

2.1 The Gaussian Bethe Free Energy

A popular method to approximate marginals is approximating p with a distribution ¢ having
a form that makes marginals easy to identify, for example, it factorizes or it has a “tree-
like” form. The most common quantity to measure the difference between two probability
distributions is the Kullback-Leibler divergence D [¢|| p]. It is often used to characterize the
quality of the approximation and formulate the computation of approximate marginals as
the optimization problem

¢*(x) = argmin / da g() log [q(m)] . (5)

qEF p(x)

Here, F is the set of distributions with the above mentioned form. Since it is not symmetric,
the Kullback-Leibler divergence is not a distance, but D [¢ || p] > 0 for any proper ¢ and p,
D [q||p] = 0 if and only if p = ¢, and it is convex both in ¢ and p.

A family F of densities possessing a form that makes marginals easy to identify is the
family of distributions that factorize as g(x) = [ [, gx(x). In other words, in problem (5) we
approximate p with a distribution that has independent variables. An approximation ¢ of
this type is called mean field approximation (e.g., Jaakkola, 2000). Defining Fyp ({gr}) =
D [[1¢x || p] and writing out the right hand side of (5) in detail, one gets

Fur((a) = [de [[at ogp(@) + 3 [dowautan) losan(on).
k k

Using the parameterization qx(x1) = N (zg|mg, vi),m = (my,...,m,)T andv = (v1,...,v,)7

this reduces to

1 1 1
_ 3T T
Fyp (m,v)=—h'm+ im Qm + 3 %:Qkkvk ~3 Zk:log(vk) + Cwmr,
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where Cyip is an irrelevant constant. Although D [[], g || p] might not be convex in
(q1,---,qn), one can easily check that Fyp is convex in its variables m and v and its
minimum is obtained for m = Q'h and vy = 1/Qpy. Since

-1

Q7' = <Qkk —QF e [Quan] Q\k,k) :

one can easily see that the mean field approximation underestimates variances. The mean
field approximation computes a solution in which the means are exact, but the variances are
computed as if there were no interactions between the variables, namely, as if the matrix
Q were diagonal, thus giving poor estimates of the variances.

In order to improve the estimates for variances, one has to choose approximating dis-
tributions g that are able to capture dependencies between the variables in p. It can be
verified that any distribution in which the dependencies form a tree graph can be written

in the form
p xz» $j H
=110 p(ek),

ZNj

where i and j run through the edges (i,7) of the tree and k through the nodes 1,... n.
Although in most cases the undirected graph generated by the non-zero elements in @ is
not a tree, based on the “tree intuition” one can construct ¢ from one and two variable
marginals as

9ij\ T, Tj) :Bz,.CE]
q(x) x qr (k) 6
() Vesrren H (6)

and constrain the functions ¢;; and g; to be marginally consistent and normalize to 1, that
is, [dxjqij(zi,x;) = qi(z;) for any i ~ j and [dxkgr(zr) = 1 for any k. An approximation
of the form (6) together with the constraints on ¢;;s and gys is called a Bethe approximation.
Let us denote the family of such functions by Fg. By choosing ¢;j(x;, x;) = ¢i(z:)g;(x;) one
can easily check that Fyp C Fp, thus Fp is non-empty. Assuming that the approximate
marginals are correct and ¢ normalizes to 1 and then substituting (6) into (5), we get an
approximation of the Kullback—Leibler divergence in (5) called the Bethe free energy.
Due to the factorization of p, we can write the Bethe free energy as

Fe({gij, ar}) = Z/dw” qij (i ;) log Wj(x; ) (7)

i~j

Jrz:/da%J qij(; ;) log [ 4is( ] + Z/dwk ar(zx) log qi(wx).-

xX; X4
i QZ( i CIJ j

One can also define the free energy through the Bethe approximation

/dwq( log q (@ Z/dw”q i ;) log q (w0 5)

n~]

+ Z (1 —ny) /dxk.q(xk) log q (xx)
k
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of the entropy (e.g., Yedidia et al., 2000) and substitute the marginals with functions ¢;; and
qr that normalize to one and are connected through the marginal consistency constraints
Jdxjqij (i, x;) = qi(xi).

From the stationary conditions of the Lagrangian corresponding to the fractional Bethe
free energy (7) and the marginal consistency and normalization constraints, one can derive
the same iterative algorithm as in (3) for the corresponding Lagrange multipliers of the
consistency constraints (Yedidia et al., 2000). Similarly, approximate marginals can then
be computed according to (4). It can be shown that there is a one-to-one correspondence
between the stationary points of the Bethe free energy (7) and the fixed points of the
message passing algorithm (3). Later, in Section 4 we will link the stable fixed points of (3)
to the local minima of (7).

2.2 Fractional Free Energies and the Message Passing Algorithm

As mentioned in the introduction, in case of Gaussian models the message passing algorithm
does not always converge. The reason for this appears to be that the approximate marginals
may get indefinite or negative definite covariance matrices. Welling and Teh (2001) pointed
out that this can be due to the unboundedness of the Bethe free energy.

Since Fyir is convex and bounded and the Bethe free energy might be unbounded, it
seems plausible to analyze the fractional Bethe free energy

Fa({aij, ar}) = Z/dw” qij(i,j) log Vi5(; ;) (8)

i~y

i (
+ Z o /da3z,] qij wz,] log { 2 l‘] :| + Z/dxk Qk Tk lOg Qk(l‘k)

i) qi ($1 QJ

introduced by Wiegerinck and Heskes (2003). Here, o denotes the set of positive reals {c;}.
They showed that the fractional Bethe free energy “interpolates” between the mean field
and the Bethe approximation. That is, for a;; = 1 we get the Bethe free energy, while in the
case when all a;;s tend to 0, the mutual information between variables x; and x; is highly
penalized, therefore, (8) enforces solutions close to the mean field solution. They also showed
that the fractional message passing algorithm derived from (8) can be interpreted as Pearl’s
message passing algorithm with the difference that instead of computing local marginals—
like in Pearl’s algorithm—one computes local az-jfmarginals.:)’ The local «a;;—marginals
correspond to “true” local marginals when o;; = 1 and to local mean field approximations
when «;; = 0. The resulting algorithm is called the fractional message passing algorithm
and the message updates are defined as

1—
i (@)™ = /d% i (i, ;) H tjr (T5) By (25) 7, 9)
kedj\i
while the approximate marginals are computed according to

gij (i, wj) o O (wiyay) [ picr (@) iy @)™ T mjer (@) pjei ()% (10)
1€di\j keds\i

3. We define the a—marginals of a distribution p as argming, ; Da {p I TI qk] , where D,, is the a—divergence
k
D [pllq] = [[dxp(z)*q(x)' = + a [dep(x) + (1 — ) [dzq(x)] /a(l — @) (e.g., Minka, 2005).
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Power expectation propagation by Minka (2004) is an approximate inference method
that uses local approximations with a—divergences. In case of Gaussian models power
expectation propagation—with a fully factorized approximating distribution—leads to the
same message passing algorithm as the one derived from (8) and the appropriate constraints.
Starting from the idea of creating an upper bound on the log partition function when p and
q are exponential distributions, Wainwright et al. (2003) derived a form of (8) where the
a;js are chosen such that this bound is convex in {g;;, qx}.

Message passing works well in practice, however, there are other ways to find the local
minima of the fractional free energies like the direct minimization w.r.t. some parameteri-
zation of the approximate marginals ¢;; and g;, (Welling & Teh, 2001). The latter method is
slower but more likely to converge. In the following we analyze the Bethe free energy when
expressed in terms of the moment parameters of the approximate marginals g;;. Later in
Section 4 we analyze the stability conditions of the fractional message passing algorithm
and by expressing these conditions in term of the moment parameters of the approximate
marginals, we show that stable fixed points of the fractional Gaussian message passing are
local minima of the fractional Bethe free energy.

3. Bounds on the Gaussian Bethe Free Energy

In this section we analyze the parametric form of (8). We show that the fractional Gaus-
sian Bethe free energy is a non-increasing function of a. By letting all a;; tend to in-
finity, we obtain a lower bound for the free energies. It turns out that the condition for
the lower bound to be bounded from below is the same as the pairwise normalizability
condition in the work of Malioutov et al. (2006).

As mentioned in Section 2, without loss of generality, we can work with a unit di-
agonal Q. We define R to be a matrix with zeros on its diagonal and Q@ = I + R,
where I is the identity matrix. |R]| will be the matrix formed by the absolute values
of R’s elements. We use the moment parameterization g¢;;(x;;) = N(x;;|m;j, Vi;) and

qr(7r) = N(x|mp, vg), where my; = (m;:j’ mgj

and v; = vfj = vfk for all i+ ~ j and ¢ ~ k, we embed the

) and V;; = [vfj, Vigs Vji, v, with vi; = vj;.
By using m; = mj; = my,
marginalization ( [dz;q;j(xi, x;) = gi(x;) for all i ~ j) and normalization ([dz;jgj(x;) = 1)
constraints into the parameterization. With a slight abuse of notation the matrix formed
by diagonal elements v, and off-diagonal elements v;; is denoted by V' (we can take v;; = 0
for all i = j), the vector of means by m = (m1,...,m,)’ and the vector of variances by

v = (v1,...,0,)7. Substituting ¢;; and g into (8) one gets

1 1
Foa(m,V)=—hTm+ -mTQm + 5tr(QTV)

2
—lzilo 1-— —1210( )+C (11)
220,108 22 g (vk :

i~j

2
vij
Uﬂ}j

where C is an irrelevant constant. Note that the variables m and V are independent, hence
the minimizations of Fy, (m, V') with regard to m and V' can be carried out independently.
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Property 1. F, (m,V) is convex and bounded in (m, {vij}#j) and at any stationary point
we have

m* = Q'h

\/1 20411 U Uﬂ/j —1
20| Rij

vyt = —sign(Ry; (12)
Proof: Q is positive definite by definition, therefore, the quadratic term in m is convex
and bounded. The variables m and V are independent and the minimum with regard
to m is achieved at m* = Q 'h. One can check that the second order derivative of
Fo (m, V) with regard to v;j is non-negative and the first order derivative has only one
solution when —wv;v; < v < v;v;. Since the variables v;; are independent, one can conclude
that Fo (m, V) is convex in v;;. From the independence of m and V, it follows that Fy, is
convex in (m, {vij}, ;). O

Since the Vj;s are constrained to be covariance matrices, we have v;v; > v2,, thus the
first logarithmic term in (11) is negative. As a consequence,

’L]7

Foo(m,V) > Fo,(m,V) forany 0<a; < ao,

where a7 < g is taken element by element. This observation leads to the following
property.
Property 2. With a;; = o, F, is a non-increasing function of c.

Using Property 1 and substituting v;; into Fo we define the constrained function

1 1
FS(m,v) = —hTm + §mTQm + 3 Z Vg

_,Zaw <\/1+ 20 R;; vlv]—1>

inj
1 \/1 2041] ZJ vzvj -1
2 i ozij (20 R;j)?viv;
1 C
—5 Zlog(vk) +C°, (13)
k

where C is an irrelevant constant. From Property 2, it follows that when choosing o;; = a,
the function in (13) is a non-increasing function of a. It then makes sense to take o — oo
and verify whether we can get a lower bound for (13).

Lemma 1. For any v >0, 0 < a1 <1 and ag > 1 the following inequalities hold.

Fyr (m,v) > Fél (m,v) > Fp (m, {v;"j},'v)
Fg (m, {v;kj},'v) > F,,(m,v)...
1
> Fur (m,v) = Vo' RV

Moreover, they are tight, that is,
lim F, (m, {vfj(a)}, 'v) = Fymr (m,v)

a—0
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and
Jim Fy (m, {v]5(e)}, v) = Fur (m, ’v)—f\f |R|Vv.

Proof: Since the Bethe free energy is the specific case of the fractional Bethe free energy for

o = 1, the inequalities on Fp(m, {v];(a)},v) follow from Property 2. Now, we show that

1/2 _ 1 behaves as 122 in the

the upper and lower bounds are tight. The function (1 + z?) 5

neighborhood of 0, therefore,

B v (a)_

lim v3(a) =0 and lim =— lim
a—0 a—0 o ViV a—0 o

showing that Fyip(m,v) is a tight upper bound.
As « tends to infinity, we have

lim \/1 (2aR;j)?vivj —

a—r00 2

lim 71 <\/1 (204RZJ UZU]'—1> — 0,

= | Rij|V/viy/v5

and

a—oo (o 20R;)?vv;

yielding a tight lower bound

1
lim F (m, {v}j(e)},v) = Fur (m,v) - 5\/?;T\Ry\/a. O

Let Az (| R|) be the largest eigenvalue of |R|. Analyzing the boundedness of the lower
bound, we arrive at the following theorem.
Theorem 1. For the fractional Bethe free energy in (11) corresponding to a connected
Gaussian model, the following statements hold

(1) if Amaz(|R|) < 1, then Fq is bounded from below for all o > 0,
(2) if Amaz(|R]) > 1, then Fg is unbounded from below for all o > 0,
(3) if Amaz(|R|) =1, then Fqo is bounded from below if and only if 325" 1> on.

i i~vj

Proof: Since in Fy there is no interaction between the parameters m and V' and the term
depending on m is bounded from below due to the positive definiteness of @, we can simply
neglect this term when analyzing the boundedness of F,. Let us write out in detail the
lower bound of the fractional Bethe free energies in the form

0)— Vo IRIVE = (14)

ME (M
% TQ ' 'm-—h"'m+= \f( \R])\/E—%lTlog('v)+const.

Statement (1): The condition A\yq.(|R|) < 1 implies that I — |R| is positive definite. Now,

10
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log(z) < = — 1, thus 30" (I —|R|)vv — 1T log(v/v) > $v/o' (I — |R])yv — 17 \/v + n.
The latter is bounded from below and so it follows that (14) is bounded from below as
well. According to Lemma 1, the boundedness of (14) implies that all fractional Bethe free
energies are bounded from below.

Statement (2): We assumed that the Gaussian network is connected and undirected. Ac-
cording to the Perron-Frobenius theory of non-negative matrices (e.g., Horn & Johnson,
2005), |R| has a simple maximal eigenvalue A4, (|R|) and all elements of the eigenvec-
tor wm,q: corresponding to it are positive. Let us take the fractional Bethe free energy
and analyze its behavior when /v = tupq, and t — oco. For large values of ¢ we have

(1 + (205 Rij)? (Ul gz ) ) /2 2aij]Rij|u%amu%amt2, therefore, the sum of the second
and third term in (13) simplifies to (1 — Anaz(|R|))t? and this term dominates over the
logarithmic ones as ¢ — oco. As a result, the limit is independent of the choice of «;; and it
tends to —oo whenever Apq.(|R|) > 1.

Statement (3): If Apaz(|R|) = 1, then the only direction in which the quadratic term will
not dominate is /v = tUpq;. Therefore, we have to analyze the behavior of the loga-
rithmic terms in (13) when ¢ — oco. For large ts these behave as (3_;; ai_jl — 2n)log(t).
For this reason, the boundedness of F§5—and thus of Fi,—depends on the condition in
statement (3). O

It was shown by Malioutov et al. (2006) that the condition A\pqz(|R|) < 1is an equivalent
condition to pairwise normalizability. Therefore, pairwise normalizability is not only a
sufficient condition for the message passing algorithm to converge, but it is also a necessary
condition for the fractional Gaussian Bethe free energies to be bounded. Using Lemma 1, we
can show that for a suitably chosen € > 0 there always exists an a, such that the constrained
fractional free energy F< possesses a local minimum for any 0 < o < a, (Property A2 in
Section A of the Appendix).

Example In the case of models with an adjacency matrix (non-zero entries of R) corre-
sponding to a K-regular graph? and equal interaction weights R;; = r, the maximal eigen-
value of |R| is Anaz(|R|) = Kr and the eigenvector corresponding to this eigenvalue is 1.
(We define 1 as the vector that has all its elements equal to 1.) The model is symmetric
and by verifying the stationary point conditions, it turns out that for some choice of r and
« there exists a local minimum, which also lies in the direction 1. One can show that when
the model is not pairwise normalizable (Kr > 1), the critical r below which the fractional
Bethe free energy possesses this local minimum is r.(K,«) = 1/2y/a(K — «) and for any
valid r the critical a below which the fractional Bethe free energies possesses this local
minimum is a(K,r) = $K(1 — /1 —1/(Kr)?). These results are illustrated in Figure 2.
(Note that for 2-regular graphs, all valid models are pairwise normalizable and possess a
unique global minimum.) O

For K-regular graphs, the convexity of the fractional Bethe free energy in terms of
{@ij, @i} requires o > K, a much stronger condition than o > a.(K,r). Thus, if we choose
« sufficiently large such that the Bethe free energy is guaranteed to have a unique global
minimum, this minimum is unbounded.

4. A K-regular graph is a graph in which all nodes are connected to K other nodes.
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10° 6
0 10
= = = r=0 (mean field) = = m =0 (mean field)

re@r . « €[0.01,100]

4 r=1/K o 4 a=1 (Bethe) .
10 rc=1 /2*sqrt(K-1) % 10 a=a, *

— * m— (, = o (lower bound) P

Bethe free energies
3
.

Bethe free energies
<)
.

Figure 2: Visualizing critical parameters for a symmetric K-regular Gaussian model with R;; = r.
Plots in the left panel correspond to the constrained fractional Bethe free energies FS for
/v = o1 for an 8 node 4-regular Gaussian model with r=0.27 (K7 > 1) and varying a.
Plots in the right panel correspond to the constrained Bethe free energies F¥ for /v = o1
in an 8 node 4-regular Gaussian model with varying r. Here, 7yaq is the supremum of
rs for which the model is valid, that is, @ is positive definite.

This example disproves the conjecture by Welling and Teh (2001), that is, even when
the Bethe free energy is not bounded from below, it can possess a finite local minimum to
which the message passing and the minimization algorithms can converge.

4. The Message Passing Algorithm in Gaussian Models

In this section, we turn our attention towards the properties of the message passing algo-
rithm in Gaussian models. Following a similar line of argument as Watanabe and Fukumizu
(2009) we show that stable fixed points of the message passing algorithm correspond to local
minima of the Bethe free energy. We use the moment parameterization introduced in the
previous sections. The way we proceed is the following: (1) we make a linear expansion of
message passing iteration at a fixed point, (2) we express the linear expansion in terms of
moment parameters corresponding to the fixed point and finally (3) we connect the prop-
erties of the latter with the properties of the Hessian of the Bethe free energy by using the
matrix determinant lemma.

The form of the equation (9) implies that the messages p;«; (x;) are univariate Gaussian
functions, thus we can express them in terms of two scalar (canonical) parameters 7;; and
Aij such that log pij (z;) = —)\ijx?/Q +nij; + Tij5, where the 7;;8 are irrelevant constants.
When expressed in terms of 7;; and \;;, the damped message passing algorithm (9) translates

12
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to

avlhi+ X k4 (1= a)mn
KED)\i

6 .
e = (1 —e)ny; + — |aylh — aRy; - (15)
J J o J J a,quj + Z )\jk + (1 —a))\ji
kedj\i
—1
new € i j
XY= (L= QA+~ fanl —a®RY (el + 3T Ak (1 a)h
keoj\i
(16)

where fyfj,fygj, h; and R;; are parameters of W;; as in Section 2.1, with R;; = @Q);; and the
assumption that @;; = 1. The approximate marginals ¢;; in (10) might not be normalizable,
but the message passing iteration in (15) and (16) stays well defined unless there is a zero
in the denominator on the rhs. This rarely happens in practice. However, it is more
common that message passing converges while there are some intermediate steps at which
the approximate marginals ¢;; are not normalizable. This can often be remedied by choosing
an appropriate damping parameter e.

The iteration (16) for the \;;s is independent of 7;;s and the iteration (15) for the 7;;s
is linear in 7;;. It is interesting to see that when h = 0 neither the constrained Bethe
free energy (13) nor the message passing algorithm (16) depend on the sign of R;;. These
are only relevant to compute the means—when h # 0—and the signs of the correlations
n (12). As a result, the marginal variances computed by either minimizing the Bethe free
energy or by running the message passing algorithm can only depend on |R|, similarly to
the constrained fractional free energy F¢.

4.1 Stability of the Gaussian Message Passing Algorithm

In the following we analyze the stability of the message passing iteration at its fixed points,
that is, at the stationary points of the Lagrangian corresponding to the constrained mini-
mization of the Gaussian Bethe free energy. We reiterate that we use G = (V| F) to denote
the graph corresponding to Q, namely, V' = {1,...,n} and E = {(4,5) : Q;; # 0}. The vec-
tor A € RIEI corresponding to a set of messages {/\ij}ijv is composed by the concatenation
of \i;s such that ij is followed by ji and the (ij, ji) blocks follow a lexicographic order w.r.t.
ij and i < j. The vector n consists of the variables 7;; and follows a similar structure as .
We define #,h,4 € RIFl as #;; = #j; = Ryj, hij = h; and 4;; = 7, We also define the
|E| x |E| matrix

1 ifj=k

M ki () = 1l—a ifkl=ji
0 otherwise

which encodes the weighted edge adjacency corresponding to G and «. The number of non-
zero elements in M(a), scales roughly with nnzeros (Q)?/n, where nnzeros (Q) denotes
the number of non-zeros in Q. Since the parallel message update given Equations (15) and
(16) can be rewritten in terms of two matrix-vector multiplications and element by element
operations on vectors, the computational complexity of an update also scales as roughly
with nnzeros (Q)?/n.

13
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With this notation, the local linearization of the update equations (15) and (16) can be
written as

I A A = (1= ...

9 (nA)
L —diag <arm) M(a) diag (aﬁ%) M(a) an
@ 0 dlag (ozz W M(Oé) ’

where all operations on vectors are element by element. The stability of a fixed point
(n*, A\*) depends on the union of the spectra of

Jp(m*, X%) = —a 'diag (af(ad + M(a)X*) 1) M(a)

and
A", X%) = o ding (077 (0 + M)X) ) Mla).

It is important to point out that the stability properties depend only on A* and R and are
independent of n* and h.

Our goal is to connect the stability properties of the message passing algorithm to the
properties of the Bethe free energy. Therefore, we express the stability properties in terms
of the moment parameters of approximate marginals. For any A that leads to normal-
izable approximate marginals g;;(z;, x;), we can use (10) to identify the local covariance
parameters sz defined in Section 3, but now without enforcing the marginal matching

i . .
constraints vj; = vy, The correspondence is given by

. -1 4
Ufj UU _ 1 ’Ulj-j —pij (18)
vij vy v ]U]] vh | Vi v

047Z + > A+ (1= aR;;
_ ledi\j
aRij i+ X Mg+ (1=
keoj\i

The approximate local covariances v;; are fully determined by U”, Z‘j and 7;; and have
the form as in (12). This leaves us with |E| moment parameters to be computed by the
message passmg algorithm. Let © € RIZl be defined as bij = v, 05 = v - and y;;(0) =
v/ (v} Z] — v;;%), where v;; is computed according to (12). It can be Checked that the
mapplng between y and © is continuous and bijective. This implies that the canonical to
moment parameter transformation in (18) can be written as y(v) = ay + M(a)A. Since
M(a) is singular only when o = K and the graph G is K-regular—see Property Al in
Section A of the Appendix for details—for the rest of the cases, there is a continuous,
bijective mapping between the moment parameters v and the canonical parameters A that
lead to normalizable approximate marginals.

At any fixed point (n*,A*) we have moment matching, that is, U” = Ufk = v] for any
k,j € 0i, therefore we can express the stability properties in terms of moment parameters

14



BETHE FREE ENERGIES AND MESSAGE PASSING IN (GAUSSIAN MODELS

v* = (vf,...,v). Using (18) and defining the diagonal matrix D € RIFIXIE| with the

ren

diagonal elements D;;;; = (/vy}, we get

L)) o) (1)

[0y ok
’Uin

DJ,(X*(v*))D ™! = —a diag

and

(G

2
D2J\(A\*(v*))D ™% = o diag <MJ)> M(a). (20)

Let o(A) denote the spectrum of the matrix A. Since we have o (DJ,D™!) = o (Jy,) and
o (DZJ AD*Z) = o (Jy), it is sufficient to analyze the spectral properties of the right hand
sides in equations (19) and (20).

The message passing algorithm is asymptotically stable at A*(v*) if and only if

max {p (Jn (A" (v%))), p (JA(A"(v7)))} < 1, (21)

where p(-) denotes the spectral radius. It is interesting to see that although the functional
forms of the free energies and the message passing algorithms are different in the Gaussian
and discrete case, the stability conditions have similar forms. This will allow us to use
some of the results of Watanabe and Fukumizu (2009). In the next section, we show the
implications of this condition for the properties of the Hessian of the free energy.

4.2 Stable Fixed Points and Local Minima

The Hessian H[F,] of the Bethe free energy (11) depends only on the moment parameters
v;,vj and v;;. Note that now, the v;js are unconstrained parameters. It is an (|E|/2+2n)x
(|E'|/2 + 2n) matrix and it has the form

Q 0 0
: aQFa) [ 92F, }
HIE,](V) = 0 diag (a%ij vi;0vi )i |
0 9%F, T 9%F,
Ov;;0v; y ov;0v;j | . -
Jyi i,j
where we use V' to denote the collection of parameters v;, ¢ = 1,...,n and v;;, i ~ j.

Since the block corresponding to the partial differentials w.r.t. v;; is diagonal with positive
elements, the Hessian is positive definite at V' if the Schur complement corresponding to

15
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the partial differentials w.r.t. v;s is positive definite at V. The latter is given by

. 9°F, 0%F, 1% [oF,] "
HilFal(V) = Ovidv; zzwj: {avijavi] L%ij]
11 1 ¢i;
T 22 L+ a Z 1—ct |’
i i~ ij
. 0F,  O°F, O%F, [02F,] "
HGIE(V) = 5 = 55— | 52,
0v;Ov;  Ov;j0v; Ovij0v; | 0%vjj
111 ¢

where we use the notation ¢;; = v”/\/m

Now, we would like to connect the condition in (21) to the positive definiteness of the
matrix H"[F,|(V'). In the following we show that stable fixed points A*(v*) of the Gaussian
message passing algorithm, satisfying (21), correspond to local minima of the Gaussian free
energy F, at v* and v;;(c, v;k,v;-‘).

According to Watanabe and Fukumizu (2009), for any arbitrary vector w € RI®l one
has

det (1)) — o diag (w) M(a)) = det (I, + o ' A(w)) H(l — WiWji), (22)
ij
where I Wi
Ay (w) = S Wi Ay (w) = —— Wi 9
=X wd A= 2

The proof is an application of the matrix determinant lemma and a reproduction of it can
be found in Section A of the Appendix. Equation (22) expresses the determinant of an
|E| x |E| matrix as the determinant of an n xn matrix.

Let ¢ € RIZ with ¢;;(V) = v;;/,/vv;. By substituting w = ¢(V))? in (23), we find that

det (I — o diag (e(V)?)M(a)) = £ (V) det (H[F,](V)), (24)

where f (V') is a positive function defined as

2
V) = 2ol Bl o)1 2 (W)j B UEJ) 1 v
f(v)=2""|q| l;lklj " o b
for all V' corresponding to normalizable approximate marginals. Now, adapting the theorem
of Watanabe and Fukumizu (2009) we have the following theorem.

Theorem If o (a 'diag (c¢(V)?) M(a)) C C\ R>; then the Hessian of the (Gaussian)
Bethe free energy H[F,] is positive definite at V.

Proof: The assumption o (o 'diag (¢(V)?*)M(a)) C C \ Ry implies that we have
det (I — a~'diag(c(V)?) M(a)) > 0. By choosing V;;(t) = tv;; with ¢ € [0,1], we find
that c(V(t))? = t2¢(V)?, therefore, det (I - a‘ldiag(C(V(t))2)./\A(a)) >0 for any ¢ € [0, 1].
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This implies that det (H[F,](V (t))) > 0 for any ¢ € [0,1]. Since H[F,|(V(0)) =1 > 0
and the eigenvalues of H[F,](V (t)) change continuously w.r.t. ¢t € [0,1], it results that
HIF,](V (1)) > 0 for any V, thus satisfying the condition of the theorem. O

The fixed point (n*, A*) is stable if and only if max{p(Jy(A*(v"))), p(JA(A*(v¥)))} < 1.
This implies o (o 'diag(c(V*)?)M(a)) € C\ R>; and leads to the following property.

Property 3. Stable fized points (n*, X\*) of the damped Gaussian message passing algo-
rithm (16) are local minima of the Gaussian Bethe free energy FS in (13) at v*(X*).

The above shows that the boundedness of F, or the existence of local minima in case
of an unbounded F,, plays a significant role in the convergence of Gaussian message pass-
ing. We illustrate this in Section 5. If the fractional message passing algorithm converges
then it converges to a set of messages that corresponds to a local minimum of the frac-
tional free energy. This also implies that the mean parameters of the local approximate
marginals are exact (see Property 1. in Section 3). Note that the observations in Section 3
and Property A2 in the Appendix together with Property 3 imply that there is always a
range of « values for which the fractional free energy possesses a local minimum to which
the fractional message passing can converge.

4.3 The Damping and the Fractional Parameters

The local stability condition in (21) is independent of the damping parameter e. Therefore,
it does not alter the local stability properties, it only makes the iteration slower and numer-
ically more stable, that is, it can dampen the possible periodic trajectories of the message
passing algorithm.

The fractional parameter « characterizes the inference process and as we have seen in the
example in the previous sections, by choosing smaller as we can create local minima. In the
particular case when h = 0, there is a somewhat similar property for the message passing
updates as well. Let A € RIZl be the set of messages A that lead to normalizable approximate
marginals. The set A is characterized by the model parameters |R|,% and «. We reiterate

that the elements of ¥ are the local variances vfj and vfj and there is a continuous bijective

mapping between A € A and v € R'f‘ given by y(0) = oy + M(a)A, unless « = K and G is
K-regular. This allows us to study the stability properties in terms of moment parameters
(). Let ¢(v, ) = [vi(cv, Ugj, vf‘j)/\/vfjvgj]ij be the vector of “local correlations”. By using
Gershgorin’s theorem (Horn & Johnson, 2005) and ¢(9, a)? < ¢(9, a), we find that for any
eigenvalue 8 of a~ldiag(c(d,a))M(a) or a~tdiag(c(d, a))?M(a) we have

8] < max [a™ e(9, ) [(nj — 1) +]1 - al]].

)’

When h = 0, there are no updates in 7, the rhs of the above equation depends on
a~le(d,a)? (see Equations (17) and (20)) and we have lin% a~le(d,a)? = 0, thus, small
o—

1

a values can help to achieve convergence. However, when h # 0 the term o™ '¢(0, @) is

dominating and the effects of decreasing o towards zero can be ambiguous.
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5. Experiments

We implemented both direct minimization and fractional message passing and analyzed
their behavior for different values of Ap,qq(|R|). For reasons of simplicity, we set all a;js
equal. The results on an small scale model are summarized in Figure 3. Note that there
is a good correspondence between the behavior of the fractional Bethe free energies in the
direction of the eigenvalue corresponding to A\pqz(|R|) and the convergence of the Newton
method. The Newton method was started from different initial points. We experienced
that when A\ja.(|R|) > 1 and setting the initial value to vy = t?u2,,, , the algorithm
did not converge for high values of ¢t. This can be explained by the top plots in Figure 3:
for high values of ¢, the initial point might not be in the convergence region of the local
minimum. For the fractional message passing algorithm we used two types of initialization:
(1) when Apqz(|R|) < 1 we set U;; such that they are all normalizable by setting 'yfj =
|Rij|u¥naz/)\mazuﬁnam (Malioutov et al., 2006), (2) when Ajq.(|R|) > 1, we used ’yfj =1/n,,
that is, a symmetric partitioning of the diagonal elements. We set the initial messages such
that all approximate marginals are normalizable in the first step of the iteration.

We experienced a behavior similar to that described by Welling and Teh (2001) for
standard message passing, namely, fractional message passing and direct minimization either
both converge or both fail to converge. Our experiments in combination with Theorem 1
show that when A (|R|) > 1, standard message passing at best converges to a local
minimum of the Bethe free energy. If standard message passing fails to converge, one
can decrease o and search for a stationary point—preferably a local minimum—of the
corresponding fractional free energy.

It can be seen from the results in the right panels of Figure 2, that when the model is no
longer pairwise normalizable, the local minimum and not the unbounded global minimum
can be viewed the natural continuation of the (bounded) global minimum for pairwise
normalizable models. This explains why the quality of the approximation at the local
minimum for models that are not pairwise normalizable is still comparable to that at the
global minimum for models that are pairwise normalizable.

6. Conclusions

As we have seen, Fyip and Fyp — %\/ET|R\\/5 provide tight upper and lower bounds for
the Gaussian fractional Bethe free energies. It turns out that pairwise normalizability is
not only a sufficient condition for the message passing algorithm to converge, but it is also
a necessary condition for the Gaussian fractional Bethe free energies to be bounded from
below.

If the model is pairwise normalizable, then the lower bound is bounded, and both direct
minimization and message passing are converging. In our experiments both converged to
the same minimum. This suggests that in the pairwise normalizable case, fractional Bethe
free energies possess a unique global minimum.

If the model is not pairwise normalizable, then none of the fractional Bethe free energies
are bounded from below. However, there is always a range of « values for which the
fractional free energy possesses a local minimum to which both direct minimization and
fractional message passing can converge. Thus, by decreasing a towards zero, one gets
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Figure 3: The top panels show the constrained fractional Bethe free energies of an Gaussian model

with 8 variables in the direction \/v = tUpqe, Where w.,q, is the eigenvector correspond-
ing to Apaz(|R]) for Apas(|R|) = 0.9 (top-left) and Apqe.(|R|) = 1.1 (top-right). The
thick lines are the functions Fyip (dashed), Fp (dashed dotted) and the lower bound
Fyr — %ﬁT|R|\/17 (continuous). The thin lines are the constrained a-fractional free
energies F¢ for o € [1072,102]. Center panels show the final function values after the
convergence of the Newton method. The bottom panels show the || - ||, error in ap-
proximation for the single node standard deviations o = /v. Missing values indicate
non-convergence.
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closer to the mean field energy and a finite local minimum will appear (Property A2 in
the Appendix). We experienced that for a suitable range of as,es and initial values the
fractional Gaussian message passing can be made to converge.

As mentioned in Section 2.1, «a;j;s correspond to using local «;; divergences when ap-
plying power expectation propagation with a fully factorized approximating distribution.
Seeger (2008) reports that when expectation propagation does not converge, applying power
expectation propagation with o<1 helps to achieve convergence. In the case of the problem
addressed in this paper this behavior can be explained by the observation that small as
make a finite local minima more likely to occur and thus prevents the covariance matrices
from becoming indefinite or even non positive definite. Although the most common reason
for using a <1 in EP is numerical robustness, it also implies finding the saddle point of the
a-fractional EP free energy. It might be interesting to investigate whether it is the same
reason why convergence is more likely as in the case of Gaussian fractional message passing.

Wainwright et al. (2003) propose to convexify the Bethe free energy for discrete models
by choosing «;;s sufficiently large such that the fractional Bethe free energy has a unique
global minimum. This strategy appears to fail for Gaussian models. Convexification makes
the possibly useful finite local minima disappear, leaving just the unbounded global mini-
mum. In the case of the more general hybrid models, the use of the convexification is still
unclear.

The example in Section 3 disproves the conjecture in the work of Welling and Teh (2001):
even when the Bethe free energy is not bounded from below, it can possess a finite local
minimum to which the message passing and the minimization algorithms can converge.

We have shown that stable fixed points of the Gaussian fractional message passing
algorithms are local minima of the fractional Bethe free energy. Although the existence
of a local minimum does not guarantee the convergence of the message passing algorithm,
in practice we experienced that the existence of a local minimum implies convergence.
Based on these results, we hypothesize that when pairwise normalizability does not hold,
the Gaussian Bethe free energy and the Gaussian message passing algorithm (o = 1) can
have two types of behavior:

(1) the Gaussian Bethe free energy possesses a unique finite local minimum to which
optimization methods can converge by starting from, say, the mean field solution
v; = 1/Qy;; the Gaussian message passing has a corresponding unique stable fixed
point, to which it can converge with suitable starting point and sufficient damping,

(2) no finite local minimum exists, and thus, both the optimization and the message
passing algorithm diverge.

By using the fractional free energy and the fractional message passing and by varying «,
one can switch between these behaviors. Computing the critical a. (|R|) for a general |R)|
remains an open question. We believe that the properties of the free energies in K-regular
symmetric models (Section 3), where the critical values can be easily computed, give a good
insight into the properties of the free energies for general Gaussian models.
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Appendix A. Properties and Proofs
Lemma A1l. (Watanabe & Fukumizu, 2009) For any graph G = (V, E), edge adjacency
matriz M(a) (defined in Section 4.1), and arbitrary vector w € RIF one has

det (1)) — o diag (w) M(a)) = det (L) + a TA(w)) H(l — Wijwj;),
ij

A (w) = _Tw It and A(w)= ———Y
" ( ) Z 1— wzjwjz K ( ) 1— wz-jwji
invj
Proof: We reproduce the proof in a somewhat simplified form. Let us define U;;. = e;r,

Vi, = e;-r—where ey, is the k" unit vector of R"—and S with

[ Sijij  Sijji ] _ [ 01 ]

Sjiij  Siiji Lo}’

then we have M(a) = UVT — 8. Let us define W € RIEXEl  diagonal matrix with
wijij = Wi;. Using the matrix determinant lemma this reads as

det (I — o'W (UVT —a8))
=det I+ WS —a'W (UVT))
— det (I — o'W (UVT) (I + WS)’l) det (I + W S)

(I o WT(I+WS)™ WU) det (I + W S).

The (if,ji) block of (I + WS)™' W is

1 |: 1 —Wij :| |: Wij 0 :| _ 1 [ Wy j —Wij Wi
1— wjiwj | —Wji 1 0 Wj; 1-— Wjiwj; | —WjiWij Wy
and thus, we can define A = VT (I + WS) ™' WU such that
Wi W s Wi
A= WY gnd A= —— YW
b lZNJ: 1-— Wi W4 e 1-— Wi W44
This completes the proof of the matrix determinant lemma (22) in Section 4.2. O
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Property Al. The matric M(a) = UVT — a8 is singular only for K-regular graphs
with a = K.

Proof: Let + € R and y = M(a)xz. Then y;; = > kej Tik — azji. Let us fix j, then
yi; = 0 for any ¢ means that ) kmj Tik = QT for any ¢. This can only hold if the graph is
K-regular, « = K and all x;;s are equal or x;; = 0 for all pair indices ij. ]

Property A2. For a suitably chosen € > 0, there exists an «e such that the constrained
fractional free energy FS possesses a local minimum for all 0 < o < ae.
Proof: Let us define v}, = argmin,, Fy/r(v) and

Upp =1{v: Fyr(v) < Fyr(vyp) + 2¢}.

The form of Fysr implies that we can always choose € such that U}, is a proper subset of the
positive “quadrant” in R", in other words, U}, C R". Then due to the properties of Fi/p
(continuous and convex, with a unique finite global minimum attained at a finite value), the
domain Uj, is closed, bounded, convex and v}, € Uy \ OUj,p, that is, v}, is in the
interior of Uj,p. Since Fyrr and F5(v) are continuous on R, the set Uj,p is closed and
bounded and olzgr%) F$(v) = Fyr(v) (pointwise convergence) for all v € R}, it follows that Fg

converges uniformly on Uj, as a — 0. This, together with the monotonicity of F5 w.r.t. a,
implies that there exists ae such that Fyrp(vyr) — € < FS(vymr) < Fyrp(vyr) for all 0 <
a < acand allv € Uy, . Let us fix a. It is known that, since U}, is closed and bounded and
F¢ is continuous, F§ attains its extrema on Uj, . Since Fyrp(v) = Fuyr(vyp) + 2€ for all
v € OU} p and FS(v) > Fyp(v) —efor all v € Uy, it follows that F§(v) > Fayp(vip) +e
for all v € OUj; . We have chosen a such that Fip(vip) — € < FS(vip) < Fur(vip)-
The latter two conditions imply that one of the extrema has to be a local minimum in the
interior of U}, p. ]
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